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Abstract 
The double cantilever beam (DCB) fracture problem has been studied by many 
researchers for several decades. Many analytical theories, numerical and experimental 
methods have been developed for understanding the fracture initiation and propagation, 
however considerable confusion has arisen in calculating the mode I and II energy 
release rates (ERR) of mixed modes. In this work, new analytical mixed mode partition 
theories are developed for DCBs with rigid and non-rigid interfaces based on Euler 
beam theory, Timoshenko beam theory and 2D elasticity theory.  Most of the confusion 
is cleared up. 
Based on Wang-Harvey's mixed mode partition theories for straight DCB, two sets of 
pure modes are successfully and clearly proven by analytical derivations for curved 
DCB with rigid interface. From these two sets of pure modes, two new mixed mode 
partition theories are developed for curved DCB with rigid interface based on both 
Euler beam theory and Timoshenko beam theory respectively. Two sets of pure modes 
and the mixed mode partition theories are validated against numerical simulations and 
excellent agreements are achieved. 
Then these mixed mode partition theories for rigid interfaces are extended to non-rigid 
cohesive interfaces for DCBs within the contexts of 2D elasticity theory based on 
Wang-Harvey's work which is within the contexts of Euler beam theory and 
Timoshenko beam theory. A new mixed mode partition theory is developed and axial 
forces are taken into consideration in this mixed mode partition theories for non-rigid 
interface DCBs. Within the context of 2D elasticity, a mixed mode partition theory is 
developed using the two sets of orthogonal pure modes from Euler beam theory with 
rigid interfaces and a powerful orthogonal pure mode methodology. Fully analytical 
partition theories are developed to calculate the ERR of the bending moment and axial 
force loading contribution, and empirical formulas are developed to calculate the ERR 
of the shear force loading contribution with any interface stiffness and geometry. So 
with any loading conditions, interface stiffness and geometry, total ERR and its 
partitions can be calculated without any FEM simulations. 
Numerical simulations are conducted to verify these theories. 
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Chapter 1 Introduction 
1.1 Introduction 
Composite materials, which consists of two or more constituents, have significantly 
different properties. In a composite material, there are usually two categories of 
constituents, which are matrix and reinforcement. The wide variety of matrix and 
reinforcement materials can help the designer of a structure to choose an optimum 
combination. Fibre reinforced composite material, as one of the most advanced 
composite materials, is widely being used in high performance structural applications 
because of its excellent performance. 
Fibre reinforced composite materials can be divided into two main categories normally, 
short fibre reinforced ones and continuous fibre reinforced ones. The latter is often of a 
layered or laminated structure. A composite laminated beam of this type is the subject 
of this thesis. Now, we turn our attention to delamination which occurs between two 
adjacent plies and is the most well-known damage in laminated composite materials. 
Delamination is of major concern in the application of laminated composite materials 
and layered materials more generally. Although it often occurs together with other 
damage modes such as fiber breakage, matrix cracking and interlaminar cracking, pure 
delamination is an important research topic that provides insightful understanding of 
laminar interfacial mechanics. One-dimensional delamination is the most common pure 
delamination scenario, where delaminations propagate in one dimension only and 
usually consists of only opening mode I and shearing mode II.  
In the following, delamination is simply referred to as 'fracture' in order to keep 
consistency with the description of fracture mechanics. The study of one-dimensional 
fracture has great importance: It is often used in experimental tests to obtain the critical 
energy release rate (ERR), or so-called fracture toughness, of a material in either pure 
mode I or mode II fracture. In the case of a mixed mode, it is often used to investigate 
fracture propagation criteria. Moreover, many practical fractures in materials can be 
approximated as one-dimensional fracture. The most common ones are through-width 
fracture in straight or curved laminated composite beams, circular ring-type fracture in 
laminated composite plates and shells which may arise, for example during drilling, 
separation of two material layers in a biological cell which may arise, for example 
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during needle puncture, separation of stiffeners and skins in stiffened-plate or stiffened-
shell panels, etc. 
So the primary goals of this work is to develop analytical theories to find pure fracture 
modes and then to partition a mixed mode into pure modes and investigate the 
delamination in double cantilever beam (DCBs) made of layered isotropic materials by 
using fracture mechanics.  By using these new partition theories, excellent predictions 
of total ERR and mode ERRs are expected to be produced fully analytically for much 
easier understanding of fracture mechanics in engineering designs. These new partition 
theories can also help calculating the amount of mode I action, and the pure mode I 
fracture toughness, and the amount of mode II action, and the pure mode II fracture 
toughness to determine the fracture toughness. From these new partition theories the 
specified loading configurations can be found to produce pure modes. Also, what are 
the contributions from the mode I and mode II actions in a mixed mode can be 
determined. 
In this chapter, some essential background knowledge is introduced first. 
1.2 Essential Background Knowledge 
In this section, some essential background knowledge about linear elastic fracture 
mechanics is introduced.  
1.2.1 Griffith Theory 
Within classic linear elastic theory, when the stress in the body reaches the strength of 
material, fracture is supposed to be formed and propagated. In 1970, Timoshenko and 
Goodier made a discovery (1) that, when stresses are applied on a piece of  infinite sheet 
containing a hole in it, the maximum stress in the body is at the surface of the hole and 
it is equal to three times of the applied stress. This discovery solved the boundary value 
problems. But the strength of a material is needed to be determined by measuring the 
applied stress. But in reality, the flaws in each specimen are not exactly the same and 
flaw is rarely known. So it is too difficult to calculate the material strength and the 
maximum stress in the body.  
Some observations gave a rough approximation that the maximum strength of material 
is expected to 10% of the modulus, but experimental results show only two orders lower 
strength of the expected values. As discussed, flaw in a specimen affect the material 
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strength significantly, Inglis gave one formula (2) which approximates the effect of flaw 
shape in 1913 which is, 
𝜍𝑚𝑎𝑥
𝜍
= 1 +
2𝑎
𝑏
 (1.1) 
In Equation 1.1, 𝑎  and 𝑏  are the two semi-axes of an ellipse flaw. The radius of 
curvature of the flaw at the crack tip is 𝜌 = 𝑏2 𝑎 . If a deep, sharp crack is considered, 
the size of it is set to 𝑎 = 10−6 mm and the curvature at the crack tip is set to 𝜌 =
10−10 mm based on atom size, so from Equation 1.1, why the experiments results are 
two orders lower than atomic simulations can be explained. So by using atomic 
simulation or Inglis‟ formula, the strength of a material can be accurately calculated, but 
the former method has very high computational cost, and for the latter one, the flaw 
shape is very hard to be measured. 
In 1921, Griffith (3) derived an equation from a new point of view on the strength of 
material which is based on energy conservation. When a new crack formed, fresh 
surfaces are created. This process disrupts the inter-molecular bonds and this disruption 
is quantified by surface energy. From this point of view of energy conversation, the 
energy that is supplied to advance an existing crack must be balanced by the amount of 
energy dissipated due to the formation of new surfaces and this supplied energy comes 
from the body itself. By taking the limit as 𝑏/𝑎 → 0, the combined surface energy and 
elastic energy is, 
𝛤 = 4𝛾𝑎 − 𝜋
𝑎2𝜍2
𝐸
 (1.2) 
Where 𝛾 is the surface energy. Let Equation 1.2 equal 0, this condition provides critical 
crack length, 
𝑎𝑐 = 2𝐸𝛾 𝜋𝜍
2  (1.3) 
When the length of an existing crack is bigger than this critical length, it will grow.  
Similarly, the critical stress is obtained, 
𝜍𝑐 =  
2𝐸𝛾
𝑎𝜋
 (1.4) 
These are the main predictions of Griffith theory (3). 
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1.2.2 Energy Release Rates 
ERR, also known as strain ERR, is defined as the energy dissipated during fracture per 
unit of newly created fracture surface area. This new concept was first given by Irwin (4) 
in 1957. Griffith theory is based on brittle materials, but when dealing with ductile 
materials, body energy is not only absorbed by creating new surfaces at the crack tip, 
but also dissipated by plastic flow in the material at the crack tip. The reduction in total 
potential energy per unit area of crack growth is called the critical ERR of the material 
which is known as 𝐺𝑐 . According to Griffith theory, this critical ERR is, 
𝐺𝑐 = 2𝛾 (1.5) 
Irwin modified Griffith‟s critical ERR by adding the plastic dissipation energy per unit 
area of crack growth and Equation 1.5 is modified to be, 
𝐺𝑐 = 2𝛾 + 𝐺𝑃  (1.6) 
So Equations 1.3 and 1.4 are needed to be modified as, 
𝑎𝑐 =
𝐸𝐺𝑐
𝜋𝜍2
 (1.7) 
𝜍𝑐 =  
𝐸𝐺𝑐
𝑎𝜋
 (1.8) 
Another important observation was discovered by Irwin which is that, if the plastic zone 
around the crack tip is much smaller than the size of the whole crack, a pure elastic 
theory can still be used.  
When new surfaces are created during crack growth in a ductile material, energy is 
dissipated in the process, so the total potential energy in the body will be changed and 
normally decreases. The change in total potential energy for a small increase in crack 
area is, 
𝑑𝛱 = 𝑑𝑈 − 𝑑𝑊 (1.9) 
So the energy dissipated per unit area in the crack growth is given by, 
𝐺 =
−𝑑𝛱
𝑑𝑆
 (1.10) 
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By substituting Equation 1.9 into Equation 1.10, Equation 1.10 can be re-written as, 
𝐺 =
−𝑑𝑈
𝑑𝑆
+
𝑑𝑊
𝑑𝑆
 (1.11) 
In most experiment tests, displacements are applied and kept at a fixed position during 
crack growth, which means there is no external work done on this body, so Equation 
1.11 can be modified  to be, 
𝐺 = −
𝑑𝑈
𝑑𝑆
 (1.12) 
In most FEM simulations, it is more convenient to apply a fixed load rather than a fixed 
displacement, so the body strain energy difference and the external work done by this 
applied force are, 
𝑑𝑈 =
𝑃𝑑𝑢
2
 (1.13) 
𝑑𝑊 = 𝑃𝑑𝑢 (1.14) 
So Equation 1.11 can be modified as, 
𝐺 =
𝑃𝑑𝑢
𝑑𝑆
−
1
2
×
𝑃𝑑𝑢
𝑑𝑆
=
1
2
×
𝑃𝑑𝑢
𝑑𝑆
 (1.15) 
So from Equations 1.12 and 1.15, for both fixed displacement applied in experiments 
and fixed load applied in FEM simulation cases, ERRs of the body can be calculated. 
1.2.3 Stress Intensity Factor 
There is one more approach based on linear elasticity introduced here which is the stress 
intensity factor approach. Stress intensity factors are used in fracture mechanics to 
predict the stress state around the crack tip which is caused by remote load or residual 
stresses (5). It is an analytical analysis method (6) usually applied to a homogeneous, 
linear elastic material and is useful for providing a failure criterion for brittle materials, 
and it is a critical technique in the discipline of damage tolerance. The concept can also 
be applied to materials that exhibit small-scale yielding at a crack tip. In Irwin‟s work 
(4), the stress distribution near the crack tip is given by, 
𝜍𝑖𝑗  𝑟,𝜃 =
𝐾
 2𝜋𝑟
𝑓𝑖𝑗  (1.17) 
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One year later in 1958, Irwin (7) classified the crack into three modes: opening mode I, 
shearing mode II and tearing mode III. Three mode stress intensity factors can be 
defined according to Equation 1.18, 
𝐾𝐼,𝐼𝐼,𝐼𝐼𝐼 = lim
𝑟→0
 2𝜋𝑟 × (𝜍𝑦𝑦 , 𝜏𝑦𝑥 , 𝜏𝑦𝑧 ) (1.18) 
In Irwin‟s work (8), the concept of ERR and stress intensity factors are also related for 
different modes as follows, 
𝐺𝐼 =
𝐾𝐼
2
𝐸
 (1.19) 
𝐺𝐼𝐼 =
𝐾𝐼𝐼
2
𝐸
 (1.20) 
𝐺𝐼𝐼𝐼 =
𝐾𝐼𝐼𝐼
2
2𝜇
 (1.21) 
1.3 Mixed Mode Partition Theories 
Partitions of a mixed fracture mode in DCB have attracted the attention of many 
researchers. The primary goals have been to develop analytical theories to find pure 
fracture modes and then to partition a mixed mode into pure modes for both rigid and 
non-rigid interface. Some of the previous analytical studies on fractures with rigid 
interfaces are presented here first, then followed with analytical studies with non-rigid 
interfaces. 
One important pioneering work  was given by Williams (8) for DCB made of isotropic 
materials based on Euler beam theory in the absence of axial loads. In Williams' work 
(8), two conditions are suggested to achieve pure mode I and mode II. Pure mode II is 
obtained when the curvatures at the crack tip in the two arms are the same and pure 
mode I requires the crack tip bending moments to be equal and opposite. But Williams' 
theory is proven only working with symmetric DCB as some disagreement is reported 
according to other researchers. Shim and Hong (9) reported that their FEM simulations 
disagreed with Williams‟ partition theory when the two arms have different thicknesses. 
This is also noted in Zhang and Wang's (10) work. Some „conceptual errors‟ were 
pointed out in Hutchinson and Suo's work (11) as well.  
Whereas Williams‟ work (8) offered a completely analytical, closed-form partition 
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theory, some other semi-analytical approaches are developed. In these semi-analytical 
approaches, analytical method is applied to calculate the total ERR and results from the 
numerical solution of a two-dimensional continuum problem are used to calculate the 
mode partition. For instance, in Schapery and Davidson's work (12), they claimed that 
classical plate theory alone does not provide quite enough information to obtain a 
decomposition of ERR into its opening and shearing mode components, so they non-
dimensionalised the problem and solved it numerically by using the FEM and boundary 
conditions for some example cases. In Schapery and Davidson's work (12), the sample 
considered was homogeneous and isotropic plates with either symmetric or asymmetric 
geometries. Good predictions of the total ERR and modes partitions are produced from 
Schapery and Davidson's work (12) against the FEM simulations by using four node 
quadrilateral (QUAD4) element. Two discoveries were found in Schapery and 
Davidson's work (12). Firstly, the classical plate theory can provide a value of the total 
ERR which is very close to that from 2D elasticity. Secondly, Schapery and Davidson‟s 
(12) theory does not predict the same pure modes as Williams‟ theory (8).  
Similarly with Schapery and Davidson, Suo and Hutchinson (13) and Hutchinson and 
Suo (11) also reported a semi-analytical approach for isotropic DCBs, which used a 
combined approach with Euler beam theory and 2D elasticity, with stress intensity 
factors. Their theories are also based on classical plate theory for an isotropic, 
homogeneous material to calculate the total ERR and use integral equation methods to 
obtain a linear elasticity solution for the crack tip region. For an isotropic, homogeneous 
material however, stress intensity factor reduces to a function of one parameter. Suo and 
Hutchinson approximated this one-parameter function numerically by rigorously 
solving the crack integral equations for one loading case. The mode partition could then 
be found for other cases. Hutchinson and Suo (11) also commented that the work in 
Williams' work (8) contained conceptual errors. To respond to this comment, some 
experimental work was reported by Williams (14) showing that the mixed mode 
partition rule in Williams' work (8) agrees better with the test results than the rule in 
Suo and Hutchinson (13) and Hutchinson and Suo's works (11) does. There was also 
limitation of Suo and Hutchinson's theories. It can only strictly be applicable to 
isotropic, homogeneous materials. When applied with bi-material cases, the elastic 
mismatch parameter must be assumed sufficiently small.  
For those bi-material cases, Wang and Qiao (15) modelled an interface crack between 
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two shear deformable elastic layers with different material properties. First-order shear 
deformation theory (FSDT) was applied to calculate the total ERRs. In decomposing 
mode I and mode II, Sih et al.‟s (16) relationship between mode I and mode II stress 
intensity factors and the total ERR are applied in Wang and Qiao's work (15). A square-
root singular stress field is assumed in this method so the respective arguments of Rice 
(17) and Charalambides et al. (14) need to be weighed up. In addition, equivalent 
orthotropic behaviour is assumed to convert the problem of a delaminating beam into an 
equivalent homogenous problem. 
In real service circumstance, most engineering materials behave as non-linear elastic 
and inelastic under operating conditions that involve large loads. This may be especially 
true when stress singularities exist at crack tips. When a significant region around a 
crack tip has undergone plastic deformation, other approaches can be used. Cohesive 
zone modelling (CZM) is one of these techniques and recently there has been a surge of 
interest in it (more detail see Section 1.5).  
Nguyen and Levy (18) developed a CZM approach which allowed them to predict the 
delamination propagation without considering the ERR partition. The theory developed 
by Nguyen and Levy (18) is an exact theory of interfacial debonding for laminated 
composites comprised of a number of layers and bonded with non-linear, decohesive 
interfaces A Fourier series solution was derived for a single plate subject to an arbitrary 
loading on its surfaces. Hyper elastic constitutive relation was applied to describe the 
force-separation behaviour of the interfaces between layers in both normal and shear 
directions. When the separation increases to the critical value, the interface no longer 
transmits any force and delamination forms. Then the integral equations are constructed 
to govern the interfacial separation for bilayers and multi-layer laminates and these 
analytical equations were solved numerically. So Nguyen and Levy's method (18) can 
be used to calculate the modes ERRs and their partitions by determining the area under 
the force-separation relation in normal and shear directions respectively for the interface. 
Another method was developed by Ouyang and Li (19). In their work, CZM was 
applied to model the interface shear fracture of the end-notched flexure (ENF) test (see 
Section 1.6.2). ENF is used to calculate the mode II critical ERR. In Ouyang and Li's 
model (19), specimen are constructed as two classical beams bonded with an arbitrary 
non-linear cohesive interface, and then by using J-integral, exact expressions for the 
mode II ERR was derived. Some validations are also carried out by Ouyang and Li (19) 
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by applying an exponential type cohesive law (with two parameters) to calibrated it 
against test data by adjusting the values of interface shear strength and mode II critical 
ERR. Results from their method closely followed the results from experimental data. 
Ouyang and Li (19) also concluded that the mode II fracture toughness is either 
independent or very weakly dependent on crack length. 
On the subject of numerical simulation, the interface spring model (20), (10) has proven 
to be an accurate approach to partition a mixed mode for rigid interfaces; the cohesive 
model (21), (22) has proven to be an accurate approach for cohesive interfaces. 
1.4 Numerical Methods 
Alongside the development of analytical calculation methods, many numerical methods 
have also been developed by researchers. In 1958, Irwin (7) first developed one 
numerical method called Crack Closure Technique (CCT). He contended that the 
energy absorbed to extend crack by a small amount is equal to the work required to 
close the crack to its original length. It is also called the two-step crack closure 
technique as displacements both before and after a small crack extension are needed to 
be examined to calculate the ERRs. Ten years later, Rice (23) developed the J-integral 
which is an energetic contour path integral around a crack. It is equal to the ERR for a 
crack in a body under monotonic loading. Rice showed that the J-integral around a 
crack was in fact independent of the path. In 1977, Irwin‟s work was modified by 
Rybicki and Kanninen (24) and it is called virtual crack closure technique (VCCT). 
They contended that the relative displacements behind the new crack tip are 
approximately the same as those behind the original crack tip if the crack extension is 
small. Based on the VCCT, they derived the model ERRs by considering the work done 
by stresses at the crack tip on the relative opening displacements. Another ten years 
later, Rybicki and Kanninen‟ work was extended to calculate ERRs for higher order and 
singular finite elements by Raju (25).  
Some years later, more attention was drawn to interface element developments. 
Petrossian and Wisnom carried out some early work in 1998 (26). Then a one-
dimensional interface element for the simulation of mixed mode delamination with 
buckling was developed by Qiu, Crisfield and Alfano in 2001 (27). In their work, a 
framework for damage mechanics theory for interface elements was set up. Most of the 
later interface element development works are based on this framework and focuse on 
Chapter 1 Introduction 
10 
 
deriving new interface elements with different damage laws and different finite element 
formulations and then applying these elements to practical problems. Among interface 
elements, the cohesive element is one of the most commonly used for non-rigid 
interface crack damage analysis which was developed by Camanho, Davila and de 
Moura in 2003 (28). A cohesive element is a extremely thin thickness interface element, 
which can predict the delamination onset and growth under mixed mode loading 
between solid finite elements. More information about cohesive element is introduced 
in Section 1.5. 
There is another numerical method introduced here which is extented finite element 
method (XFEM), originally developed by Belytschko and Black in 1999 (29). By 
implementing discontinuous displacement functions into standard polynomial 
displacement functions, enrichment functions are achieved to include crack opening 
displacements. Elements can therefore be intersected by a crack and don‟t need to 
conform to the fracture surfaces. But there is one problem with XFEM which is the 
remehsing near crack tip when it grows in the modelling of fracture propagation. The 
reason for this is the accurate application of fracture mechanics to the FEM places some 
strict requirements on the mesh that are not necessarily maintained as the crack grows. 
1.5 Cohesive Element 
The works of Alfano and Crisfield (30) have presented physical and numerical models 
of the fracture of flat plates using cohesive elements which may be used to benchmark 
the use of this method. This is repeated and extended to mode II and mixed mode 
fracture in  Xie and Waas' work (31). In addition, authors such as Chen (22), have 
extended this work to the application in T-Piece specimens and included the effects of 
temperature. Based on the work of Dugdale (32), CZM is defined. The „Dugdale Model‟ 
is a method to understand the plastic region on the material side of the crack tip. The 
Dugdale model (32) dictates that the plastic region in front of the crack tip should 
present a stress equal and opposite to the stress applied in the elastic region. The model 
presents mathematical formulations for defining the size of crack tips and the tractions 
and stresses from all applied forces.  
In the work of Needleman in 1987 (33), the Dugdale Model was applied in the finite 
element model. The work of Needleman forms the basis of the modern day CZM's 
application in finite element analysis. In addition to the work of Needleman, Tvergaard 
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and Hutchinson in 1992 (34) analysed not only the method but also the TSLs and 
modifications to them. 
Effects on numerical simulations results from the TSL shapes is analysed by numerous 
authors. TSLs proposed by Tvergaard and Hutchinson have been investigated by Chen 
(21), Chowdhury (35) and Geissler (36). Two of the laws used will be defined later but 
those defined in the literature include cubic polynomials, bi-linear and trapezoidal 
shapes. The TSLs are used to find the interfacial fracture process zones for inclusion 
within the finite element model. These stresses are incorporated within the virtual work 
equation used to define the nodal forces within the finite element study.  
The elements used in the numerical simulation programme have a distinct effect on the 
convergence and accuracy of results. Principally, the elements used may be split into the 
four categories: linear, triangular, quadratic or higher order polynomial elements. „Chen‟ 
(21) and „Alfano and Crisfield‟ (30) document the use of quadratic interface elements, 
in contrast to most authors use of linear elements. From Chen‟s work, it is known, that 
linear elements have more often been used in research due to their faster convergence 
rate. Analysis of results for the application of linear and quadratic elements in Chen‟s 
work (21) shows that when quadratic elements are used, the results more accurately 
represent the experimental results in a DCB test.  
When solving CZM problems, extra care should be taken in numerical integration of the 
nodal forces function and the stiffness matrices. The numerical integration method used 
for these cases depends on the interface element type. The most commonly used 
numerical integration techniques are Newton-Cotes, 2 point (Trapezium rule) and 3 
point (Simpsons Rule) for the linear and quadratic elements respectively. In addition, 
Chen (21) documents that a two point Gauss rule can also be used, but 2 point Gaussian 
solution could lead to significant traction oscillations in the quadratic element. Here in 
this work, Newton-Cotes is used for CZM introduction. 
All of above research works present evidence to the use of CZM on similar problems 
without adding any completely new data to the problem. In addition, these works do not 
provide any details to the implementation of cohesive element model. And contact, 
especially being a key consideration in the mode II ELS analysis, is not discussed and 
no solution is developed to overcome it. Also these works did not present a full 
derivation of cohesive element, so background knowledge of cohesive element must be 
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presented in order to understand how the cohesive element differs from the standard 
element within ABAQUS. 
Generally, all simulations of delaminations can be divided into two parts which are 
delamination initiation and propagation. Delamination initiation analyses are usually 
based on stresses and using criteria such as the quadratic interaction of the inter-laminar 
stresses in conjunction with a characteristic distance (37), (38). The characteristic 
distance is an averaging length that is a function of geometry and material properties, so 
its determination always requires extensive test. Most analyses of delamination growth 
apply a fracture mechanics approach, and evaluate ERRs for self-similar delamination 
growth, (39) (40), (41), (42), (43), (44), (45). The ERRs are usually evaluated using the 
VCCT proposed by Rybicki and Kanninen (24). Detailed derivations and discussions 
will be presented in Chapter 4. 
1.6 Experimental Methods 
There are also many experimental methods and corresponding standards being used to 
measure or calculate the material fracture properties. Some comprehensive reviews of 
these experiment methods and standards have been presented by Martin (46) and Davies, 
Blackman and Brunner (47). In all these experimental methods, there are four methods 
are being used most commonly which are; the DCB tests for mode I testing, the end 
notched flexure (ENF) and end loaded split (ELS) for mode II testing and the mixed 
mode bending (MMB) for mixed mode testing. Some brief reviews of these four 
experimental methods are given in this section. 
1.6.1 Double Cantilever Beam Test 
The DCB test is one of the most-used methods for measuring mode I interlaminar 
fracture toughness (see Figure 1-1), especially with laminated composites materials 
since 1960s. Standards for the DCB test can be found in ASTM (2007e) (48). 
According to the standard, the DCB specimen is made from uniform thickness 
laminates with a non-adhesive insert placed at the mid-plane at one end before curing. 
There are some limitations of these test standards. The specimen must be a kind of 
laminated composite material which consists of unidirectional fibres with a brittle, 
single-phase polymer matrix. There are also some requirements on the sizes of 
specimen. The length of specimen should be at least 125 mm and the width should be 
between 20 mm and 25 mm. The thickness of the specimen should be between 3 mm 
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and 5 mm and typically consist of 24 layers in the thickness direction.  If these 
geometry requirements are not satisfied, then some further geometric non-linearity 
correction work (46) is needed to improve the accuracy. In the process of a DCB test, 
loads or displacements are applied to the free ends to open the DCB through a hinge or 
loading blocks, while the other side of the DCB is free. The load or displacements are 
applied on free ends controlled and recorded. Crack propagation is observed and also 
recorded. Then after it is visual, the mode I fracture toughness can be calculated either 
by using the compliance calibration method or the modified beam theory method. 
 
Figure 1-1: Double Cantilever Beam Test 
1.6.2 End Notched Flexure and End Loaded Split Test 
There are two common experimental methods to measure the mode II fracture 
toughness of materials which are the ENF (see Figure 1-2) and ELS (see Figure 1-3) 
tests. Similar to the DCB test, there are some requirements for the specimen in the ENF 
test, such as unidirectional composites consisting of unidirectional fibres with a brittle, 
single-phase polymer matrix and with a non-adhesive insert placed at the mid-plane at 
one end before curing. In the process of an ENF test, the two ends of the specimen are 
supported by two roller which give freedom of rotation, and the load or displacement is 
applied at the middle of the specimen. Load and displacement are controlled and 
recorded. Crack propagation is also observed and recorded for calculating the mode II 
fracture toughness of materials. But there are two difficulties in the ENF test which are 
the crack propagation observation and the friction effects. In the DCB test, visual 
observation is easy, but in the ENF test, it is very hard because the two beams and the 
crack tip are pressed together. The propagation is unstable and the delamination 
surfaces are very hard to be recognized and determined by visual observations. 
Therefore the fracture toughness of the material is calculated by using the load and the 
displacement of the point where unstable delamination growth first occurs; or the point 
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of deviation from linearity of the load-displacement curve; or the point where the 
compliance has increased by 5% from its initial value. In 1986, Carlsson, Gillespie and 
Pipes (49) made some improvements to the original beam theory expression for fracture 
toughness. In 1994, Zhou and He (50) took the effect of shear deformation into account 
which could have a significant effect on experiments results. 
 
Figure 1-2: End Notched Flexure 
In ELS tests, a similar configuration of specimen (51), (52) is used as for the ENF test. 
In the process of the test, the intact side of the specimen is rigidly clamped with only 
one load or displacement applied on one beam towards to the other beam. So the two 
beams are sharing the same deflection, there is one advantage of this method which is 
that when the crack length has reached 55% of the length of the specimen, the 
propagation becomes stable (46). 
 
Figure 1-3: End Loaded Split Test 
1.6.3 Mixed Mode Bending Test 
All three experimental methods above are for pure mode tests, but in reality, fracture 
does not typically occur in pure mode but instead in mixed mode. For one material, the 
fracture toughness of each mode is normally different, so it is important to find out an 
experimental method to determine the fracture toughness in a mixed mode situation. 
This fracture toughness in a mixed mode is called the mixed mode failure criterion. 
There are some suggestions and discussions given in the works of (47), (48), (49), (50), 
(51), (52), (53), (54), (55). For this purpose, the MMB test was designed by Reeder and 
Crews (56) in 1990 based on the ENF test. By adding an opening load or displacement 
on one of the free ends of ENF, mixed mode loading condition can be achieved. As 
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there is already one load or displacement applied in the middle of the ENF specimen, if 
another load or displacement is to be applied, a lever needs to be added. A loading lever 
with a fulcrum at the mid-span applies the opening load at the delaminated end of the 
specimen and achieves the requisite loading. The next year, some modifications (57) 
were made to the original MMB test to reduce the non-linearities as the original test 
could produce errors as many as 30%. In comparison to other mixed mode test methods, 
there are two distinct advantages: the first is that the same specimen geometry can be 
used for both mode I and mode II tests. The second is that the mixed mode ratio can be 
easily varied over the whole range from pure mode I to pure mode II, as a result, this 
test method is the only one seriously being considered for standardisation by Davies in 
1998 (47). 
 
Figure 1-4: Mixed Mode Bending Test 
1.7 Aims and Objectives 
As discussed in the above sections, many analytical partition theories, numerical and 
experimental methods have been developed for understanding crack fracture mechanics 
by researchers over the past 50 years. But, the development of mixed mode partition 
theories is slower than those of numerical and experimental methods. So in engineering 
design, lots of numerical simulations and/or experiments still need to be completed, 
because the predictions from the mixed mode partition theories may not be as accurate 
as required. The disadvantage of numerical simulation is its computational cost. Lots of 
time is needed to complete numerical simulations and some simulations may need a 
very expensive super computer. For mixed mode experimental tests, total ERR can be 
measured but the partitions of each mode cannot be achieved directly. Based on the total 
ERR, a mixed mode partition theory has to be applied to partition the modes ERRs and 
the predictions may not be as accurate as required.  
So the aim of this work has been to rigorously derive mixed mode partition theories for 
isotropic DCB with both rigid and non-rigid interfaces. By using these new partition 
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theories, excellent predictions of total ERR and mode ERRs are expected to be 
produced fully analytically for much easier understanding of fracture mechanics in 
engineering designs. To achieve this aim, the following objectives will be pursued. The 
first objective is to determine the pure modes for rigid interface cases. The second 
objective is to introduce these pure modes into the Euler beam theory and the 
Timoshenko beam theory to partition the mode ERRs. Then the focus of this work is 
extending the mixed mode partition theory from rigid interface to non-rigid interface. 
To achieve this  aim, more objectives are needed to be finished. The third objective is to 
develop the mixed partition theory within the context of 2D elasticity based on the 
context of Euler beam theory and Timoshenko beam theory for bending moment and 
axial force loads. The fourth objective is to develop an approximation method for any 
interface stiffness to calculate the contribution of ERRs from bending moment and axial 
force. The fifth objective is to develop an approximation method and full sets of 
empirical formulas for any interface stiffness and sample geometries to calculate the 
contribution of ERRs from crack tip shear force. With all above objectives are achieved, 
new mixed mode partition theories can be developed for both rigid and non-rigid 
interface. 
1.8 Structure of this Work 
Some essential background knowledge about linear elastic fracture mechanics has been 
introduced earlier in this chapter. A brief structure of the thesis is given here.  
In chapter 2, FEM developments are presented. In chapter 3, mixed mode partition 
theories are developed for isotropic curved DCBs with rigid interfaces under pure 
bending moments. In chapter 4, a full detailed introduction to the cohesive element is 
given. In chapter 5, mixed mode partition theories are developed for DCBs with non-
rigid interfaces under general tip loadings. In chapter 6, empirical formulas are derived 
for the four parameters in the partition theories developed in Chapter 5. In chapter 7, the 
pure modes developed in Chapter 5 are validated by using FEM. In chapter 8, the mixed 
mode partition theory of Chapter 5 is validated by using FEM. In chapter 9, conclusions 
and future work are given. 
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Chapter 2 Finite Element Method 
2.1 Introduction 
In this chapter, four commonly-used elements are introduced first and they are the cubic 
Euler beam element, the linear Timoshenko beam element, the rectangular element and 
the curved beam element. The first three elements are commonly used to analyze the 
problem for straight beams (DCB) while the curved beam element can be used to 
simulate curved beam problems. Full detailed derivations of all these four elements are 
given. Then for a higher accuracy requirement, cubic order elements are introduced here. 
A cubic order displacement field is introduced into the linear Timoshenko beam 
element and the  rectangular elements to improve the accuracy of the results.  
For both straight beam (DCB) and curved beam, two beams are constrained by an 
interface. Interface springs are used here as the interface to attach the two beams 
together. Full detailed descriptions of the interface spring implementation and the spring 
force calculation methods are given first. The difference between the beam elements 
and the rectangular element implementation and calculations are discussed. Then the 
derivations of the spring stiffness matrices for implementing with the beam elements 
(including the curved beam element) and the rectangular element are given respectively. 
For both the cubic order beam element and the rectangular element, the 
implementations of spring stiffness matrices are the same as for the linear order beam 
element and the rectangular element, so no further discussions are needed. 
The VCCT, as one of the most commonly used-methods to calculate the ERR, is 
applied with these beam elements and rectangular elements to compare the results with 
analytical calculations. For linear order and cubic order elements, the VCCT method 
needs to be applied in different ways. The difference between the methods of 
application is presented and two different ERRs calculating methods are presented. 
2.2 Four Commonly-Used Element Derivations 
In this section, four kinds of commonly-used elements are introduced. The first one is 
the cubic Euler beam element and the second one is the Timoshenko element. The third 
one is the rectangular element and the last one is the curved beam element. Full detailed 
derivations of stiffness matrices are given for these four elements to produce a brief 
understanding.  
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2.2.1 Euler Beam Element 
The first element introduced is the Euler beam element. It uses a cubic order 
displacement field to describe the y direction displacement while a linear displacement 
field is used for x direction displacement. Figure 2-1 shows the coordinate system and 
the nodal loading acting on any two- nodes beam finite element. 
 
Figure 2-1: General Beam Element with 2 Nodes 
The displacement field of the Euler beam is given by, 
 
𝑢 𝑥 
𝑣(𝑥)
 =  
𝑎1 + 𝑎2𝑥
𝑎3 + 𝑎4𝑥 + 𝑎5𝑥
2 + 𝑎6𝑥
3  (2.1) 
In term of nodal displacements 
 
𝑢
𝑣
 =  𝑁 ×
 
 
 
 
 
 
𝑢1
𝑣1
𝜓1
𝑢2
𝑣2
𝜓2 
 
 
 
 
 
=  𝑁 ×  𝑑  (2.2) 
Where the shape function matrix  𝑁  is given by, 
 𝑁 =  
1 −
𝑥
𝐿
0 0
0
2𝑥3 − 3𝐿𝑥2 + 𝐿3
𝐿3
𝑥3 − 2𝐿𝑥2 + 𝐿2𝑥
𝐿2
𝑥
𝐿
0 0
0
3𝐿𝑥2 − 2𝑥3
𝐿3
𝑥3 − 𝐿𝑥2
𝐿2
  (2.3) 
So the gradient matrix is given by, 
 𝐵 =
 
 
 
 
𝑑
𝑑𝑥
0
0 −
𝑑2
𝑑𝑥2 
 
 
 
×  𝑁 =  
−
1
𝐿
0 0
0
6𝐿 − 12𝑥
𝐿3
4𝐿 − 6𝑥
𝐿2
1
𝐿
0 0
0
12𝑥 − 6𝐿
𝐿3
2𝐿 − 6𝑥
𝐿2
  (2.4) 
For any beam with a constant width 𝑏 , the strain energy in this cubic Euler beam 
element is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇    𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥  𝑑  (2.5) 
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Here in Equation 2.5,  𝐸  is given by,  
 𝐸  =  
𝐸𝐴 0
0 𝐸𝐼
  (2.6) 
In Equation 2.6, 𝐸 is the Young‟s modulus of Euler beam while 𝐴 and 𝐼 are the cross-
section area and initia of Euler beam respectively. And Equation 2.5 can be written in 
another form which is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇 𝐾  𝑑  (2.7) 
This  𝐾  in Equation 2.7 can be defined as the stiffness matrix of the cubic Euler 
element and it is known from Equation 2.5 as, 
 𝐾 =   𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥 (2.8) 
So the stiffness matrix of Euler beam is known from Equation 2.7 as, 
 𝐾 =
 
 
 
 
 
 
 
 
 
 
 
 
 
𝐸𝐴
𝐿
0 0
0
12𝐸𝐼
𝐿3
6𝐸𝐼
𝐿2
0
6𝐸𝐼
𝐿2
4𝐸𝐼
𝐿
𝐸𝐴
−𝐿
0 0
0
12𝐸𝐼
−𝐿3
6𝐸𝐼
𝐿2
0
6𝐸𝐼
−𝐿2
2𝐸𝐼
𝐿
𝐸𝐴
−𝐿
0 0
0
12𝐸𝐼
−𝐿3
6𝐸𝐼
−𝐿2
0
6𝐸𝐼
𝐿2
2𝐸𝐼
𝐿
𝐸𝐴
𝐿
0 0
0
12𝐸𝐼
𝐿3
6𝐸𝐼
−𝐿2
0
6𝐸𝐼
−𝐿2
4𝐸𝐼
𝐿  
 
 
 
 
 
 
 
 
 
 
 
 
 (2.9) 
2.2.2 Linear Order Timoshenko Beam Element 
There is a disadvantage to the Euler beam element which is that it does not take the 
shear effect or the rotational inertia into calculation, so when used for simulations of  
short beams or thick beams, the results are not accurate. The second element introduced 
is the linear order Timoshenko beam element developed by Stephen Timoshenko in the 
early 20
th
 century (58), which is a kind of shear deformable element. In the linear order 
Timoshenko beam element, the shear deformation are taken into account, making it 
suitable for describing the behaviour of short beams, sandwich composite beams or 
beams subject to high-frequency excitation when the wavelength approaches the 
thickness of the beam.  
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The linear order Timoshenko beam uses a linear displacement field to describe the 
displacements in both x and y directions. Its nodal rotation is also described by this 
linear displacement field. Figure 2-1 also shows the coordinate system and the nodal 
loads acting on a Timoshenko beam element. The displacement field of a linear order 
Timoshenko beam is given by, 
 
𝑢(𝑥)
𝑣(𝑥)
𝜓(𝑥)
 =  
𝑁1𝑢1 + 𝑁2𝑢2
𝑁1𝑣1 + 𝑁2𝑣2
𝑁1𝜓1 + 𝑁2𝜓2
  (2.10) 
In term of nodal displacements 
 
𝑢
𝑣
𝜓
 =  
𝑁1 0 0
0 𝑁1 0
0 0 𝑁1
     
𝑁2 0 0
0 𝑁2 0
0 0 𝑁2
 
 
 
 
 
 
 
𝑢1
𝑣1
𝜓1
𝑢2
𝑣2
𝜓2 
 
 
 
 
 
=  𝑁  𝑑  (2.11) 
Where the shape function matrix  𝑁  is given by, 
 𝑁 =  
𝑁1
𝑁2
 =  
1 − (𝑥 𝐿) 
(𝑥 𝐿 )
  (2.12) 
If the strain field vector is defined as, 
 𝜖 =
 
 
 
 
 
 
𝜕𝑁1
𝜕𝑥
0 0
0
𝜕𝑁1
𝜕𝑥
−𝑁1
0 0
𝜕𝑁1
𝜕𝑥
      
𝜕𝑁2
𝜕𝑥
0 0
0
𝜕𝑁2
𝜕𝑥
−𝑁2
0 0
𝜕𝑁2
𝜕𝑥  
 
 
 
 
 
 𝑑 =  𝐵  𝑑  (2.13) 
Then any beam with constant width 𝑏, the strain energy in this linear Timoshenko beam 
element is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇    𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥  𝑑  (2.14) 
Here in Equation 2.14,  𝐸   is given by, 
 𝐸  =  
𝐸𝐴 0 0
0 𝑘2𝐺𝐿𝑇𝐴 0
0 0 𝐸𝐼
  (2.15) 
In Equation 2.15, 𝐸  and 𝐺𝐿𝑇  are the Young‟s modulus and shear modulus of 
Timoshenko beam element while 𝐴 and 𝐼 are the cross-sectional area and the second 
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moment of area of Timoshenko beam respectively. 𝑘2 is the shear correction factor. And 
Equation 2.14 can be written in another form which is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇 𝐾  𝑑  (2.16) 
This  𝐾  in Equation 2.16 can be defined as the stiffness matrix of the linear order 
Timoshenko beam element and it is known from Equation 2.14 as, 
 𝐾 =   𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥 (2.17) 
So the final stiffness matrix of the linear order Timoshenko beam is calculated from 
Equation 2.17. The shear locking effect needs to be considered here. Without any 
correction for shear locking effects, the deflection values are often magnitudes smaller 
than the correct analytical calculation values. Some examples can be found in reference 
(59). This is because in using a linear element, it cannot model the curvature of the 
beam correctly. Beachkofski (60) states that it is the nature of using an “overly 
inflexible shape set of shape functions” and this is the case for this linear element. 
Among many methods of eliminating shear locking beams, the easiest way is using a 
reduced integration technique (RIT) which in this case is using Gaussian one-point 
integration. This is because that the full integration results in the shear locking 
phenomena, while the RIT can evaluates the strain energy exactly and produce correct 
deflections.  Equation 2.17 is instead evaluated using one-point Gaussian quadrature, 
which eliminates the shear locking by ignoring the spurious term (61). The quadrature 
rule used here in this section, is stated as, 
𝐼 =  𝑓 𝜂 𝑑𝜂
1
−1
=  𝑓 𝜂𝑖 
𝑛
𝑖=1
𝐻𝑖  (2.18) 
A one order polynomial is applied here to represent the one-point reduced integration 
which is, 
𝑓 𝜂 = 𝐶0 + 𝐶1𝜂 (2.19) 
In Equation 2.19, C0 and C1 are unknown factors. Evaluating Equation 2.18 by using 
Equation 2.19 gives, 
𝐼 = 2𝐶0 (2.20) 
Implying that 𝜂1 = 0 and 𝐻1 = 2. This approximate integral is represented in Figure 2.2. 
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Figure 2-2: One Point Gauss Quadrature 
 The original function is represented by the dashed line and it is approximated as linear 
by 𝑓 𝜂 . The shaded area represents the approximate integral. The integrand must be 
transformed into the 𝜂-coordinate to evaluate Equation 2.17  by using one-point reduced 
integration. The integration point lies at 𝑥 = 𝐿/2 (see Figure 2.2). Therefore, 
𝐶0 = 𝑓 𝜂 = 0 = 𝑓(𝑥 = 𝐿/2 ) (2.21) 
𝑥 =
𝐿
2
+
𝐿
2
𝜂 (2.22) 
And, 
𝑑𝑥 =
𝐿
2
 (2.23) 
Then applying these transformations into Equation  2.17 gives, 
 𝐾 =   𝐵 𝑇
1
−1
 𝐸   𝐵 
𝐿
2
𝑑𝜂 (2.24) 
Therefore clearly, 
𝐶0 = ( 𝐵 
𝑇 𝐸   𝐵 
𝐿
2
)𝑥=𝐿/2 (2.25) 
And from Equation 2.20, the resulting stiffness matrix of the linear Timoshenko beam 
element is, 
 𝐾 = ( 𝐵 𝑇 𝐸   𝐵 𝐿)𝑥=𝐿/2 (2.26) 
And in the resulting stiffness matrix, four items are changed which are K33, K36, K63 and 
K66. By using this reduced integration, shear locking is successfully eliminated. 
2.2.3 Curved Beam Element 
For Euler beam and linear order Timoshenko beam elements, the beams lie in a straight 
line. But for curved beams, they are curved with radius 𝑅 and angle 𝛼  as shown in 
Figure 2-3.  
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Figure 2-3: Curved Beam Element 
Here in this derivation of the stiffness matrix of a curved beam element, the angle 𝛼 is 
not used while only radius 𝑅 is used. Consider the whole curved beam in curvilinear 
coordinates.  A two nodes linear element with three degrees of freedom can still be used. 
The element length L is no longer the length between two nodes, but replaced by the 
length of the arc.  The total displacements are the same as for the Timoshenko beam 
element which is displayed in Figure 2-1, so the derivation procedures are the same as 
for the linear order Timoshenko beam element too, until the calculation of strain field 
vector. So the displacement field of the curved beam element is known from Equation 
2.10 and it can be written in term of the nodal displacements from Equation 2.11. The 
shape function of the curved beam element is given by Equation 2.12. All these 
derivation procedures are all the same with the linear order Timoshenko beam element. 
But calculation of strain field vector is different. Known from references (59), (62), (63), 
(64), (65), (66), the strain field vector is given by, 
 𝜖 =
 
 
 
 
 
 
𝜕𝑁1
𝜕𝑥
𝑁1
𝑅
0
0 0
𝜕𝑁1
𝜕𝑥
𝑁1
−𝑅
𝜕𝑁1
𝜕𝑥
𝑁1
      
𝜕𝑁2
𝜕𝑥
𝑁2
𝑅
0
0 0
𝜕𝑁2
𝜕𝑥
𝑁2
−𝑅
𝜕𝑁2
𝜕𝑥
𝑁2  
 
 
 
 
 
 𝑑 =  𝐵  𝑑  (2.27) 
For any beam with constant width 𝑏, the strain energy in the curved beam element is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇    𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥  𝑑  (2.28) 
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Here in Equation 2.28,  𝐸   is given by Equation 2.15. And Equation 2.28 can be written 
in another form which is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇 𝐾  𝑑  (2.29) 
This  𝐾  in Equation 2.29 is the stiffness matrix of the curved beam element and it is 
known from Equation 2.28 as, 
 𝐾 =   𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥 (2.30) 
So the final stiffness matrix of the curved beam element can be calculated from 
Equation 2.30. Here in the calculation of stiffness matrix of the curved beam element, 
RIT is also applied to eliminate the shear locking. Same procedure is applied as 
introduced in Section 2.2.2.  
2.2.4 Rectangular Element 
Besides above beam elements, rectangular element is introduced here. Rectangular 
element is also known as 2D Quad 4 element which has 4 nodes at each corner of the 
geometry shape and there are two degrees of freedom of each node in x and y directions. 
A rectangular element is shown in Figure 2-3. 
 
Figure 2-4: Rectangular Element Geometry 
The displacement field of a rectangular element is given by, 
 
𝑢 𝑥 
𝑣(𝑥)
 =  
𝑎1 + 𝑎2𝑥 + 𝑎3𝑦 + 𝑎4𝑥𝑦
𝑏1 + 𝑏2𝑥 + 𝑏3𝑦 + 𝑏4𝑥𝑦
  (2.31) 
Chapter 2 Finite Element Method 
25 
 
In term of nodal displacements, 
 
𝑢
𝑣
 =  𝑁 ×
 
 
 
 
 
𝑢1
𝑣1
⋮
𝑢4
𝑣4  
 
 
 
 
=  𝑁 ×  𝑑  (2.32) 
Where the shape function matrix  𝑁  is given by, 
 𝑁 =  
𝑁1
𝑁2
𝑁3
𝑁4
 =
1
4𝑎𝑏
 
 
 
 
 𝑎 − 𝑥 (𝑏 + 𝑦)
 𝑎 − 𝑥 (𝑏 − 𝑦)
 𝑎 + 𝑥 (𝑏 + 𝑦)
 𝑎 + 𝑥 (𝑏 − 𝑦) 
 
 
 
 (2.33) 
So the strain field vector is given by, 
 
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
 =
 
 
 
 
 
 
 
𝜕𝑢
𝜕𝑥
𝜕𝑣
𝜕𝑦
𝜕𝑢
𝜕𝑦
+
𝜕𝑣
𝜕𝑥 
 
 
 
 
 
 
=
 
 
 
 
 
 
 
𝜕𝑁1
𝜕𝑥
0
𝜕𝑁2
𝜕𝑥
  0
𝜕𝑁3
𝜕𝑥
0
𝜕𝑁4
𝜕𝑥
0
0
𝜕𝑁1
𝜕𝑦
0
𝜕𝑁2
𝜕𝑦
0
𝜕𝑁3
𝜕𝑦
0
𝜕𝑁4
𝜕𝑦
𝜕𝑁1
𝜕𝑦
𝜕𝑁1
𝜕𝑥
𝜕𝑁2
𝜕𝑦
𝜕𝑁2
𝜕𝑥
𝜕𝑁3
𝜕𝑦
𝜕𝑁3
𝜕𝑥
𝜕𝑁4
𝜕𝑦
𝜕𝑁4
𝜕𝑥  
 
 
 
 
 
 
 𝑑 =  𝐵  𝑑  (2.34) 
For any constant width of beam 𝑏, the strain energy in this rectangular element is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇     𝐵 𝑇
𝑑
−𝑑
 𝐸   𝐵 𝑑𝑦𝑑𝑥
𝑎
−𝑎
  𝑑  (2.35) 
And Equation 2.35 can be written in another form, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇 𝐾  𝑑  (2.36) 
This  𝐾  can be defined as the stiffness matrix of the rectangular element and it is, 
 𝐾 =    𝐵 𝑇
𝑑
−𝑑
 𝐸   𝐵 𝑑𝑦𝑑𝑥
𝑎
−𝑎
 (2.37) 
In Equation 2.37,  𝐸   is given by, 
 𝐸  = 𝑇−1 ×  𝐸 ∗ × 𝑇 (2.38) 
Here in Equation 2.38,  𝐸 ∗  is general effective Young‟s modulus matrix as there could 
be an angle between the material‟s longitude direction and x axis of the whole 
coordinate; and 𝑇 is the transferring matrix for any angle and they are given by, 
 𝐸 ∗ =  
1/𝐸𝑇 −𝜐𝑉𝑇/𝐸𝑉 0
−𝜐𝑉𝑇/𝐸𝑇 1/𝐸𝑉 0
0 0 1/𝐺𝐿𝑇
  (2.39) 
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𝑇 =  
𝑚2 𝑛2 2𝑚𝑛
𝑛2 𝑚2 −2𝑚𝑛
−𝑚𝑛 𝑚𝑛 (𝑚2 − 𝑛2)
  (2.40) 
With 𝑚 and 𝑛 are given by, 
𝑚 = 𝑐𝑜𝑠𝑎 (2.41) 
𝑛 = 𝑠𝑖𝑛𝑎 (2.42) 
Here in this work, materials of beam are considered as made from one single layer and 
with same properties. So when rectangular element is used to calculate the ERRs, the 
Young‟s modulus in longitude direction of beam is considered as in the same direction 
with x direction of the whole coordinate, so the transferring angle is zero and the 
transferring matrix is equal to 1, so  𝐸   is equal to  𝐸 ∗ .  
In Equation 2.39, 𝐸𝑇  and 𝐸𝑉  are the Young‟s modulus of element in x and y directions 
respectively. 𝜐𝑉𝑇  is the Poisson ratio between y and x directions while the 𝜐𝑇𝑉   is the 
Poisson ratio between x and y directions. 𝐺𝐿𝑇  is the shear modulus of element.  
There is another relation between these four items which is given by, 
𝜈𝑇𝐿
𝐸𝑇
=  
𝜈𝐿𝑇
𝐸𝐿
 (2.43) 
With  𝐸   being known from Equation 2.38 and  𝐵  being known from Equation 2.34, 
stiffness matrix of the rectangular element is calculated from Equation 2.37. 
2.3 Cubic Order Element Derivations 
Cubic order element, as a higher order element for better description of displacement 
field and higher accurate results, is introduced into the Timoshenko beam and the 
rectangular elements in this section. Full derivations of the cubic order Timoshenko 
beam element and rectangular element are developed. 
2.3.1 Cubic Order Timoshenko Beam Element 
First, cubic displacement field description is introduced into the Timoshenko beam 
element. Unlike commonly-used beam element, the displacement field is not linear but 
with cubic order and its 2 nodes are replaced by 4 nodes now, as shown in Figure 2-3. 
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Figure 2-5: Cubic Beam Element with 4 Nodes 
There are 4 nodes in cubic order beam element and they are 𝑁1, 𝑁2, 𝑁3 and 𝑁4. The 
element length is still the same length of 𝐿 and divided into two unit lengths which are 
both 𝐿/2. As shown in Figure 2-3, there are still 3 degrees of freedom of each node. 
Similar with the commonly-used beam element, calculation starts from displacement 
field and it is,  
 
𝑢(𝑥)
𝑣(𝑥)
𝜓(𝑥)
 =  
𝑁1𝑢1 + 𝑁2𝑢2 + 𝑁3𝑢3 + 𝑁4𝑢4
𝑁1𝑣1 + 𝑁2𝑣2 + 𝑁3𝑣3 + 𝑁4𝑣4
𝑁1𝜓1 + 𝑁2𝜓2+𝑁3𝜓3+𝑁4𝜓4
  (2.44) 
In term of nodal displacements, 
 
𝑢
𝑣
𝜓
 =  
𝑁1 0 0
0 𝑁1 0
0 0 𝑁1
𝑁2 0 0
0 𝑁2 0
0 0 𝑁2
𝑁3 0 0
0 𝑁3 0
0 0 𝑁3
𝑁4 0 0
0 𝑁4 0
0 0 𝑁4
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑢1
𝑣1
𝜓1
𝑢2
𝑣2
𝜓2
𝑢3
𝑣3
𝜓3
𝑢4
𝑣4
𝜓4 
 
 
 
 
 
 
 
 
 
 
 
=  𝑁  𝑑  (2.45) 
Where the shape function matrix  𝑁  is given by, 
 𝑁 =  
𝑁1
𝑁2
𝑁3
𝑁4
 =
1
16
 
−1 + 𝑥 + 9𝑥2 − 9𝑥3
9 − 27𝑥 − 9𝑥2 + 27𝑥3
9 + 27𝑥 − 9𝑥2 − 27𝑥3
−1 − 𝑥 + 9𝑥2 + 9𝑥3
  (2.46) 
So the strain field vector  is given by, 
 
𝑢′
𝑣′
𝜓′
 =
 
 
 
 
 
 
𝜕𝑢
𝜕𝑥
𝜕𝑣
𝜕𝑥
𝜕𝜓
𝜕𝑥 
 
 
 
 
 
=
 
 
 
 
 
 
𝜕𝑁1
𝜕𝑥
0 0
0
𝜕𝑁1
𝜕𝑥
0
0 0
𝜕𝑁1
𝜕𝑥
…
𝜕𝑁4
𝜕𝑥
0 0
0
𝜕𝑁4
𝜕𝑥
0
0 0
𝜕𝑁4
𝜕𝑥  
 
 
 
 
 
 𝑑 = [𝐵] 𝑑  (2.47) 
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For any constant width of beam 𝑏, the strain energy in this element is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇    𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥  𝑑  (2.48) 
Here in Equation 2.48,  𝐸   is known from Equation 2.15. And Equation 2.48 can be 
written in another form as, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇 𝐾  𝑑  (2.49) 
This  𝐾  in Equation 2.49 is defined as the stiffness matrix of the cubic order 
Timoshenko beam element and it is known from Equation 2.48 as, 
 𝐾 =   𝐵 𝑇
𝐿
𝑜
 𝐸   𝐵 𝑑𝑥 (2.50) 
So the stiffness matrix of the cubic order Timoshenko beam element is calculated from 
Equation 2.50.  
2.3.2 Cubic Order Rectangular Element 
Secondly, cubic order displacement field description is introduced into the rectangular 
element. Unlike commonly-used rectangular element, the displacement field is not 
linear but with cubic order and its 2 nodes on each edge are replaced by 4 nodes, as 
shown in Figure 2-4. 
 
Figure 2-6: Geometry of Cubic Order Rectangular Element 
Chapter 2 Finite Element Method 
29 
 
In commonly-used rectangular element, there are 4 nodes and they are numbered from 
top to down and then left to right. Here in the cubic order rectangular element, there are 
16 nodes and they are numbered from top to down and then left to right as well, as 
shown in Figure 2-4. These 16 nodes are positioned in 4 rows and 4 columns.  
Similar with commonly-used rectangular element, calculation starts from displacement 
field and it is,  
 
𝑢 𝑥 
𝑣(𝑥)
 =  
𝑎1 + 𝑎2𝑥 + 𝑎3𝑥
2 + 𝑎4𝑥
3 + 𝑎5𝑦 + 𝑎6𝑥𝑦 + 𝑎7𝑥
2𝑦 + 𝑎8𝑥
3𝑦 + ⋯+ 𝑎16𝑥
3𝑦3
𝑏1 + 𝑏2𝑥 + 𝑏3𝑥
2 + 𝑏4𝑥
3 + 𝑏5𝑦 + 𝑏6𝑥𝑦 + 𝑏7𝑥
2𝑦 + 𝑏8𝑥
3𝑦 + ⋯+ 𝑏16𝑥
3𝑦3
  (2.51) 
In term of nodal displacements 
 
𝑢
𝑣
 =  
𝑁1 0
0 𝑁1
𝑁2 0
0 𝑁2
    ⋯     
𝑁15 0
0 𝑁15
𝑁16 0
0 𝑁16
 
 
 
 
 
 
 
 
 
𝑢1
𝑣1
𝑢2
𝑣2
⋮
𝑢15
𝑣15
𝑢16
𝑣16  
 
 
 
 
 
 
 
=  𝑁 ×  𝑑  (2.52) 
Here when the shape functions of each direction is known, the gradient matrix can be 
calculated. But in the cubic order rectangular element, shape functions are more 
complicated.  
As the cubic order displacement field is 1-dimensional description, when it is 
introduced into the rectangular element, it can only be used to describe the displacement 
field in x or y direction of each node. So the final shape functions of each node are 
needed to be calculated from 𝑥  direction and 𝑦  direction respectively and then 
multiplied together. So here, the shape functions are calculated from 𝑥 and 𝑦 direction 
respectively. 
2.3.2.1 Shape Functions in x Direction 
As shown in Figure 2-5, in 𝑥 direction, the element is divided into three parts by 4 
nodes. Same with those shape functions of the cubic order Timoshenko beam element, 
shape functions in x direction are given by, 
 
𝑁1𝑥
𝑁2𝑥
𝑁3𝑥
𝑁4𝑥
 =
1
16
 
−1 + 𝑥 + 9𝑥2 − 9𝑥3
9 − 27𝑥 − 9𝑥2 + 27𝑥3
9 + 27𝑥 − 9𝑥2 − 27𝑥3
−1 − 𝑥 + 9𝑥2 + 9𝑥3
  (2.53) 
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Figure 2-7: Nodes on x Direction 
Here in Equation 2.53, each shape function in x direction does not represent any single 
node, but represents all the nodes on the whole column. 
2.3.2.2 Shape Functions in  y  Direction 
As shown in Figure 2-6, in 𝑦 direction, the element is also divided into three parts by 4 
nodes. Same with those shape functions of the cubic order Timoshenko beam element, 
shape functions in y direction are given by, 
 
 
 
 
𝑁1𝑦
𝑁2𝑦
𝑁3𝑦
𝑁4𝑦  
 
 
 
=
1
16
 
 
 
 
 
−1 + 𝑦 + 9𝑦2 − 9𝑦3
9 − 27𝑦 − 9𝑦2 + 27𝑦3
9 + 27𝑦 − 9𝑦2 − 27𝑦3
−1 − 𝑦 + 9𝑦2 + 9𝑦3  
 
 
 
 
 (2.54) 
 
Figure 2-8: Nodes on y Direction 
Here in Equation 2.54, each shape function in y direction does not represent any single 
node, but represents all the nodes on the whole row. 
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2.3.2.3 Final Shape Function 
As 𝑥 and 𝑦 direction shape functions are known, the final shape functions of each node 
can is known by multiplying the 𝑥 and 𝑦 direction shape functions together, 
𝑁𝑛 = 𝑁𝑖𝑥 × 𝑁𝑗𝑦  (2.55) 
In another form, 
 
 
 
 
 
 
 
 
 
𝑁1
𝑁2
𝑁3
𝑁4
⋮
𝑁13
𝑁14
𝑁15
𝑁16 
 
 
 
 
 
 
 
 
=
 
 
 
 
 
 
 
 
 
 
𝑁1𝑥 × 𝑁1𝑦
𝑁1𝑥 × 𝑁2𝑦
𝑁1𝑥 × 𝑁3𝑦
𝑁1𝑥 × 𝑁4𝑦
⋮
𝑁4𝑥 × 𝑁1𝑦
𝑁4𝑥 × 𝑁2𝑦
𝑁4𝑥 × 𝑁3𝑦
𝑁4𝑥 × 𝑁4𝑦  
 
 
 
 
 
 
 
 
 
=
1
16 × 16
 
 
 
 
 
 
 
 
 
 
 −1 + 𝑥 + 9𝑥2 − 9𝑥3 × (−1 + 𝑦 + 9𝑦2 − 9𝑦3)
 −1 + 𝑥 + 9𝑥2 − 9𝑥3 × (9 − 27𝑦 − 9𝑦2 + 27𝑦3)
 −1 + 𝑥 + 9𝑥2 − 9𝑥3 × (9 + 27𝑦 − 9𝑦2 − 27𝑦3)
 −1 + 𝑥 + 9𝑥2 − 9𝑥3 × (−1 − 𝑦 + 9𝑦2 + 9𝑦3)
⋮
 −1 − 𝑥 + 9𝑥2 + 9𝑥3 × (−1 + 𝑦 + 9𝑦2 − 9𝑦3)
 −1 − 𝑥 + 9𝑥2 + 9𝑥3 × (9 − 27𝑦 − 9𝑦2 + 27𝑦3)
 −1 − 𝑥 + 9𝑥2 + 9𝑥3 × (9 + 27𝑦 − 9𝑦2 − 27𝑦3)
 −1 − 𝑥 + 9𝑥2 + 9𝑥3 × (−1 − 𝑦 + 9𝑦2 + 9𝑦3)  
 
 
 
 
 
 
 
 
 
 (2.56) 
So the strain field vector is given by, 
 
𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦
 =
 
 
 
 
 
 
 
𝜕𝑢
𝜕𝑥
𝜕𝑣
𝜕𝑦
𝜕𝑢
𝜕𝑦
+
𝜕𝑣
𝜕𝑥 
 
 
 
 
 
 
=
 
 
 
 
 
 
 
𝜕𝑁1
𝜕𝑥
0
0
𝜕𝑁1
𝜕𝑦
𝜕𝑁1
𝜕𝑦
𝜕𝑁1
𝜕𝑥
𝜕𝑁2
𝜕𝑥
0
0
𝜕𝑁2
𝜕𝑦
𝜕𝑁2
𝜕𝑦
𝜕𝑁2
𝜕𝑥
    ⋯    
𝜕𝑁15
𝜕𝑥
0
0
𝜕𝑁15
𝜕𝑦
𝜕𝑁15
𝜕𝑦
𝜕𝑁15
𝜕𝑥
𝜕𝑁16
𝜕𝑥
0
0
𝜕𝑁16
𝜕𝑦
𝜕𝑁16
𝜕𝑦
𝜕𝑁16
𝜕𝑥  
 
 
 
 
 
 
 𝑑 =  𝐵  𝑑  (2.57) 
For any constant width of beam 𝑏, the strain energy in this element is, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇     𝐵 𝑇
𝑑
−𝑑
 𝐸   𝐵 𝑑𝑦𝑑𝑥
𝑎
−𝑎
  𝑑  (2.58) 
Here in Equation 2.58,  𝐸   is known from Equation 2.38. And Equation 2.58 can be 
written in another form, 
𝑈 =
1
2
× 𝑏 ×  𝑑 𝑇 𝐾  𝑑  (2.59) 
And  𝐾  is the stiffness matrix of the cubic rectangular element, 
 𝐾 =    𝐵 𝑇
𝑑
−𝑑
 𝐸   𝐵 𝑑𝑦𝑑𝑥
𝑎
−𝑎
 (2.60) 
So the stiffness matrix of the cubic rectangular element is calculated from Equation 2.60. 
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2.4 Interface Spring 
For both straight DCB and curved DCB, two beams are constrained together by 
interfaces. There are many kinds of interface behaviours which can be rigid or non-rigid. 
For simulating rigid interface, springs method is one of the most used methods. Because 
springs are only one dimensional element, two springs are needed to simulate the 
interface action forces in x and y directions individually.  
In this section, an introduction of how to apply springs (element) with different 
elements is given first. Then spring force calculation and spring stiffness matrix are 
given for different elements. 
2.4.1 Interface Spring and Spring Force Calculation 
With any kinds of elements used in simulation, for the interface between two beams, 
only spring element is applied to carry the normal and shear stress across the interface. 
So interface spring is introduced here. Generally, there are two kinds of spring stiffness 
matrix being used in this work which are normal direction spring and shear direction 
spring respectively. As one dimensional element, universal directional spring stiffness 
relation is given by,  
 
𝐹1
𝐹2
 = 𝑘𝑠 ×  
1 −1
−1 1
 ×  
𝑑1
𝑑2
  (2.61) 
In Equation 2.61, d1 and d2 are the displacements of the spring ends. So the normal 
directional and shear directional spring stiffness matrices can be found out as, 
 
𝐹𝑁1
𝐹𝑁2
 = 𝑘𝑠 ×  
1 −1
−1 1
 ×  
𝑑𝑣1
𝑑𝑣2
  (2.62) 
 
𝐹𝑆1
𝐹𝑆2
 = 𝑘𝑠 ×  
1 −1
−1 1
 ×  
𝑑𝑢1
𝑑𝑢2
  (2.63) 
In Equations 2.62, dv1 and dv2 are the displacements of the spring ends in normal 
direction. In Equations 2.63, du1 and du2 are the displacements of the spring ends in 
shear direction. So the normal and shear action forces on interface springs can be 
calculated as, 
𝐹𝑁 = 𝑘𝑠 × (𝑑𝑣1 − 𝑑𝑣2) (2.64) 
𝐹𝑆 = 𝑘𝑠 × (𝑑𝑢1 − 𝑑𝑢2) (2.65) 
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When an interface spring is applied with beam element or rectangular element, spring is 
applied at the interface corners of each element. So there is difference between 
implementing with beam element and rectangular element. When implementing with 
rectangular element, because there are 4 nodes in one element and located at each 
corner, so the interface spring can be applied on these corner nodes directly. So the 
displacements of spring ends are equal to the displacement of the corner nodes and 
spring stiffness matrix and spring force can be calculated from Equations 2.64 and 2.65 
directly. But for beam element, there is no node at element corners but only one node at 
each end of element and located on the middle in thickness direction. There are three 
degrees of freedom of each node which are displacements in x and y directions and the 
rotation of the node. So the displacements of spring ends which is equal to the 
displacements of element corner are needed to modified as, 
𝐹𝑁 = 𝑘𝑠 × (𝑑𝑣1
∗ − 𝑑𝑣2
∗ ) (2.66) 
𝐹𝑆 = 𝑘𝑠 × (𝑑𝑢1
∗ − 𝑑𝑢2
∗ ) (2.67) 
Here in Equation 2.66 and 2.67, the displacements of spring ends are modified as,  
𝑑𝑣1
∗ = 𝑑𝑣1 + 𝑠𝑖𝑛𝜓1 ×
𝑕1
2
 (2.68) 
𝑑𝑣2
∗ = 𝑑𝑣2 − 𝑠𝑖𝑛𝜓2 ×
𝑕2
2
 (2.69) 
𝑑𝑢1
∗ = 𝑑𝑢1 + 𝑐𝑜𝑠𝜓1 ×
𝑕1
2
 (2.70) 
𝑑𝑢2
∗ = 𝑑𝑢2 − 𝑐𝑜𝑠𝜓2 ×
𝑕2
2
 (2.71) 
With 𝜓𝑖  and 𝑕𝑖  are the rotations and thicknesses of upper and lower beams respectively. 
In reality, the rotations of the element nodes are very small, so Equations 2.68 to 2.71 
can be simplified as, 
𝑑𝑣1
∗ = 𝑑𝑣1 (2.72) 
𝑑𝑣2
∗ = 𝑑𝑣2 (2.73) 
𝑑𝑢1
∗ = 𝑑𝑢1 + 𝜓1 ×
𝑕1
2
 (2.74) 
𝑑𝑢2
∗ = 𝑑𝑢2 − 𝜓2 ×
𝑕2
2
 (2.75) 
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So the normal spring force can still be calculated from Equation 2.64 and the shear 
spring force is needed to calculated from Equation 2.67 when interface spring element 
is applied with beam elements.  
2.4.2 Spring Stiffness Matrix 
Due to the difference between rectangular elements and beam elements in implementing 
interface springs discussed above, the shear spring stiffness matrix in Equation 2.63 
becomes following for beam element, 
 
𝐹𝑆1
𝑀1
𝐹𝑆2
𝑀2
 = 𝑘𝑠 ×
 
 
 
 
 
 
 
 
 1
𝑕1
2
𝑕1
2
𝑕1
2
4
−1
𝑕2
2
−𝑕2
2
𝑕1𝑕2
4
−1
−𝑕2
2
𝑕2
2
𝑕1𝑕2
4
1
𝑕1
2
𝑕1
2
𝑕2
2
4  
 
 
 
 
 
 
 
 
×
 
 
 
 
𝑑𝑢1
𝑑𝜓1
𝑑𝑢2
𝑑𝜓2 
 
 
 
 (2.76) 
As normal direction spring and shear direction springs are working totally 
independently, the spring stiffness matrix of normal and shear direction spring can be 
assembly together to get the total spring stiffness matrix. Because the shear spring 
stiffness matrix applied with rectangular element and beam element are different, the 
total spring stiffness matrices are also different. For rectangular element, the total spring 
stiffness matrix is given by, 
 
𝐹𝑆1
𝐹𝑁1
𝐹𝑆2
𝐹𝑁1
 = 𝑘𝑠 ×  
1 0
0 1
−1 0
0 −1
−1 0
0 −1
1 0
0 1
 ×  
𝑑𝑢1
𝑑𝑣1
𝑑𝑢2
𝑑𝑣2
  (2.77) 
And the total spring stiffness matrix for beam element is given by, 
 
 
 
 
 
 
𝐹𝑆1
𝐹𝑁1
𝑀1
𝐹𝑆2
𝐹𝑁2
𝑀2  
 
 
 
 
 
= 𝑘𝑠 ×
 
 
 
 
 
 
 
 
 
 1 0
𝑕1
2
0 1 0
𝑕1
2
0
𝑕1
2
4
−1 0
𝑕2
2
0 −1 0
−𝑕2
2
0
𝑕1𝑕2
4
−1 0
−𝑕2
2
0 −1 0
𝑕2
2
0
𝑕1𝑕2
4
1 0
𝑕1
2
0 1 0
𝑕1
2
0
𝑕2
2
4  
 
 
 
 
 
 
 
 
 
×
 
 
 
 
 
 
 
𝑑𝑢1
𝑑𝑣1
𝑑𝜓1
𝑑𝑢2
𝑑𝑣2
𝑑𝜓2 
 
 
 
 
 
 
 (2.78) 
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Here in this section, beam elements and rectangular elements discussed above are for 
general types including both linear order and cubic order elements. Interface springs 
implementation with cubic order element is in the same way as discussed above.  
2.5 Virtual Crack Closure Techniques 
The method being used to calculate the ERRs in this work is VCCT. Before introducing 
the VCCT, another method is needed to be introduced first which is the CCT based on 
Irwin‟s crack closure integral (7). In this method, it is assumed that the energy released 
when a new crack in extended by length of ∆𝑎  is identically equal to the energy 
required to close this crack by the same length ∆𝑎 . When using this method, two 
complete FEM simulations are required which are before and after the crack extension 
respectively. 
In the VCCT, the same assumptions are made as the CCT to calculate the ERRs, but 
there is an additional assumption which is that the crack extension of length ∆𝑎 will not 
significantly alter the state at the crack tip. Based on this additional assumption, the 
ERRs can be calculated with one FEM simulation only. A full detailed overview was 
given by Kruger in 2002 (67). He presented different forms of VCCT when VCCT is 
applied to different kinds of finite elements. In this work, the VCCT is applied with 
both beam and rectangular elements in both linear and cubic order cases. A full detailed 
introduction is given in this section to present how the VCCT is applied with different 
kinds of elements to calculate ERRs.  
2.5.1 Applied with Linear Order Elements 
VCCT is applied with beam element or rectangular element, as shown in Figure 2-9,  
 
Figure 2-9: Spring Applied on Linear Order Element 
And the energy released is given as, 
𝑊 =
1
2
× 𝐹𝑁
𝑇𝐼𝑃 × 𝐷𝑁
𝑁 +
1
2
× 𝐹𝑆
𝑇𝐼𝑃 × 𝐷𝑆
𝑁  (2.79) 
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In Equation 2.79, 𝐹𝑁
𝑇𝐼𝑃  and 𝐹𝑆
𝑇𝐼𝑃  are the normal spring force and shear spring force 
respectively between two crack-tip nodes which can be calculated from Equation 2.64 
and 2.67 for beam and rectangular element respectively. 𝐷𝑁
𝑁  and 𝐷𝑆
𝑁  are the relative 
normal and shear opening displacements respectively between the two nodes next to 
crack tip.  
Similarly with spring force calculation discussions, when calculating the normal 
direction displacements difference between the relative nodes, same method can be used 
for both beam element and rectangular element which is given by, 
𝐷𝑁
𝑁 = 𝑑𝑣1
𝑁 − 𝑑𝑣2
𝑁  (2.80) 
But when calculating the shear direction displacements difference between the relative 
nodes, different methods are needed to be used for beam element and rectangular 
element which are given as, 
𝐷𝑠
𝑁 = (𝑑𝑢1
𝑁 + 𝜓1
𝑁 ×
𝑕1
2
) − (𝑑𝑢2
𝑁 − 𝜓2
𝑁 ×
𝑕2
2
) (2.81) 
𝐷𝑠
𝑁 = 𝑑𝑢1
𝑁 − 𝑑𝑢2
𝑁  (2.82) 
From Equation 2.79, the total ERR is given by, 
𝐺 =
𝑊
Δ𝑆
= (
1
2
× 𝐹𝑁
𝑇𝐼𝑃 × 𝐷𝑁
𝑁 +
1
2
× 𝐹𝑆
𝑇𝐼𝑃 × 𝐷𝑆
𝑁)/
1
𝑏 × Δ𝑎
 (2.83) 
Here in Equation 2.97, ∆𝑆 is the new area created when crack is extended by length Δ𝑎 
and it is equal to the crack extension length Δ𝑎 times the width of beam 𝑏. As it is also 
known that the total ERR is equal to the sum of mode I and mode II ERRs. So Equation 
2.97 can be divided into two parts which are, 
𝐺𝐼 =
𝑊𝑁
Δ𝑆
=  
1
2
× 𝐹𝑁
𝑇𝐼𝑃 × 𝐷𝑁
𝑁 ×
1
𝑏 × 𝑑𝑎
=
𝐹𝑁
𝑇𝐼𝑃 × 𝐷𝑁
𝑁
2 × 𝑏 × Δ𝑎
 (2.84) 
𝐺𝐼𝐼 =
𝑊𝑆
Δ𝑆
=  
1
2
× 𝐹𝑆
𝑇𝐼𝑃 × 𝐷𝑆
𝑁 ×
1
𝑏 × 𝑑𝑎
=
𝐹𝑆
𝑇𝐼𝑃 × 𝐷𝑆
𝑁
2 × 𝑏 × Δ𝑎
 (2.85) 
2.5.2 Applied with Cubic Order Elements 
There are cubic order beam and rectangular elements have been introduced above and 
same interface springs methods are applied. The VCCT is also applied with these cubic 
order elements to calculate the ERRs, as shown in Figure 2-10. 
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Figure 2-10: Spring Applied on Cubic Order Element 
Here when applied with cubic element, there are three nodes in each element (edge or 
corner) and all three pairs of nodes are needed to be considered to calculate the springs 
forces and relative opening displacements. In Figure 2-10, the nodes of crack tip are 
coded as number 5 and 6. Those nodes of elements in uncracked area are coded from 1 
to 4. And the nodes of elements in cracked area are coded from 7 to 12. So Equation 
2.79 is modified as, 
𝑊 =
1
2
× (𝐹𝑁
12 × 𝐷𝑁
78 + 𝐹𝑆
12 × 𝐷𝑆
78 + 𝐹𝑁
34 × 𝐷𝑁
910 + 𝐹𝑆
34 × 𝐷𝑆
910 + 𝐹𝑁
56 × 𝐷𝑁
1112 + 𝐹𝑆
56 × 𝐷𝑆
1112 ) (2.86) 
So the total ERR is given by, 
𝐺 =
(𝐹𝑁
12 × 𝐷𝑁
78 + 𝐹𝑆
12 × 𝐷𝑆
78 + 𝐹𝑁
34 × 𝐷𝑁
910 + 𝐹𝑆
34 × 𝐷𝑆
910 + 𝐹𝑁
56 × 𝐷𝑁
1112 + 𝐹𝑆
56 × 𝐷𝑆
1112 )
2 × 𝑏 × Δ𝑎
 (2.87) 
And mode I and mode II ERRs are given by, 
𝐺𝐼 =
𝑊𝑁
𝑆
=
𝐹𝑁
12 × 𝐷𝑁
78 + 𝐹𝑁
34 × 𝐷𝑁
910 + 𝐹𝑁
56 × 𝐷𝑁
1112
2 × 𝑏 × Δ𝑎
 (2.88) 
𝐺𝐼𝐼 =
𝑊𝑆
𝑆
=
𝐹𝑆
12 × 𝐷𝑆
78 + 𝐹𝑆
34 × 𝐷𝑆
910 + 𝐹𝑆
56 × 𝐷𝑆
1112
2 × 𝑏 × Δ𝑎
 (2.89) 
When calculating the normal direction spring forces and relative opening displacements, 
same methods are used for both cubic order beam and rectangular elements. While 
calculating the shear spring forces and relative opening displacements, different 
methods are used for cubic beam and rectangular elements as discussed in last section. 
2.6 FEM Simulation Usage of Different Elements 
The elements introduced in this chapter are used in different numerical tests. The Euler 
beam element, the linear and cubic order Timoshenko elements, the commonly-used 
and cubic order rectangular elements are applied in the tests of mode partition theories 
for straight DCBs with rigid interface. As introduced in Section 2.2.3, the curved beam 
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element is developed based on Timoshenko beam element, but if the shear modulus is 
set to extremely big value, the curved Timoshenko beam element will produce same 
results as classical (Euler) beam element. So in the tests of mode partition theories for 
curved DCBs with rigid interface, both curved Timoshenko beam element and curved 
Euler beam element are applied. 
2.7 Conclusions 
Here in this chapter, four commonly-used elements are introduced first. Full detailed 
derivations of the stiffness matrices are given for understanding how these elements 
work. Then for higher accuracy requirements, cubic order displacement fields are 
introduced to Timoshenko beam and rectangular element. Derivations of cubic order 
Timoshenko beam and rectangular element stiffness matrices are given next. For 
simulating rigid interfaces, interface springs are introduced to constrain two beams 
together for both DCBs and curved DCBs. Interface spring implementation methods 
and spring action forces calculation are presented next. The difference in 
implementation for beam elements and rectangular elements is discussed and two 
different spring action force calculations methods are produced based on this difference. 
The VCCT is applied here for calculating the ERRs, so a brief introduction is also given 
in this chapter. The difference between applying the VCCT with linear order element 
and cubic order element is discussed, and different calculation methods are given for 
different order elements as well. 
  
Chapter 3 Mixed Mode Partition Theories of DCB with Rigid Interface 
39 
 
Chapter 3 Mixed Mode Partition Theories of DCB with 
Rigid Interface 
3.1 Introductions 
The fracture in DCB of isotropic material, as the most fundamental case in fracture 
mechanics has been a research focus for many years. A rigid interface is generally 
defined as that before the crack propagated, the normal and shearing relative 
displacements can be ignored and theoretically they should be 0. Generally, if the 
interface strength to Young's modulus ratio is 1×104 or more, it can be considered as 
rigid interface. Compared with rigid interface, a non-rigid interface has a much smaller 
interface strength to Young's modulus ratio (between 0.1 and 10 in this thesis), so there 
is no stress singularity at the crack tip and the normal and shearing relative 
displacements cannot be ignored before the crack propagated. Here in this chapter, 
works are focused on rigid interface and more discussions about non-rigid interface will 
be presented in Chapter 5. In references (8), (12), (11), (14), (68), (69), (70), much 
research work has been done on understanding the fracture initiation and propagation in 
DCBs, but there is still considerable confusion about fracture modes of ERR and its 
partition in mixed mode loading cases. Wang-Harvey's work (71) provide a new method 
to calculate the mixed mode partition for straight DCB with rigid interface. These 
partition theories are the fundamental work for curved DCB mixed mode partition 
theories development. So Wang-Harvey's work is presented here in this chapter first to 
give a brief understanding. Then based on Wang-Harvey's theories, mixed mode 
partition theories are developed for curved DCB with rigid interface.   
Here in this chapter, the work is concentrated on mixed mode partitions of isotropic 
DCBs with rigid interfaces. Only pure bending moment loads are considered, while 
axial force and shear force are not considered. Parts of this chapter is published in 
references (72) and (72). 
3.2 Mixed Mode Partition Theories of DCB with Rigid Interface 
3.2.1 Two Sets of Pure Modes of DCB 
Figure 3-1 shows a DCB under pure tip bending moments M1 and M2. The geometry are 
also shown in the Figure 3-1.  
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Figure 3-1: A Double Cantilever Beam 
Known from reference (11), far from the crack tip, strain have linear distribution like 
those of elementary beams. The ERR is equal to the strain difference between the strain 
energy per width far behind and far head the crack tip. Based on either Euler beam 
theory or Timoshenko beam theory, the total strain ERR can be calculated to be (11), 
𝐺 =
1
2𝑏𝐸
× [
𝑀1
2
𝐼1
+
𝑀2
2
𝐼2
−
 𝑀1 + 𝑀2 
2
𝐼
] =
1
2𝑏𝐸
×  𝑀1 𝑀2 
 
 
 
 
1
𝐼1
−
1
𝐼
1
𝐼
1
𝐼
1
𝐼2
−
1
𝐼 
 
 
 
 
𝑀1
𝑀2
  (3.1) 
Where b is the width of the beam. It is noted that no contact is assumed in obtaining 
Equation 3.1.   
Now, consider the relative shearing and opening displacements on the interface at a 
small distance ∆𝑎  behind the crack tip. The relative shearing displacement in 
Timoshenko beam theory is calculated as: 
𝐷𝑠𝑕 =  𝑢1𝐵 −
𝑕1
2𝜓1∆𝑎
 −  𝑢2𝐵 −
𝑕2
2𝜓2∆𝑎
  (3.2) 
Where, 
𝜓1∆𝑎 =
𝑀1∆𝑎
𝐸𝐼1
+ 𝜓1𝐵  (3.3) 
𝜓2∆𝑎 =
𝑀2∆𝑎
𝐸𝐼2
+ 𝜓2𝐵  (3.4) 
In the above two expressions, 𝑢 and 𝜓 represent the mid-plane axial displacement and 
cross sectional rotations respectively. The subscript B represents the crack tip position 
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whilst the subscript ∆𝑎 represents the position a small ∆𝑎 distance behind the crack tip. 
When rigid interface is assumed, the equality of axial displacements at the crack tip 
interface requires, 
𝑢1𝐵 +
𝑕1
2𝜓1𝐵
= 𝑢2𝐵 −
𝑕2
2𝜓2𝐵
 (3.5) 
Substituting Equations 3.3, 3.4 and 3.5 into Equation 3.2 gives 
𝐷𝑠𝑕 = (
𝑀1𝐵𝑕1
𝐼1
+
𝑀2𝐵𝑕2
𝐼2
) ×
∆𝑎
2𝐸
 (3.6) 
When using Euler beam theory, the cross sectional rotation becomes 𝜓 = 𝑣′  which is 
the first order derivative of deflection with respect to the longitudinal direction. 
Obviously, in Euler beam theory, the same expression as Equation 3.6 is obtained.  
Therefore, letting 𝐷𝑠𝑕 = 0 gives a pure mode I mode as, 
∅𝐼 =  
1
𝜃
  (3.7) 
Where the mode vector form is ∅ =  
𝑀1
𝑀2
  and 
𝜃 = −𝛾2 (3.8) 
𝛾 =
𝑕2
𝑕1
 (3.9) 
Where 𝛾 is defined as the thickness ratio between two beams. The pure mode II ∅𝐼𝐼  
mode is orthogonal to the pure I ∅𝐼 mode through the ERR. Physically, it means that 
interactions between the two pure modes results in a zero net gain in ERR. 
Mathematically it can therefore be determined using this orthogonality condition with 
respect to the coefficient matrix of the quadratic form Equation 3.1. That is, 
 1 𝜃 ×  𝐶 ×  
1
𝛽
 =  1 𝜃 ×
 
 
 
 
1
𝐼1
−
1
𝐼
1
𝐼
1
𝐼
1
𝐼2
−
1
𝐼 
 
 
 
×  
1
𝛽
 = 0 (3.10) 
Where the pure mode II ∅𝐼𝐼  mode is given as ∅𝐼𝐼 =  
1
𝛽
 .  
And the 𝛽 here is given by, 
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𝛽 =
(3 + 𝛾)𝛾2
1 + 3𝛾
 (3.11) 
This pure mode II ∅𝐼𝐼  will produce zero normal interface stress at the crack tip but the 
relative opening displacement is not zero. This set of pure modes is designated as (𝜃,𝛽) 
set and can be called as the first set of pure modes. This set of pure modes  (𝜃,𝛽) will 
produce zero relative shearing displacement and zero normal interface stress at the crack 
tip respectively.  
Although (𝜃,𝛽) is a pure set in both Euler and Timoshenko beam theories, there is 
subtle difference between the Euler (𝜃,𝛽)  set and Timoshenko (𝜃,𝛽)  set, which is 
revealed next. 
With referring to the Figure 3-1, the relative opening displacement at the cracked 
interface with a small ∆𝑎 distance behind the crack tip in Timoshenko beam theory is 
determined as, 
𝐷𝑜𝑝 = (𝜓1𝐵 − 𝜓2𝐵) × ∆𝑎 (3.12) 
Where the origin of the x axis in the crack tip and towards the right. Known from 
Equation 3.12 that, 𝜓1𝐵 = 𝜓2𝐵  produces 𝐷𝑜𝑝 = 0 . Therefore, the 𝛽  pure mode II in 
Timoshenko beam theory corresponds to both zero crack tip opening force and 
displacement. So when orthogonal method is applied with Timoshenko beam theory, the 
𝜃 pure mode I will produce both zero crack tip shearing force and displacement. The 
relative opening displacement in Euler beam theory is determined as, 
𝐷𝑜𝑝 = (
𝑀1𝐵
𝐼1
+
𝑀2𝐵
𝐼2
) ×
∆𝑎2
2𝐸
 (3.13) 
This leads to a pure mode II, 
∅𝐼𝐼
′ =  
1
𝛽′
  (3.14) 
Where, 
𝛽′ = 𝛾3 (3.15) 
It is seen that this 𝛽′  pure mode II is different from the 𝛽 pure mode II. Similarly, The 
pure mode I ∅𝐼
′  mode is orthogonal to the pure mode II ∅𝐼𝐼
′  mode and can be determined 
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by using the orthogonality condition with respect to the coefficient matrix of quadratic 
form Equation 3.1, that is, 
∅𝐼
′ =  
1
𝜃′
  (3.16) 
Where, 
𝜃′ = −1 (3.17) 
Again, this 𝜃′  pure mode I is different from the 𝜃 pure mode I. This set of pure modes is 
designated as (𝜃′ ,𝛽′) set and can be called as the second set of pure modes. This set of 
pure modes (𝜃′ ,𝛽′)  will produce zero shearing stress and zero relative normal 
displacement at the crack tip respectively. So the final two sets of pure modes are 
known from Equations 3.8, 3.11, 3.17 and 3.15 respectively.  
Now, it can be concluded that there are two sets of orthogonal pure modes in Euler 
beam theory and one set of pure modes in Timoshenko beam theory.  
In Euler beam theory, the first set of pure modes (𝜃,𝛽) will produce zero relative 
shearing displacement and zero normal stress at the crack tip respectively, but the shear 
stress and relative opening displacement are not zero. The second set of pure modes 
(𝜃′ ,𝛽′) will produce zero shearing stress and zero relative normal displacement at the 
crack tip respectively, but the relative shearing displacement and normal stress are not 
zero. So there is stealthy interactions in Euler beam theory. 
In fact, it can be understood that there are also two sets of pure modes in Timoshenko 
beam theory, but they are coincide with each other. In Timoshenko beam theory, the 
pure mode 𝜃 will produce both zero relative shearing displacement and shear stress at 
the same time and pure mode 𝛽 will produce both zero relative opening displacement 
and normal stress at the same time as well, so there will not be stealthy interaction  
This difference between these two beam theories has fundamental consequence in 
mixed mode partitions.  
3.2.2 Numerical Validations of Two Sets of Pure Modes 
For higher accuracy requirements, cubic order elements are introduced into FEM 
simulations. Before any full set of validations is completed, results from linear order 
elements are compared with those from cubic order elements in some individual cases. 
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But same results are achieved between linear order Timoshenko and cubic order 
Timoshenko elements, rectangular and cubic order rectangular elements in these 
comparisons for DCB cases with rigid interface from FEM simulations. So validations 
in this whole chapter are completed with the Euler beam element, linear order 
Timoshenko and rectangular elements only for time consumption consideration. 
Here in this section, validation of two sets of pure modes are accomplished. In this 
validation, only thickness ratio  𝛾 is varied from 1 to 9 and the load M1 applied on upper 
beam is set as 1 Nm while the lower beam load M2 is varied according to these two sets 
of pure modes with different 𝛾 (see Figure 3-1). Within each thickness ratio case, four 
different lower beam loads are applied which are four pure modes loading conditions 
according to Equations 3.8, 3.11, 3.17 and 3.15. And all loading conditions are known 
and presented in Table 3-1. 
Table 3-1: Four Pure Modes Load Conditions with Different 𝛾 
𝛾 1 2 3 4 5 6 7 8 9 
𝜃 -1 -4 -9 -16 -25 -36 -49 -64 -81 
𝛽 1 2.857 5.4 8.615 12.5 17.05 22.27 28.16 34.71 
𝜃′  -1 -1 -1 -1 -1 -1 -1 -1 -1 
𝛽′  1 8 27 64 125 216 343 512 729 
As discussed above there are two sets of pure modes only with Euler beam theory, so 
this set of validation is completed with Euler beam element (see Section 2.2.1) and all 
other simulation parameters are given in Table 3-2. With lower loads are applied 
according to these pure modes conditions, mode I and mode II ERRs and their partitions 
are recorded and presented in Table 3-3. 
Table 3-2: Simulation Parameters 
Total Length 110 mm Upper Load 1 Nm Young‟s Modulus 1 N/mm2 
Crack Length 10 mm Lower Load Varied Poisson Ratio 0.3 
Beams Width 1 mm Total Thickness 2 mm Thickness Ratio Varied 
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Table 3-3: Pure Modes Tests 
𝑀2
𝑀1
 𝜃 𝛽 𝜃′  𝛽′  
𝛾 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼𝐼  (N/m) 𝐺𝐼𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼𝐼  (N/m) 𝐺𝐼𝐼/𝐺 
1 11.96478 1.0000 8.972230 1.0000 11.96478 1.0000 8.97223 1.0000 
2 53.80211 1.0009 29.61338 0.9988 22.74294 0.9995 120.7554 1.0008 
3 143.4916 0.9987 68.94558 1.0017 49.47417 1.0004 755.3689 0.9991 
4 301.4250 1.0028 133.4623 0.9964 96.13503 0.9994 2922.370 1.0013 
5 531.9072 0.9939 225.4797 1.0076 159.2553 1.0008 8476.450 0.9977 
6 852.0572 0.9809 352.2061 1.0230 242.5125 1.0019 20531.85 0.9944 
7 1279.016 0.9747 517.2953 1.0300 353.1360 1.0019 43200.38 0.9936 
8 1951.305 1.0043 755.9523 0.9951 552.9562 0.9998 82739.77 1.0007 
9 2681.192 0.9971 1028.287 1.0033 742.9321 1.0001 147577.6 0.9995 
From Table 3-3, it can be clearly seen that when loads are applied according the pure 
modes conditions for different thickness ratio cases, pure mode I or pure mode II can be 
achieved in FEM simulations. So it can be concluded that  two sets of pure modes do 
exist in Euler beam theory and pure mode I and II can be produced from these two sets 
of pure modes for rigid interface. 
3.2.3 Mode Partitioning of Straight DCB with Rigid Interface 
Mode partition theories are developed based on Euler beam and Timoshenko beam 
theories respectively. 
3.2.3.1 Formulas Based on Euler Beam Theory 
Based on Euler beam theory, two sets of orthogonal pure modes have been determined,  
𝜃1 and 𝛽1 set , and 𝜃1
′  and 𝛽1
′  set.  In addition, it has been shown in Equation 3.1 that the 
ERR G is a quadratic form in terms of  𝑀1𝐵  and 𝑀2𝐵 . Therefore, the partition of a 
mixed mode can be conveniently written as, 
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𝐺𝐼𝐸 = 𝑐𝐼𝐸(𝑀1𝐵 −
𝑀2𝐵
𝛽1
)(𝑀1𝐵 −
𝑀2𝐵
𝛽1
′ ) (3.18) 
𝐺𝐼𝐼𝐸 = 𝑐𝐼𝐼𝐸(𝑀1𝐵 −
𝑀2𝐵
𝜃1
)(𝑀1𝐵 −
𝑀2𝐵
𝜃1
′ ) (3.19) 
While 𝑐𝐼𝐸  and 𝑐𝐼𝐼𝐸  in Equations 3.18 and 3.19 are two constants. Obviously, both 𝐺𝐼𝐸  in 
Equation 3.18 and 𝐺𝐼𝐼𝐸  in Equation 3.19 are quadratic forms in terms of 𝑀1𝐵 and 𝑀2𝐵. 
Also, 𝐺𝐼𝐸  is zero for pure mode II modes 𝛽1 and 𝛽1
′  and 𝐺𝐼𝐼𝐸  is zero for pure mode I 
modes 𝜃1 and 𝜃1
′  as expected.  The two constants 𝑐𝐼𝐸  and 𝑐𝐼𝐼𝐸  can be easily determined 
by considering the pure mode I 𝜃1 and pure mode II 𝛽1, respectively.  They are found to 
be 
𝑐𝐼𝐸 = 𝐺𝜃1[(1 −
𝜃1
𝛽1
)(1 −
𝜃1
𝛽1
′ )]
−1 (3.20) 
𝑐𝐼𝐼𝐸 = 𝐺𝛽1 [(1 −
𝛽1
𝜃1
)(1 −
𝛽1
𝜃1
′ )]
−1 (3.21) 
With 𝐺𝜃1  and 𝐺𝛽1  are given by, 
𝐺𝜃1 =
24𝛾
𝐸𝑏2𝑕1
3(1 + 𝛾)
 (3.22) 
𝐺𝛽1 =
72𝛾(1 + 𝛾)
𝐸𝑏2𝑕1
3(1 + 3𝛾)2
 (3.23) 
Finally with all pure mode relations are given by, 
𝜃1 = −𝛾
3 (3.24) 
𝛽1 =
𝛾2(3 + 𝛾)
1 + 3𝛾
 (3.25) 
𝜃1
′ = −1 (3.26) 
𝛽1
′ = 𝛾3 (3.27) 
With these entire pure mode relations are known from Equations 3.24 to 3.27, mode I 
and mode II ERRs and their partitions can be calculated now. 
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3.2.3.2 Formulas Based on Timoshenko Beam Theory 
Based on Timoshenko beam theory, the two sets of pure modes coincide at the  𝜃1 and 
𝛽1 set.  Therefore, the partition equations in Equations 3.18 to 3.21 reduce to 
𝐺𝐼𝑇 = 𝑐𝐼𝑇(𝑀1𝐵 −
𝑀2𝐵
𝛽1
)2 (3.28) 
𝐺𝐼𝐼𝑇 = 𝑐𝐼𝐼𝑇(𝑀1𝐵 −
𝑀2𝐵
𝜃1
)2 (3.29) 
While 𝑐𝐼𝑇  and 𝑐𝐼𝐼𝑇  are given by, 
𝑐𝐼𝑇 = 𝐺𝜃1 (1 −
𝜃1
𝛽1
)−2 (3.30) 
𝑐𝐼𝐼𝑇 = 𝐺𝛽1 (1 −
𝛽1
𝜃1
)−2 (3.31) 
𝐺𝜃1 and 𝐺𝛽1  in Equations 3.30 and 3.31 are the same with Euler beam partition theory 
which are given in Equations 3.22 and 3.23. With these entire pure mode relations are 
known from Equations 3.24 and 3.25, mode I and mode II ERRs and their partitions can 
be calculated now. 
3.2.3.3 Averaged Partition Theory 
Numerical results (see Section 3.2.4) have shown that the Euler and Timoshenko beam 
partitions act alternatively as either upper or lower bounds in comparison with 2D FEM 
simulations. Therefore, an approximated 2D partition rule is obtained by simply average 
the Euler beam and Timoshenko beam partitions as: 
𝐺𝐼𝐴 =
𝐺𝐼𝐸+𝐺𝐼𝑇
2
 (3.32) 
𝐺𝐼𝐼𝐴 =
𝐺𝐼𝐼𝐸+𝐺𝐼𝐼𝑇
2
 (3.33) 
3.2.3.4 Suo-Hutchinson’s Partition Theory 
Here, Suo-Hutchinson‟ partition theory is introduced for comparison with present 
partition theories and FEM simulations results. From Suo-Hutchinson‟s partition theory 
(11), the mode I and II stress intensity factors 𝐾𝐼𝑆𝐻  and 𝐾𝐼𝐼𝑆𝐻  are given by, 
Chapter 3 Mixed Mode Partition Theories of DCB with Rigid Interface 
48 
 
𝐾𝐼𝑆𝐻 =
𝑁
 2𝑕1𝑈
𝑐𝑜𝑠 𝜔 +
𝑀
 2𝑕1
3𝑉
𝑠𝑖𝑛 𝜔 + 𝜀  (3.34) 
𝐾𝐼𝐼𝑆𝐻 =
𝑁
 2𝑕1𝑈
𝑠𝑖𝑛 𝜔 −
𝑀
 2𝑕1
3𝑉
𝑐𝑜𝑠 𝜔 + 𝜀  (3.35) 
Where 𝑁 and 𝑀 are linear combinations of applied loads, 
𝑁 = −𝑁1 + 𝐶1 𝑁1 + 𝑁2 −
𝐶2
𝑕1
 𝑀1 + 𝑀2 +
𝑕1
2
(𝑁2 − 𝛾𝑁1)  (3.36) 
𝑀 = 𝑀1 − 𝐶3  𝑀1 + 𝑀2 +
𝑕1
2
(𝑁2 − 𝛾𝑁1)  (3.37) 
Where, 
𝐶1 =
1
1 + 𝛾
 (3.38) 
𝐶2 =
6𝛾
(1 + 𝛾)3
 (3.39) 
𝐶3 =
1
(1 + 𝛾)3
 (3.40) 
The geometric factors 𝑈𝑆𝐻 , 𝑉𝑆𝐻  and 𝜀 are all functions of 𝛾 and they are given by, 
𝑈 =
𝛾3
3 + 6𝛾 + 4𝛾2 + 𝛾3
 (3.41) 
𝑉 =
𝛾3
12(1 + 𝛾3)
 (3.42) 
𝑠𝑖𝑛𝜀 =
6(1 + 𝛾)
𝛾3
 𝑈𝑉 (3.43) 
And the quantity of 𝜔 is determined by following approximation equation, 
𝜔 = 52.1°−
3°
𝛾
 (3.44) 
3.2.4 Numerical Validations of Mode Partitioning of DCB 
In this section, present Euler beam and Timoshenko beam partition theories are 
validated with different types of elements. Averaged partition theory is tested as well. 
Suo-Hutchinson‟s partition theory is introduced and compared with all present partition 
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theories and FEM simulation results. Four sets of cases are carried out with different γ 
or total thickness to validate present partition theories. In all four sets of comparisons, 
abbreviations are used for clearness purpose in tables and figures. Results from FEM 
simulations with Euler beam element are the same from analytical calculation of Euler 
beam theory, so only the results from FEM simulation with Euler beam element are 
presented here for clearness purpose, but they represents both the analytical and 
simulation results. Same solution is applied with Timoshenko beam element simulations 
and analytical calculations. So EB represents the results from both the Euler beam 
partition theory calculations and FEM simulation with Euler beam element. And TB 
represents the results from both the Timoshenko beam partition theory calculations and 
FEM simulation with Timoshenko beam element. Rectangular element simulation is 
abbreviated as 2D. Suo-Hutchinson‟s partition theory is shortening as SHA and AVA 
represents the averaged partition theory. In some of the simulations, a lot of load 
increasements steps are used to achieve accurate results. But here in this section, due 
space limitation, only parts of the steps are listed in tables. All steps are presented in 
figures. Again, due to space limit, in all tables, only mode I ERRs and its partitions are 
listed. Mode II ERRs and its partitions can be calculated from mode I ERRs and its 
partitions.  All simulation parameters can be found from Table 3-3. 
3.2.4.1 FEM Validation with h=2 mm and =2 
The first set of FEM validation is completed with total thickness 𝑕 = 2  mm and 
thickness ratio 𝛾 = 2. All other parameters are known from Table 3-3. Results from 
FEM simulations and different partition theories are recorded and presented here in 
Figures 3-2 and 3-3 and listed in Table 3-4. 
Table 3-4: DCB Partitions Validation with h=2 mm and =2 
𝑀2 
(Nm) 
EB TB 2D SHA AVA 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
-10 155.26 0.719 188.82 0.888 167.76 0.801 172.33 0.811 172.04 0.197 
-8 116.72 0.788 134.80 0.926 121.80 0.851 125.09 0.860 125.76 0.143 
-6 83.490 0.884 89.860 0.970 83.176 0.915 85.404 0.922 86.675 0.073 
-4 55.572 1.004 54.000 1.000 51.896 0.983 53.265 0.986 54.786 -0.002 
-2 32.963 1.075 27.222 0.919 27.956 0.974 28.678 0.968 30.093 0.003 
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0 15.664 0.769 9.526 0.489 11.357 0.608 11.643 0.597 12.595 0.371 
2 3.675 0.150 0.912 0.039 2.098 0.092 2.158 0.091 2.293 0.906 
4 -3.005 -0.070 1.379 0.033 0.178 0.004 0.225 0.005 -0.813 1.018 
6 -4.375 -0.058 10.929 0.146 5.599 0.077 5.843 0.078 3.277 0.956 
8 -0.435 -0.004 29.560 0.243 18.361 0.154 19.012 0.156 14.562 0.880 
10 8.815 0.048 57.273 0.314 38.462 0.214 39.732 0.218 33.044 0.819 
 
Figure 3-2: Modes ERRs from Different Theories and FEM Simulations 
 
Figure 3-3: Modes Partitions from Different Theories and FEM Simulations 
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Here after each set of validation, discussion is not given while a summary of discussions 
of all validations is presented at the end of this section. 
3.2.4.2 FEM Validation with h=2 mm and =3 
The second set of FEM validation is done with 𝑕 = 2  mm and 𝛾 = 3 . All other 
parameters are known from Table 3-3. Results from FEM simulations and different 
partition theories are recorded and presented here in Figures 3-4 and 3-5 and listed 
Table 3-5. 
 
Figure 3-4: Modes ERRs from Different Theories and FEM Simulations 
 
Figure 3-5: Modes Partitions from Different Theories and FEM Simulations 
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Table 3-5: DCB Partitions Validation with h=2 mm and =3 
𝑀2 
(Nm) 
EB TB 2D SH AVA 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
-20 334.20 0.681 444.34 0.910 374.78 0.781 388.37 0.795 389.27 0.796 
-16 257.79 0.767 316.05 0.945 273.32 0.834 283.43 0.848 286.92 0.856 
-12 190.29 0.887 209.56 0.983 187.83 0.903 194.99 0.914 199.92 0.935 
-8 131.68 1.044 124.87 0.999 118.31 0.979 123.04 0.984 128.28 1.021 
-4 81.987 1.161 61.981 0.889 64.760 0.980 67.582 0.970 71.984 1.025 
0 41.194 0.857 20.891 0.442 27.185 0.620 28.615 0.606 31.042 0.650 
4 9.306 0.159 1.601 0.028 5.582 0.103 6.139 0.106 5.453 0.093 
8 -13.68 -0.134 4.112 0.041 -0.049 -0.001 0.155 0.002 -4.783 -0.05 
12 -27.76 -0.156 28.422 0.160 10.292 0.060 10.663 0.060 0.332 0.002 
16 -32.93 -0.114 74.533 0.260 36.604 0.131 37.662 0.132 20.800 0.073 
20 -29.20 -0.068 142.44 0.333 78.889 0.188 81.153 0.189 56.621 0.132 
3.2.4.3 FEM Validation with h=2 mm and =4 
The third set of validation is completed with 𝑕 = 2 mm and 𝛾 = 4. All other parameters 
are known from Table 3-3. Results from FEM simulations and different partition 
theories are recorded and presented in Figures 3-6 and 3-7 and listed in Table 3-6. 
 
Figure 3-6: Modes ERRs from Different Theories and FEM Simulations 
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Figure 3-7: Modes Partitions from Different Theories and FEM Simulations 
Table 3-6: DCB Partitions Validation with h=2 mm and =4 
𝑀2 
(Nm) 
EB TB 2D SH AVA 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
-28 516.69 0.741 631.83 0.914 545.99 0.803 573.88 0.825 574.26 0.828 
-24 440.45 0.812 505.93 0.943 443.84 0.843 466.96 0.864 473.19 0.877 
-20 369.09 0.899 393.98 0.972 352.25 0.889 371.06 0.907 381.54 0.936 
-16 302.60 1.003 295.98 0.998 271.20 0.941 286.17 0.954 299.29 1.001 
-12 240.97 1.118 211.94 1.005 200.71 0.988 212.29 0.992 226.46 1.062 
-8 184.22 1.21 141.84 0.96 140.78 1.002 149.42 0.991 163.03 1.085 
-4 132.34 1.182 85.69 0.797 91.39 0.908 97.564 0.883 109.01 0.989 
0 85.322 0.903 43.492 0.482 52.558 0.631 56.717 0.61 64.407 0.693 
4 43.178 0.432 15.245 0.16 24.278 0.274 26.881 0.273 29.211 0.296 
8 5.903 0.046 0.947 0.008 6.55 0.056 8.056 0.064 3.425 0.027 
12 -26.50 -0.148 0.599 0.003 -0.625 -0.004 0.242 0.001 -12.951 -0.07 
16 -54.04 -0.213 14.202 0.057 2.752 0.011 3.439 0.014 -19.917 -0.08 
20 -76.70 -0.219 41.754 0.121 16.682 0.05 17.647 0.051 -17.474 -0.05 
24 -94.50 -0.201 83.256 0.179 41.164 0.09 42.866 0.091 -5.62 -0.01 
28 -107.42 -0.175 138.71 0.228 76.199 0.128 79.097 0.129 15.643 0.027 
-0.3
-0.1
0.1
0.3
0.5
0.7
0.9
1.1
1.3
-31 -28 -25 -22 -19 -16 -13 -10 -7 -4 -1 2 5 8 11 14 17 20 23 26 29 32
M
o
d
e
s
 P
a
rt
it
io
n
s
 G
I/
G
 o
r 
G
II
/G
Bending Moment M2 (Nm)
EB-GI/G
EB-GII/G
TB-GI/G
TB-GII/G
2D-GI/G
2D-GII/G
SHA-GI/G
SHA-GII/G
AVA-GI/G
AVA-GII/G
Chapter 3 Mixed Mode Partition Theories of DCB with Rigid Interface 
54 
 
3.2.4.4 FEM Validation with h=6 mm and =2 
The last set of FEM validation is completed with 𝑕 = 6  mm and 𝛾 = 2 . All other 
parameters are known from Table 3-3. Results from FEM simulations and different 
partition theories are recorded and presented here in Figures 3-8 and 3-9 and listed in 
Table 3-7. 
 
Figure 3-8: Modes ERRs from Different Theories and FEM Simulations 
 
Figure 3-9: Modes Partitions from Different Theories and FEM Simulations 
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Table 3-7: DCB Partitions Validation with h=6 mm and =2 
𝑀2 
(Nm) 
EB TB 2D SH AVA 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
𝐺𝐼 
(N/m) 
𝐺𝐼/𝐺 
-10 5.649 0.7171 7.018 0.8912 6.348 0.808 6.383 0.810 6.333 0.804 
-8 4.237 0.786 5.007 0.929 4.609 0.857 4.633 0.860 4.622 0.857 
-6 3.021 0.880 3.334 0.972 3.148 0.920 3.163 0.922 3.177 0.926 
-4 2.001 1.000 2.000 1.000 1.964 0.986 1.973 0.986 2.001 1.000 
-2 1.179 1.073 1.005 0.916 1.058 0.969 1.062 0.968 1.092 0.995 
0 0.553 0.765 0.349 0.483 0.430 0.600 0.431 0.597 0.451 0.624 
2 0.124 0.141 0.032 0.037 0.080 0.092 0.080 0.091 0.078 0.089 
4 -0.109 -0.070 0.054 0.035 0.008 0.005 0.008 0.005 -0.027 -0.018 
6 -0.144 -0.052 0.415 0.150 0.213 0.077 0.216 0.078 0.135 0.049 
8 0.017 0.004 1.115 0.248 0.696 0.155 0.704 0.156 0.566 0.126 
10 0.375 0.055 2.154 0.318 1.457 0.216 1.472 0.218 1.264 0.187 
3.2.5 Discussions 
It is seen from comparisons that Euler beam 𝐺𝐼  ( 𝐺𝐼𝐼 ) is larger (smaller) than 
Timoshenko beam 𝐺𝐼  (𝐺𝐼𝐼 ) if 𝜃 < 𝑀2 < 𝛽  due to the interaction term leading to an 
energy flow from mode II to mode I. In the rest of the region, Euler beam 𝐺𝐼(𝐺𝐼𝐼) is 
smaller (larger) than Timoshenko beam 𝐺𝐼  (𝐺𝐼𝐼 ) due to energy flow from mode I to 
mode II. From this observation, it is reasonable to argue that the Euler and Timoshenko 
beam theories provide either an upper bound or a lower bound for partitions 
respectively. Therefore, it is expected that the average of them may give a good 
prediction in comparison with the 2D partition results. AVA curves in figures come 
from this averaged partition rule. It is seen that there is a good agreement between AVA 
and 2D FEM results. In each investigation case, there two parts of negative partitions of 
ERR predicted by FEM simulation with Euler beam element (same results with Euler 
beam partition theory). This is due to the stealthy interaction from Euler beam theory. In 
the negative partition of mode II ERR, the shear stress is negative and the relative 
shearing displacement is positive, so the mode II ERR is negative. In the negative 
partition of mode I ERR, similar situation is found that the normal stress is negative and 
Chapter 3 Mixed Mode Partition Theories of DCB with Rigid Interface 
56 
 
the relative opening displacement is positive leading to negative mode I ERR. The 
second and third investigation cases are carried out to investigate the effect of thickness 
ratio on the partition theories while the final test is considered to study the effect of the 
total thickness on the present partition theories. Good performance and agreements with 
the theories are again observed from each test. 
3.3 Mixed Mode Partition Theory of Curved DCB with Rigid Interface 
In this section, partition theories for straight DCB are extended to curved DCB. Firstly, 
two sets of pure modes of curved DCB are derived and validated. Then the Euler beam 
and the Timoshenko beam partition theories are introduced into curved DCB cases as 
well to calculate the mode ERRs and their partitions. Validations of these curved DCB 
partition theories are also accomplished. 
3.3.1 Two Sets of Pure Modes in Euler Beam Theory 
Figure 3-10 shows a curved DCB under pure bending moment loads. There is a crack at 
one end with an angle of 𝛼 and the other end is fixed. Considering under pure bending 
moment loads, the strain energy is given by, 
𝑈 =  
𝑀2(𝑥)
2𝐸𝐼
𝑑𝑥
𝑙
0
 (3.45) 
Where l is the length of curved beam and it is equal to radius times angle of the radius. 
Furthermore, by considering the curved DCB, Equation 3.45 can be written as, 
𝑈 =
1
2𝐸
  
𝑀1
2(𝜑)
𝐼1
𝑅1𝑑𝜑 +  
𝑀2
2(𝜑)
𝐼1
𝑅2𝑑𝜑 +  
𝑀2(𝜑)
𝐼
𝑅𝑀𝑑𝜑
𝛼+𝛽
𝛽
𝛽
0
𝛽
0
  (3.46) 
Where 𝛼 is the angle of the cracked curved DCB and 𝛽 is the angle of the uncracked 
part of curved DCB. Equation 3.46 can be written in another form as, 
𝑈 =
1
2𝐸
 
𝑀1
2𝑅1
𝐼1
+
𝑀2
2𝑅2
𝐼2
−
𝑀2𝑅𝑀
𝐼
  (3.47) 
So the ERR at the crack tip can be given by, 
𝐺 =
1
𝑏
×
𝜕𝑈
𝜕𝛼
=
1
2𝑏𝐸𝑅𝑖
[
𝑀1
2𝑅1
𝐼1
+
𝑀2
2𝑅2
𝐼2
−
𝑀2𝑅𝑀
𝐼
] (3.48) 
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Here in Equation 3.48, 𝑅𝑖  is the radius of the interface. Based on Equation 3.6, the 
relative shearing displacement is given by, 
𝐷𝑠𝑕 = (
𝑀1𝑕1𝑅1
𝐼1
+
𝑀2𝑕2𝑅2
𝐼2
) ×
𝑑𝑎
2𝐸
 (3.49) 
 
Figure 3-10: Curved DCB with Pure Bending Moment 
By letting Equation 3.49 equal to zero, the first set of pure modes is given by, 
𝜃 = −
𝑅1
𝑅2
𝛾2 (3.50) 
And based on Equation 3.13, the relative shearing displacement is given based on 
classical beams by, 
𝐷𝑜𝑝 = (
𝑀1𝐵𝑅1
2
𝐼1
+
𝑀2𝐵𝑅2
2
𝐼2
) ×
𝑑𝑎
2𝐸
 (3.51) 
By letting Equation 3.51 equal to zero, the second set of pure modes is given by, 
𝛽′ =
𝑅1
2
𝑅2
2 𝛾
3 (3.52) 
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With both first set  𝜃  and second  𝛽′   set of pure modes are known from Equations 
3.50 and 3.52, two sets of pure modes can be calculated by using orthogonal method 
which is given by, 
 1 𝜃 ×
 
 
 
 
𝑅1
𝐼1
−
𝑅𝑀
𝐼
−
𝑅𝑀
𝐼
−
𝑅𝑀
𝐼
𝑅2
𝐼2
−
𝑅𝑀
𝐼  
 
 
 
×  
1
𝛽
 = 0 (3.53) 
From Equation 3.53, two sets of pure modes can be known which is given by, 
𝛽 =
1 + 𝜃 −
𝑅1
𝑅𝑀
(1 + 𝛾)3
𝜃
𝑅2
𝑅𝑀
(1 +
1
𝛾
)3 − 𝜃 − 1
 (3.54) 
𝜃′ =
1 + 𝛽′ −
𝑅1
𝑅𝑀
(1 + 𝛾)3
𝛽′
𝑅2
𝑅𝑀
(1 +
1
𝛾
)3 − 𝛽′ − 1
 (3.55) 
Now these two sets of pure modes are known. 
3.3.2 Numerical Validations of Two Sets of Pure Modes 
Here in this section, a set of validation of these two sets of pure modes are completed. 
In this validation, only thickness ratio is varied from 1 to 9 and the load applied on 
upper beam is set as 1 Nm while the lower beam load is varied according to different 
thickness ratio. Within each thickness ratio case, four different lower beam loads are 
applied which can be calculated according to Equations 3.50, 3.54, 3.55 and 3.52. And 
all pure modes loading conditions are given first in Table 3-8. 
Table 3-8: Four Pure Modes Load Conditions with Different 𝛾 
𝛾 1 2 3 4 5 6 7 8 9 
𝜃 -1.154 -4.632 -10.44 -18.58 -29.05 -41.86 -57.00 -74.47 -94.28 
𝛽 1.037 2.971 5.630 9.001 13.081 17.867 23.361 29.560 36.466 
𝜃′  -0.826 -0.793 -0.749 -0.702 -0.653 -0.604 -0.554 -0.505 -0.455 
𝛽′  1.331 10.726 36.331 86.310 168.83 292.05 464.14 693.27 987.61 
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Validations are finished with Euler beam element and all other simulation parameters 
are given in Table 3-9. With lower loads are applied according to these pure modes 
conditions, mode I and II ERRs and their partitions are listed in Table 3-10. 
Table 3-9: Simulation Parameters 
Total Angle 90° Upper Load 1 Nm Young‟s Modulus 1 N/mm2 
Crack Angle 15° Lower Load Varied Poisson Ratio 0.3 
Beams Width 1 mm Total Thickness 2 mm Interface Radius 10.5 mm 
Table 3-10: Pure Modes Test 
𝛾 
𝜃 𝛽 𝜃′  𝛽′  
𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼𝐼  (N/m) 𝐺𝐼𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼𝐼  (N/m) 𝐺𝐼𝐼/𝐺 
1 13.794 0.999 9.302 0.999 10.109 0.992 12.138 0.993 
2 59.613 0.995 29.906 0.994 21.675 0.968 179.841 0.974 
3 156.652 0.994 68.080 0.992 48.358 0.966 1118.559 0.973 
4 319.737 0.992 129.503 0.981 93.160 0.968 4309.281 0.979 
5 571.155 0.992 218.970 0.976 160.334 0.971 12416.87 0.981 
6 924.174 0.989 344.238 0.972 254.407 0.974 29998.35 0.986 
7 1420.40 0.993 507.332 0.976 379.350 0.976 62843.58 0.982 
8 1987.64 0.988 718.333 0.954 540.843 0.979 121070.0 0.993 
9 2816.93 0.991 976.066 0.967 741.722 0.980 213579.8 0.987 
From Table 3-10, it can be generally seen that with lower loads are applied according 
pure modes, pure mode I or II can be achieved from FEM simulation. For most 
simulations results, purenesses are about 98% or higher, only quite a few cases have the 
partitions as low as 97.5%. And there is only one case with low partition of 95.4%. But 
in general, they can be considered as pure modes. So it can be concluded that two sets 
of pure modes for curved DCB are existed and they can produce pure modes. 
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3.3.3 Mode Partitioning of Curved DCB 
In this section, present Euler beam and Timoshenko beam partition theories are 
extended to curved DCB. Only pure bending moment is considered in this part of 
derivation. First, the derivation based on Euler beam partition theory for curved DCB is 
introduced. And next, the derivation from Timoshenko beam partition theory of curved 
DCB is introduced. 
3.3.3.1 Euler Beam Partition Theory of Curved DCB 
With two sets of pure modes are known from Equations 3.50, 3.54, 3.55 and 3.52, the 
analytical strain ERRs for mode I and mode II for curved DCB with Euler beam 
conditions is known now as, 
𝐺𝐼𝐸 = 𝑐𝐼𝐸(𝑀1𝐵 −
𝑀2𝐵
𝛽
)(𝑀1𝐵 −
𝑀2𝐵
𝛽′
) (3.56) 
𝐺𝐼𝐼𝐸 = 𝑐𝐼𝐼𝐸(𝑀1𝐵 −
𝑀2𝐵
𝜃
)(𝑀1𝐵 −
𝑀2𝐵
𝜃′
) (3.57) 
With 𝑐𝐼𝐸  and 𝑐𝐼𝐼𝐸  in Equations 3.56 and 3.57 are given by, 
𝑐𝐼𝐸 = 𝐺𝜃 [(1 −
𝜃
𝛽
)(1 −
𝜃
𝛽′
)]−1 (3.58) 
𝑐𝐼𝐼𝐸 = 𝐺𝛽 [(1 −
𝛽
𝜃
)(1 −
𝛽
𝜃′
)]−1 (3.59) 
With 𝐺𝜃 and 𝐺𝛽  are given by, 
𝐺𝜃 =
1
2𝑏𝐸𝑅𝑖
[
𝑅1
𝐼1
+
𝜃2𝑅2
𝐼2
−
(1 + 𝜃)2𝑅𝑀
𝐼
] (3.60) 
𝐺𝛽 =
1
2𝑏𝐸𝑅𝑖
[
𝑅1
𝐼1
+
𝛽2𝑅2
𝐼2
−
(1 + 𝛽)2𝑅𝑀
𝐼
] (3.61) 
3.3.3.2 Timoshenko Beam Partition Theory of Curved DCB 
With the first set of pure modes are known from Equations 3.50 and 3.54, the analytical 
strain ERRs for mode I and mode II for curved DCB with Timoshenko beam conditions 
is known now as, 
𝐺𝐼𝑇 = 𝑐𝐼𝑇(𝑀1𝐵 −
𝑀2𝐵
𝛽
)2 (3.62) 
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𝐺𝐼𝐼𝑇 = 𝑐𝐼𝐼𝑇(𝑀1𝐵 −
𝑀2𝐵
𝜃
)2 (3.63) 
While 𝑐𝐼𝑇  and 𝑐𝐼𝐼𝑇  in Equations 3.62 and 3.63 are given by, 
𝑐𝐼𝑇 = 𝐺𝜃(1 − 𝜃 𝛽 )
−2 (3.64) 
𝑐𝐼𝐼𝑇 = 𝐺𝛽(1 − 𝛽 𝜃 )
−2 (3.65) 
With 𝐺𝜃 and 𝐺𝛽  are the same with those from Euler beam partition theory of curved 
DCB and are known from Equations 3.60 and 3.61. 
3.3.4 Numerical Validations of Mode Partitioning of Curved DCB 
Based on present Euler and Timoshenko beam partition theories, a new mode partition 
theory for curved DCB is developed. Here in this section, three sets of simulations with 
different thickness ratios are finished to validate these curved DCB partition theories. In 
each validation, the load applied on upper beam is set to be 1 Nm while the load applied 
on lower beam is varied in a range to simulate the ERRs and their partitions.  In each 
test, there are abbreviations used due to space limit. Results from Euler beam partition 
theory is named as Euler Theory for short in tables while the Euler beam element based 
FEM simulation results are named by Euler FEM. Timo Theory and Timo FEM 
represent the results from Timoshenko partition theory calculations and Timoshenko 
beam element based FEM simulations respectively. While in figures, further 
abbreviations are used. ET and TT represent Euler Theory and Timoshenko Theory 
calculations. And EF and TF represent Euler FEM and Timoshenko FEM simulations. 
All other simulation parameters are given in Table 3-9. 
3.3.4.1 Validation with =2 
The first set of validation is completed with thickness ratio being set to 2 and lower 
beam load is varied from -15 Nm to 15 Nm. All other simulation parameters are given 
in Table 3-9. Results from FEM simulations are recorded and compared with analytical 
calculations which are presented in Figures 3-10 and 3-11 and listed in Table 3-11. 
Table 3-11: Curved DCB Partitions Validation with h=2 mm and =2 
𝑀2 
(Nm) 
ET EF TT TF 
𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 
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-15 250.23 0.607 253.41 0.649 349.33 0.848 329.69 0.845 
-13 204.32 0.645 205.92 0.685 275.75 0.870 260.76 0.868 
-11 162.94 0.693 163.27 0.731 210.86 0.897 199.90 0.896 
-9 126.07 0.757 125.45 0.792 154.66 0.929 147.12 0.929 
-7 93.718 0.845 92.462 0.873 107.15 0.966 102.41 0.967 
-5 65.886 0.961 64.314 0.975 68.341 0.997 65.779 0.998 
-3 42.572 1.083 41.001 1.068 38.219 0.972 37.222 0.970 
-1 23.776 1.022 22.523 0.969 16.789 0.722 16.740 0.720 
1 9.498 0.467 8.880 0.432 4.051 0.199 4.334 0.211 
3 -0.262 -0.009 0.073 0.002 0.005 0.000 0.002 0.000 
5 -5.504 -0.102 -3.900 -0.074 4.651 0.086 3.746 0.071 
7 -6.227 -0.069 -3.037 -0.035 17.989 0.199 15.565 0.179 
9 -2.433 -0.017 2.662 0.020 40.020 0.285 35.459 0.264 
11 5.879 0.029 13.195 0.068 70.742 0.348 63.428 0.328 
13 18.710 0.067 28.564 0.108 110.16 0.395 99.473 0.375 
15 36.058 0.098 48.768 0.139 158.26 0.430 143.59 0.410 
 
Figure 3-11: Modes ERRs from Different Theories and FEM Simulations 
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Figure 3-12: Modes Partitions from Different Theories and FEM Simulations 
3.3.4.2 Validation with =3 
The second set of validation is completed with thickness ratio being set to 3 and lower 
beam load is varied from -28 Nm to 28 Nm. All other simulation parameters are given 
in Table 3-9. Results from FEM simulations are recorded and compared with analytical 
calculations which are presented in Figures 3-12 and 3-13and listed in Table 3-12. 
 
Figure 3-13: Modes ERRs from Different Theories and FEM Simulations 
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Figure 3-14: Modes Partitions from Different Theories and FEM Simulations 
Table 3-12: Curved DCB Partitions Validation with h=2 mm and =3 
𝑀2 
(Nm) 
ET EF TT TF 
𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 
-28 477.70 0.581 479.25 0.625 728.00 0.885 673.51 0.878 
-24 393.07 0.632 391.45 0.674 564.75 0.908 524.12 0.902 
-20 315.93 0.700 311.99 0.738 422.19 0.935 393.44 0.931 
-16 246.29 0.792 240.87 0.825 300.34 0.966 281.46 0.964 
-12 184.14 0.919 178.09 0.940 199.18 0.994 188.19 0.994 
-8 129.48 1.081 123.64 1.079 118.72 0.991 113.63 0.991 
-4 82.306 1.191 77.544 1.146 58.965 0.853 57.777 0.854 
0 42.629 0.880 39.783 0.818 19.908 0.411 20.629 0.424 
4 10.443 0.181 10.362 0.180 1.549 0.027 2.188 0.038 
8 -14.25 -0.147 -10.72 -0.114 3.890 0.040 2.453 0.026 
12 -31.45 -0.189 -23.46 -0.148 26.931 0.162 21.425 0.135 
16 -41.17 -0.155 -27.86 -0.111 70.671 0.266 59.105 0.235 
20 -43.39 -0.110 -23.92 -0.064 135.11 0.343 115.49 0.311 
24 -38.11 -0.069 -11.64 -0.022 220.25 0.398 190.58 0.367 
28 -25.35 -0.034 8.976 0.013 326.09 0.439 284.38 0.409 
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3.3.4.3 Validation with =4 
The third set of validation is completed with thickness ratio being set to 4 and lower 
beam load is varied from -45 Nm to 54 Nm. All other simulation parameters are given 
in Table 3-9. Results from FEM simulations are recorded and compared with analytical 
calculations which are listed in Table 3-13 and presented in Figures 3-14 and 3-15. 
Table 3-13: Curved DCB Partitions Validation with h=2 mm and =4 
𝑀2 
(Nm) 
ET EF TT TF 
𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 𝐺𝐼 (N/m) 𝐺𝐼/𝐺 
-45 839.03 0.572 831.35 0.613 1325.2 0.903 1210.5 0.893 
-36 647.65 0.659 634.82 0.697 919.34 0.935 844.82 0.928 
-27 476.80 0.789 461.62 0.821 587.47 0.973 544.71 0.969 
-18 326.49 0.991 311.75 1.005 329.60 1.000 310.18 1.000 
-9 196.72 1.230 185.21 1.200 145.73 0.911 141.23 0.915 
0 87.483 0.923 82.007 0.863 35.867 0.378 37.881 0.399 
9 -1.214 -0.009 2.135 0.016 0.009 0.000 0.117 0.001 
18 -69.4 -0.249 -54.40 -0.205 38.154 0.137 27.942 0.105 
27 -117.0 -0.222 -87.61 -0.177 150.30 0.285 121.36 0.245 
54 -136.6 -0.072 -47.23 -0.027 930.78 0.489 795.13 0.451 
 
Figure 3-15: Modes ERRs from Different Theories and FEM Simulations 
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Figure 3-16: Modes Partitions from Different Theories and FEM Simulations 
3.3.5 Discussions 
Generally, it can be seen from all three sets of validations, that the Timoshenko partition 
theory gives better agreement with the FEM simulations, while the results from the 
Euler beam partition theory and Euler beam element based FEM simulations shows 
some differences. When the magnitude of the lower beam load becomes bigger, the 
difference increases. Similar observations are found in these results with DCB cases. 
Within 𝜃 < 𝑀2 < 𝛽, Euler beam 𝐺𝐼 (𝐺𝐼𝐼) is larger (smaller) than Timoshenko beam 𝐺𝐼 
(𝐺𝐼𝐼) due to the interaction term leading to an energy flow from mode II to mode I. In 
the rest of the region, Euler beam 𝐺𝐼 (𝐺𝐼𝐼) is smaller (larger) than Timoshenko beam 𝐺𝐼 
(𝐺𝐼𝐼) due to energy flow from mode I to mode II. From this observation, it is reasonable 
to argue that the Euler and Timoshenko beam theories provide either an upper bound or 
a lower bound for partitions respectively.  
3.4 Conclusions 
Based on analytical calculations and numerical simulations, conclusions can be made.  
Firstly, it has been proven based on both analytical derivations and FEM simulations, 
that there are two sets of pure modes in both DCB and curved DCB cases. When the 
loading conditions are applied according to these pure modes loading conditions, pure 
mode I or mode II can be achieved. 
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Secondly, new mixed mode partition theories for DCB under pure bending moment 
cases are reviewed in this chapter. Numerical investigations show that the present 
analytical results based on Euler and Timoshenko beam theories are almost identical to 
their counterpart FEM predictions. Suo and Hutchinson theory (11) does not agree with 
either the present Euler or Timoshenko beam theory. However, it agrees very well with 
2D FEM prediction. In general, the present averaged theory agrees well with the 2D 
plane stress FEM results in the non-negative 𝐺𝐼 and 𝐺𝐼𝐼  regions. A distinct advantage of 
present theories is that they can be directly extended to fibre-reinforced composite 
laminates for delamination study.  
Thirdly, these new partition theories are extended to curved DCB cases. Numerical 
validations prove that results produced by these extended curved DCB partition theories 
are showing very good agreements with FEM simulations results. 
In general, two sets of pure modes do exist in both straight DCBs and curved DCBs. 
And these new partition theories can produce excellent predictions of modes ERRs for 
both DCB and curved DCB with rigid interface.  
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Chapter 4 Cohesive Element 
4.1 Introduction 
In the last forty years, a lot work has been done on understanding the crack-related 
structural failures and many approaches were developed to deal with these problems. 
Over the last decades, several numerical methods have been developed to simulate 
failure mechanisms in materials. The FEM and the XFEM provide ways to numerically 
predict the failure behaviour in order to optimize the design of microstructure. Inter-
laminar damage (delamination) is one of the predominant forms of failure in many 
laminated composites systems, especially when there is no reinforcement in the 
thickness direction. Delamination, as a result of impact or a manufacturing defect, can 
cause a significant reduction in the compressive load carrying capacity of a structure, so 
full understanding and accurate prediction of delamination of composite material and 
structure has becomes one of the most important works during the designing.  
Cohesive zone modelling (CZM), as one of the most modern evolutions in the area 
of fracture mechanics was firstly conceived by Dugdale (1960) as a concept, and then 
Barenblatt (1962), Rice (1968) and others. In CZM, separation takes place between two 
adjacent virtual surfaces across an extended crack tip (cohesive zone) and is resisted by 
the presence of cohesive forces. There are 3 major advantages of CZM. The first one is 
that the behaviour of uncracked structures, including those with blunt notches, can be 
adequately predicted by CZM. The second one is that the size of non-linear zone need 
not be negligible in comparison with other dimensions of the cracked geometry in CZM. 
The third one is that CZM can also be applied for brittle materials. So cohesive element 
is applied in this work for understanding the  fracture mechanics in DCB with non-rigid 
interfaces. 
In this chapter, damage criteria and traction separation laws (TSLs) are introduced first. 
Based on the work of Camanho (73) and the manual of Abaqus (74), detailed 
derivations of the bi-linear TSL for both pure modes and mixed mode are presented. 
Derivations include delaminations of pure modes and mixed modes and TSL 
relationship between pure modes and mixed modes. After this introductions, a pure 
cohesive element is tested within Abaqus under both pure mode displacements and 
mixed mode displacements. Analytical calculation and FEM simulation results are 
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compared to validate the derivation. The cohesive element is also implemented for DCB 
test with different penalty stiffnesses. Finally, how the interface penalty stiffnesses 
affects the mode partition and the total ERR is investigated. 
4.2 Background Knowledge 
In this section, some background knowledge about CZM is introduced based on the 
work of Camanho (73) and the manual of Abaqus (74). Damage criterion and TSL are 
the most fundamental knowledge in CZM, as the damage criterion determines when the 
fracture starts forming and TSL determines how the stress decrease after it reaches the 
onset point. Both the damage criterion and TSLs are introduced here in this section. 
4.2.1 Damage Criteria 
In CZM, there are mainly two kinds of damage criteria: quadratic interaction and mode 
independent. And each kind of damage criterion can be divided into two kinds based on 
stress or strain. In CZM, only stress or strain damage criterion can be applied. In 
quadratic interaction damage criteria, stresses or strains in normal direction and 
shearing directions are working interactively as, 
 
𝜍
𝜍𝑚𝑎𝑥
 
2
+  
𝜏
𝜏𝑚𝑎𝑥
 
2
= 1 (4.1) 
 
𝜖𝑛
𝜖𝑛𝑚𝑎𝑥
 
2
+  
𝜖𝑠
𝜖𝑠𝑚𝑎𝑥
 
2
= 1 (4.2) 
When these equations are satisfied, both stresses in normal and shearing directions start 
decreasing. In mode independent damage criteria, stresses and strains in normal and 
shearing directions is working independently as, 
 
𝜍
𝜍𝑚𝑎𝑥
 ,
𝜏
𝜏𝑚𝑎𝑥
 = 1 (4.3) 
 
𝜖𝑛
𝜖𝑛𝑚𝑎𝑥
 ,
𝜖𝑠
𝜖𝑠𝑚𝑎𝑥
 = 1 (4.4) 
When either stress or strain in normal direction or shearing direction satisfy these 
condition, both stresses in normal and shearing direction starts decreasing. But from 
previous studies (37), (75), it was found that quadratic interaction stress damage 
criterion (Quads) give the most accurate results, so quadratic interaction stress damage 
criteria is used and discussed in this work. 
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Figure 4-1: Quads Criteria 
As shown in Figure 4-1(a), x axis represents shearing stress and y axis represents normal 
stress. OA and OB are the maximum shearing and normal stress in pure modes. OA’ and 
OB’ are the effective maximum shearing and normal stress while OSmax represents the 
maximum effective interaction stress in a mixed mode. When pure mode I or II loading 
is applied in modelling, maximum normal stress or shearing stress can be reached. And 
the maximum effective interaction stress is equal to maximum normal stress or shearing 
stress. But when the applied load is not pure modes, the maximum effective stress is 
given by, 
𝑆𝑒𝑓𝑓
𝑚𝑎𝑥 =   𝜍𝑒𝑓𝑓
𝑚𝑎𝑥  
2
+  𝜏𝑒𝑓𝑓
𝑚𝑎𝑥  
2
 (4.5) 
Under different loading conditions, relationship between effective normal and shearing 
stresses are different and represented by angle 𝛼 between effective shearing stress and 
effective interaction stress. With different loading conditions applied, this angle will 
change and the maximum effective interaction stress is also changed as shown in Figure 
4-1(a). In CZM with Abaqus, the maximum normal and shearing stresses are needed to 
be input and the maximum effective interaction stress will be decided by the software 
itself according to different loading conditions. But in some modelling, the maximum 
normal and shearing stress are unknown while with only the maximum effective 
interaction stress is known from experiments or other work. It is impossible to decide 
the maximum normal and shearing stresses as the relation (angle 𝛼) between them is 
unknown. To deal with this problem, the maximum normal and shearing stresses can be 
set equal to each other and equal to the maximum effective interaction stress. As shown 
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in Figure 4-1(b), when the maximum normal and shearing stresses are same, the 
maximum effective interaction stress will be loading condition independent and equal to 
maximum normal and shearing stresses all the time. 
4.2.2 Traction Separation Law 
TSL is one of the most important features when using CZM. There are many types of 
TSL has been found and being used in crack propagation prediction and simulations. 
Every TSL has two features which are the shape of the traction separation curve and the 
cohesive parameters. For different materials and interface types between materials, 
curve shapes and cohesive parameters are also different. 
4.2.2.1 Traction Separation Shape 
Many kinds of TSL for CZM have been developed and being applied successfully in 
fracture and crack predictions and simulations. Figure 4-2 shows four main kinds of 
TSLs shapes. 
 
Figure 4-2: Four Main TSLs Shapes 
It can be seen from Figure 4-2 that, in all various forms (including all other types of 
TSLs) of cohesive laws, there is one feature all in common with all these laws. The 
common feature is that with the separation 𝛿 between cohesive surfaces being accrued 
by external work, the magnitude of the cohesive traction 𝑇 usually increases, and after 
the separation reaches the critical value, the cohesive traction will start dropping down 
and to 0 finally. There is an exception for trapezoidal traction separation model. The 
traction will not drop down immediately after it reaches the maximum value but will 
last for another short separation. Then the traction starts dropping. 
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4.2.2.2 Cohesive Parameters 
When the shape of TSL is known, cohesive parameters must be determined to carry on 
the crack simulation and prediction. The key cohesive parameters are cohesive strength, 
cohesive energy and the characteristic separation distance which corresponds to the 
cohesive strength. Cohesive strength is represented by the maximum traction in the TSL 
while the cohesive energy is represented by the area under the TSL curve. And the 
characteristic separation distance represents the separation when traction reaches the 
maximum value. These three features are described as onset stresses, fracture energy 
and onset separation respectively in Abaqus.  
4.3 Bi-linear TSL Derivation 
In this section, a detailed derivation of bi-linear TSL is presented based on the work of 
Camanho (73) and the manual of Abaqus (74). Within bi-linear TSL, the increasing part 
and the decreasing part are both defined as linear for both pure modes and effective 
mixed mode. While in mixed mode loading condition, the TSL relationship between 
pure modes and effective mixed mode is derived and presented here. 
4.3.1 Pure Mode Delamination 
An appropriate constitutive equation in the formulation of the cohesive element is the 
most important fundamental for achieving an accurate simulation of the inter-laminar 
cracking process. It is considered that there is a process zone or cohesive zone ahead of 
the delamination tip. Figure 4-3 represents cohesive zone in specimens loaded in pure 
Mode II (Figure 4-3a) and pure Mode I (Figure 4-3b). Figure 4-3 also illustrates the 
constitutive behaviour for pure Mode I, pure Mode II. 
 
Figure 4-3: Cohesive Zone in Pure Modes 
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The concept of cohesive zone was initially proposed by Barenblatt and by using such a 
concept the singularity at the crack tip is removed. As shown in Figure 4-3, each point 
on test beams is represented in traction separation relationship respectively. When under 
a pure mode loading condition, point 1 to point 5 in TSL are representing different 
status of different point in the pre-defined cohesive zone and the crack extending 
process. Point 5 was the old crack tip when under no load. But with load increased, the 
separation of point 5 became bigger and bigger until total failure (traction became 0). If 
load is still increased to P, new crack will be formed and extended towards to point 4. 
While in this process, the separation of point 4 also increased and the traction of it also 
decreased to 0 and no new crack formed. At this moment, points 1, 2 and 3 are still in 
the cohesive zone, the relationship between traction and separation of each point can be 
found. Point 3 is already on the descending part as its separation is bigger than the 
critical separation. Point 2 has just reached the maximum value and its separation has 
just reached the critical separation. Point 1 shows the increasing part the TSL, which 
means with its separation increased, the traction of it will also increase towards to the 
maximum value. In the increasing part of TSL, a high initial stiffness (penalty stiffness, 
𝐾) is used to hold the top and bottom surfaces of the cohesive element together in the 
linear elastic range. Here, this penalty stiffness K can be defined as, 
𝐾𝑠 =
𝜏𝑚𝑎𝑥
𝛿𝑠0
  (4.6) 
𝐾𝑛 =
𝜍𝑚𝑎𝑥
𝛿𝑛0
  (4.7) 
This penalty stiffness 𝐾  can be better understood by studying the equation that 
represents the displacement of a truss of length L, elastic stiffness E, and original area A, 
due to an axial load P: 
𝛿 = 𝑃𝐿 𝐸𝐴  (4.8) 
While the stress is given by, 
𝑆 = 𝑃 𝐴  (4.9) 
And here 𝐾 is defined as, 
𝐾 = 𝐸 𝐿  (4.10) 
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So Equation 4.8 can be rewritten as, 
𝛿 = 𝑆 𝐾  (4.11) 
So the penalty stiffness 𝐾 is given by, 
𝐾 = 𝑆 𝛿  (4.12) 
Where 𝑆  represents both normal and shearing stress in cohesive element and 𝛿 
represents both normal and shearing separation. In most CZM implementations, the 
virtual thickness of the cohesive element is by default 1, so the strain in the thickness 
direction of cohesive element will be equal to the displacement differences between two 
element nodes. Here the effect of this assumption is considered later in this chapter, 
penalty stiffness in normal and shear directions are assumed to be same for 
simplification purpose and both defined as 𝐾. When the penalty stiffness 𝐾 is known, 
the relationship between traction and separation in both normal and shear direction of 
each point in Figure 4-3 can be calculated now. For point 2, the critical separation is, 
𝛿𝑠
0 =
𝜏𝑚𝑎𝑥
𝐾𝑠
  (4.13) 
𝛿𝑛
0 =
𝜍𝑚𝑎𝑥
𝐾𝑛
  (4.14) 
So for all points on increasing part, the stresses of each point is given by, 
𝜏 = 𝛿𝑠 × 𝐾𝑠  (4.15) 
𝜍 = 𝛿𝑛 × 𝐾𝑛  (4.16) 
The areas under the TSL shapes of each mode represent the fracture toughness (energy) 
correspondingly. So the fracture toughness is given by, 
𝐺𝐼𝐼𝐶 =  𝜏𝑑𝛿𝑠
𝛿𝑠
𝑓
0
 (4.17) 
𝐺𝐼𝐶 =  𝜍𝑑𝛿𝑛
𝛿𝑛
𝑓
0
 (4.18) 
So the final failure separation is given by, 
𝛿𝑠
𝑓
=
2𝐺𝐼𝐼𝐶
𝜏𝑚𝑎𝑥  
(4.19) 
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𝛿𝑛
𝑓
=
2𝐺𝐼𝐶
𝜍𝑚𝑎𝑥  
(4.20) 
Here in Equations 4.19 and 4.20, fracture toughness for pure mode II and I are normally 
tested from experiment. There are established test methods to obtain the mode I and II 
fracture toughness. The DCB test is used for Mode I. The ENF or the ELS tests can be 
used for Mode II (see Section 1.6 ). So for all points on decreasing part, the stresses of 
each point is given by, 
𝜏 = 𝛿𝑠 × 𝐾 ×  1 − 𝑑𝑠  (4.21) 
𝜍 = 𝛿𝑛 × 𝐾 ×  1 − 𝑑𝑛  (4.22) 
Where 𝑑𝑠  and 𝑑𝑛  are the descending factors for pure shearing and normal mode 
respectively. They vary from 0 to 1 and represent the degree of damage. They are given 
by, 
𝑑𝑠 =
𝛿𝑠
𝑓 𝛿𝑠 − 𝛿𝑠
0 
𝛿𝑠(𝛿𝑠
𝑓 − 𝛿𝑠0)
 (4.23) 
𝑑𝑛 =
𝛿𝑛
𝑓 𝛿𝑛 − 𝛿𝑛
0 
𝛿𝑛(𝛿𝑛
𝑓 − 𝛿𝑛0)
 (4.24) 
For those points, their separations bigger than final failure separations, the traction of 
them will be retained at 0 (point 4 and 5). So stress of all point on the beam is given by,  
𝑆 =  
𝛿 × 𝐾      𝑓𝑜𝑟   𝛿 ≤ 𝛿0
𝛿 × 𝐾 × (1 − 𝑑)
0              𝑓𝑜𝑟   𝛿 ≤ 𝛿𝑓
𝑓𝑜𝑟   𝛿0 < 𝛿 < 𝛿𝑓   (4.25) 
Equation 4.25 can be used for calculating both shearing and normal stresses in pure 
modes and the descending factor d can be calculated from Equations 4.23 and 4.24. 
4.3.2 Mixed Mode Delamination 
In reality, the material and structure are more likely to encounter mixed mode loading 
conditions. Therefore, a general formulation for cohesive element dealing with mixed 
mode delamination onset and propagation is also required. 
4.3.2.1 Softening Onset Prediction 
Within pure mode cases, it is very easy to predict the onset separation. By using 
Equations 4.13 and 4.14, the onset separation can be easily decided when the maximum 
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stress in known.  But in a mixed mode, the normal and shearing stresses may not reach 
the maximum value at the same time or neither of them can reach the maximum value, 
which is depended on the damage criterion. If maximum stress criterion (Maxs) used as 
damage criterion, with load increased, the normal and shearing stresses increased at the 
same time, when either normal or shearing stresses (or both of them) reaches the 
maximum value, both normal and shearing stresses starts decreasing. This Maxs 
damage a criterion has been proven in many works (37), (38), (44), that it will lead 
inaccurate prediction, so it is not widely used. As mentioned in damage criteria section, 
the most widely used criteria is the Quads as given in Equation 4.1. The normal and 
shearing stresses work as quadratic relationship, when stresses satisfy Equation 4.1, 
both normal and shearing stresses starts decreasing. In this situation, neither normal nor 
shearing stresses can reach the maximum value. The effective stress at any moment for 
mixed mode is given by, 
𝑆𝑒𝑓𝑓 =   𝜏 2 +  𝜍 2 (4.26) 
And the effective separation for mixed mode is given by, 
𝛿𝑒𝑓𝑓 =   𝛿𝑠 2 +  𝛿𝑛 2 (4.27) 
Where, 
𝛿𝑠 =
𝜏
𝐾  (4.28) 
𝛿𝑛 =
𝜍
𝐾  (4.29) 
A mode mixity ratio is defined as, 
𝛽𝐴 =
𝛿𝑠
𝛿𝑛
  (4.30) 
And this mode mixity ratio 𝛽𝐴 is assumed to be constant in the whole load increasing 
process no matter before the effective stress reaches the onset prediction or after it. The 
onset of separation for pure mode I and II are known from Equations 4.13 and 4.14, the 
onset of separation can be derived by substituting Equations 4.13, 4.14, 4.26 and 4.27 
into Equation 4.1, which gives, 
𝛿𝑚
0 = 𝛿𝑠
0𝛿𝑛
0 
1 + 𝛽𝐴
2
𝛿𝑠0
2
+ 𝛿𝑛0
2
𝛽𝐴
2
 (4.31) 
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It can be seen from Equation 4.31 that when 𝛽𝐴 = 0 (Pure Mode I), the mixed mode 
onset separation is equal to pure mode I onset separation and when 𝛽𝐴 = ∞ (Pure Mode 
II), the mixed mode onset separation is equal to pure mode II onset separation. 
4.3.2.2 Delamination Propagation Prediction 
The same with pure mode cases, the criteria used in mixed mode is also fracture 
toughness (energy), but this fracture toughness can be easily equal to the sum of fracture 
toughness from pure modes cases, or it can also be calculated according to different 
rules, such B-K Law and Power law, when fracture toughness of pure modes are all 
known. Besides ENF and DCB tests being used for testing the pure mode II and mode I 
fracture toughness, the MMB test specimen can also be used to test the fracture 
toughness of mode I and mode II in mixed mode cases. As mentioned, there many law 
to calculate the total fracture toughness for mixed mode. If mode I and mode II are 
considered to be totally working separately, the total fracture toughness will be mode 
mixity ratio independent. In this consideration, the mode mixity ratio 𝛽𝐴  is not 
accounted into the formulation to calculate the effective final failure separation for 
mixed mode. Obviously, this mode independent law cannot give accurate prediction, if 
the mode mixity ratio is not accounted into the total fracture toughness formulation. If 
very accurate predictions are required, other mode mixed law should be used, such as 
Power law and B-K law. 
4.3.2.3 Power Law 
As the most widely used criterion to predict delamination propagation under mixed 
mode loading conditions, Power law is established in terms of an interaction between 
the ERRs (75), 
(
𝐺𝐼
𝐺𝐼𝐶
)𝛼+(
𝐺𝐼𝐼
𝐺𝐼𝐼𝐶
)𝛼 = 1 (4.32) 
Where, 
𝐺𝐼𝐼 =  𝜏𝑑𝛿𝑠
𝛿𝑠
0
 (4.33) 
𝐺𝐼 =  𝜍𝑑𝛿𝑛
𝛿𝑛
0
 (4.34) 
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Here as the mode mixity ratio is given by 𝛽𝐴, so, 
𝛿𝑠 = 𝛽𝐴𝛿𝑛  (4.35) 
𝜏 = 𝛽𝐴𝜍 (4.36) 
So the relationship between mode II and mode I ERR in the whole loading process of 
FEM simulations is, 
𝐺𝐼𝐼 = 𝛽𝐴
2𝐺𝐼  (4.37) 
When the mixed mode case reaches its final failure stage, Equation 4.32 is satisfied, so 
the final maximum mode I fracture toughness can be calculated from Equation 4.32 as, 
(
𝐺𝐼𝑚𝑎𝑥
𝐺𝐼𝐶
)𝛼+(
𝛽𝐴
2𝐺𝐼𝑚𝑎𝑥
𝐺𝐼𝐼𝐶
)𝛼 = 1 (4.38) 
So the maximum mode I ERR can be calculated from Equation 4.38, 
𝐺𝐼𝑚𝑎𝑥 =  (
1
𝐺𝐼𝐶
)𝛼 + (
𝛽𝐴
2
𝐺𝐼𝐼𝐶
)𝛼  
−1
𝛼 
 (4.39) 
So the maximum mode II ERR is know from Equations 4.37 and 4.39, 
𝐺𝐼𝐼𝑚𝑎𝑥 = 𝛽𝐴
2𝐺𝐼𝑚𝑎𝑥 = 𝛽𝐴
2  (
1
𝐺𝐼𝐶
)𝛼 + (
𝛽𝐴
2
𝐺𝐼𝐼𝐶
)𝛼 
−1
𝛼 
 (4.40) 
So the maximum total ERR is given by,  
𝐺𝑚𝑎𝑥 = 𝐺𝐼𝐼𝑚𝑎𝑥 + 𝐺𝐼𝑚𝑎𝑥 = (1 + 𝛽𝐴
2)  (
1
𝐺𝐼𝐶
)𝛼 + (
𝛽𝐴
2
𝐺𝐼𝐼𝐶
)𝛼 
−1
𝛼 
 (4.41) 
When the maximum total ERR for mixed mode case is known, the final failure 
separation for mixed modes cases can be calculated by using the same way in pure 
modes cases, 
𝛿𝑚
𝑓
=
2𝐺𝑚𝑎𝑥
𝑆𝑒𝑓𝑓
0 =
2𝐺𝑚𝑎𝑥
𝛿𝑚0 𝐾
  
(4.42) 
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4.3.2.4 B-K Law 
Although Power law is widely used in most of the simulations for cohesive element and 
can predict accurate results with most of the material behaviour (76), for some materials, 
it does not work perfectly and does not give very good agreement with experiments, 
such as epoxy composite. In order to account for the variation of fracture toughness as a 
function of the mode mixity ratio accurately, a new fracture toughness criteria is 
proposed by Benzeggagh and Kenane (76) which is called B-K law. This criterion is 
expressed as a function of the Mode I and Mode II fracture toughness and a parameter 𝜂 
obtained from MMB tests at different mode ratios. The relations of a B-K law is given 
by, 
𝐺 = 𝐺𝐼𝐶 + (𝐺𝐼𝐼𝐶 − 𝐺𝐼𝐶)  
𝐺𝐼𝐼
𝐺𝐼𝐼 + 𝐺𝐼
 
𝜂
 (4.43) 
As the relationship between mode II and mode I ERR in simulation process is known 
from Equation 4.37, so the maximum total ERR for B-K law is given by, 
𝐺𝑚𝑎𝑥 = 𝐺𝐼𝐶 + (𝐺𝐼𝐼𝐶 − 𝐺𝐼𝐶)  
𝛽𝐴
2
1 + 𝛽𝐴
2 
𝜂
 (4.44) 
So the final failure separation for mixed mode can be calculated by using the same way 
in pure mode cases, 
𝛿𝑚
𝑓
=
2𝐺𝑚𝑎𝑥
𝑆𝑒𝑓𝑓
0 =
2𝐺𝑚𝑎𝑥
𝛿𝑚0 𝐾
  
(4.45) 
4.3.2.5 Effective Interaction Stress 
Similar to pure mode cases, the effective interaction stress on each point of mixed TSL 
can be calculated as, 
𝑆𝑒𝑓𝑓 =  
𝛿𝑚 × 𝐾      𝑓𝑜𝑟   𝛿𝑚 ≤ 𝛿𝑚
0
𝛿𝑚 × 𝐾 × (1 − 𝑑𝑚 )
0              𝑓𝑜𝑟   𝛿𝑚 ≤ 𝛿𝑚
𝑓
𝑓𝑜𝑟   𝛿𝑚
0 < 𝛿𝑚 < 𝛿𝑚
𝑓   (4.46) 
Where descending factor 𝑑𝑚  is given by, 
𝑑𝑚 =
𝛿𝑚
𝑓  𝛿𝑚 − 𝛿𝑚
0  
𝛿𝑚 (𝛿𝑚
𝑓 − 𝛿𝑚0 )
 (4.47) 
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4.3.3 TSL Relationship between Mixed Mode and Pure Modes 
Based on the calculation above, the relationship between pure modes and mixed modes 
can be illustrated as in Figure 4-4  (74). It can be seen from Figure 4-4, that the shear 
mode traction plane and normal mode traction plane represent the pure mode II and 
pure mode I loading cases respectively. The shaded plane in the middle represents the 
TSL of mixed mode case. The dash curve on the top is decided by the damage criterion. 
As discussed in damage criteria section, it is better at this early stage to set 𝜏𝑚𝑎𝑥  equal 
to 𝜍𝑚𝑎𝑥  to make the damage criterion independent from mode mixity ratio. As shown in 
Figure 4-4, if 𝜏𝑚𝑎𝑥  is not equal to  𝜍𝑚𝑎𝑥 , with different mode mixity ratio 𝛽𝐴 , the 
maximum effective stress 𝑆𝑚𝑎𝑥  will be a function of mode mixed  ratio 𝛽𝐴, and it is 
more complicated to calculate maximum stress for each pure mode. Uneven 𝜏𝑚𝑎𝑥  and 
 𝜍𝑚𝑎𝑥  vases are considered later in next section. The dash curve on the bottom 
represents the final failure separation and it is determined by the delamination 
propagation prediction laws. This curve can be mode mixity ratio 𝛽𝐴  independent or 
dependent and it all depends on the different laws used in delamination propagation 
prediction. 
 
Figure 4-4: Illustration of Mixed Mode Response in Cohesive Elements 
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When mode independent law or B-K law or Power law is used to predict the 
delamination propagation, the total fracture toughness can be determined, and then the 
final failure separation is known. When under pure loading conditions, effective TSL 
will follow pure mode TSL, just like the un-shadowed triangle shape within shear mode 
and normal mode planes. When under mixed mode loading condition, the effective 
traction separation relationship follows the TSL in mixed mode plane. The angles 
between mixed mode plane and shear mode and normal mode planes are determined by 
the mode mixity ratio 𝛽𝐴 . As discussed above, damage criterion and delamination 
propagation prediction can all depend on the mode mixity ratio 𝛽𝐴, so how this ratio is 
decided is one of the key features in the whole simulation. Figure 4-5 illustrates a 2D 
projection of mixed mode TSL in normal and shear mode planes to help understanding 
how mixed mode TSL works. 
 
Figure 4-5: 2D Projection of Mixed Mode TSL 
Chapter 4 Cohesive Element 
83 
 
As shown in Figure 4-5(a), the line OM represents the projection of mixed mode TSL 
plane in the 2D coordinate in Figure 4-4 and the triangle shape in Figure 4-5(b) 
represents the mixed mode TSL. In pure normal mode plane, OB’N’ represents the pure 
mode I TSL when under pure mode I loading case, while OA’S’ represents the pure 
mode II TSL when under pure mode II loading case in pure shearing mode plane. The 
areas under OA’S’ and OB’N’ are the fracture toughness for each single pure mode 𝐺𝐼𝐼𝐶  
and 𝐺𝐼𝐶 . OAS and OBN represent the effective TSL when under mixed mode loading 
condition and the areas under OAS and OBN are the final maximum ERR for each 
mode 𝐺𝐼𝐼𝑚𝑎𝑥  and 𝐺𝐼𝑚𝑎𝑥 .  
And the relationship between the maximum total ERR 𝐺𝑚𝑎𝑥  and maximum ERRs of 
each mode is given by, 
𝐺𝑚𝑎𝑥 = 𝐺𝐼𝐼𝑚𝑎𝑥 + 𝐺𝐼𝑚𝑎𝑥  (4.48) 
In simulation, some of the parameters shown in Figure 4-5 are required as input data 
while others are calculated based on the relationship between mixed mode and each 
pure mode cases as shown in Figure 4-5. The input parameters are penalty stiffness 𝐾, 
maximum stress for each pure mode case 𝜏𝑚𝑎𝑥  and 𝜍𝑚𝑎𝑥 , fracture toughness for each 
single pure mode 𝐺𝐼𝐼𝐶  and 𝐺𝐼𝐶 , damage criteria and delamination propagation prediction 
law. And one more parameter which the mode mixity ratio 𝛽𝐴 is also can be considered 
as known, so all the other parameters of mixed mode can be calculated now.  
Actually the mode mixity ratio 𝛽𝐴 is determined by the simulation itself at the beginning 
stage. For instance, at any loading condition (mixed mode cases), the whole simulation 
is divided into many steps, the increments of loading between each steps can be even or 
uneven. At the beginning stage of the simulation (before the onset point), after a few 
steps is finished, the mode mixity ratio can be calculated by the simulation results so far 
by measuring the separation in normal and shearing directions.  
4.3.3.1 Linear Increasing Part Derivation of TSL 
When a damage criterion is known the mixed mode penalty stiffness 𝐾, maximum stress 
for mixed mode case 𝑆𝑚𝑎𝑥  can be calculated. All discussions above are based on same 
penalty stiffness  𝐾  and maximum stress 𝜏𝑚𝑎𝑥  and 𝜍𝑚𝑎𝑥 for each pure mode case for 
simplification purpose. Here in this section, the derivation based on uneven penalty 
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stiffness 𝐾 and maximum stress 𝜏𝑚𝑎𝑥  and 𝜍𝑚𝑎𝑥  for each pure mode case is given. At 
any step before onset point, the effective stress for mixed mode is given by, 
𝑆2 = 𝜏2 + 𝜍2 (4.49) 
Where, 
𝑆 = 𝐾𝑚𝛿𝑚  (4.50) 
𝜏 = 𝐾𝑠𝛿𝑠 (4.51) 
𝜍 = 𝐾𝑛𝛿𝑛  (4.52) 
Substituting Equations 4.30, 4.50, 4.51 and 4.52 into Equation 4.49, Equation 4.49 can 
be written as, 
(𝐾𝑚𝛿𝑚 )
2 = (𝐾𝑠𝛽𝐴𝛿𝑛)
2 +  𝐾𝑛𝛿𝑛 
2 = (𝐾𝑠
2𝛽𝐴
2 + 𝐾𝑛
2)𝛿𝑛
2 (4.53) 
Where, 
𝛿𝑚
2 = 𝛿𝑠
2 + 𝛿𝑛
2 = (1 + 𝛽𝐴
2)𝛿𝑛
2
 (4.54) 
So Equation 4.53 can be re-written as, 
𝐾𝑚
2  1 + 𝛽𝐴
2 𝛿𝑛
2 = (𝐾𝑠
2𝛽𝐴
2 + 𝐾𝑛
2)𝛿𝑛
2 (4.55) 
So the penalty stiffness for mixed mode is given by, 
𝐾𝑚 = (
𝐾𝑠
2𝛽𝐴
2 + 𝐾𝑛
2
1 + 𝛽𝐴
2 )
1
2  (4.56) 
It can be seen from Equation 4.56, that when penalty stiffness for pure mode are not the 
same, penalty stiffness for mixed mode becomes a function of 𝛽𝐴  and pure modes 
penalty stiffnesses. And when penalty stiffnesses for pure modes are same, the penalty 
stiffness for mixed mode will be equal to the penalty stiffness of each pure mode.  
Next, the relation between pure modes maximum stresses and mixed mode maximum 
interaction stress is derived. With Quads is used as damage criterion and it is given by, 
 
𝜏
𝜏𝑚𝑎𝑥
 
2
+  
𝜍
𝜍𝑚𝑎𝑥
 
2
= 1 (4.57) 
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By substituting Equations 4.30, 4.51 and 4.52 into Equation 4.57, Equation 4.57 can be 
written as, 
 
𝐾𝑠𝛽𝐴𝛿𝑛
0
𝜏𝑚𝑎𝑥
 
2
+  
𝐾𝑛𝛿𝑛
0
𝜍𝑚𝑎𝑥
 
2
= 1 (4.58) 
So the effective normal separation at onset point is given by, 
𝛿𝑛
0 =   
𝐾𝑠𝛽𝐴
𝜏𝑚𝑎𝑥
 
2
+  
𝐾𝑛
𝜍𝑚𝑎𝑥
 
2
 
−1
2 
 (4.59) 
So the effective shearing separation at onset point is given by, 
𝛿𝑠
0 = 𝛽𝐴𝛿𝑛
0 = 𝛽𝐴   
𝐾𝑠𝛽𝐴
𝜏𝑚𝑎𝑥
 
2
+  
𝐾𝑛
𝜍𝑚𝑎𝑥
 
2
 
−1
2 
 (4.60) 
By substituting Equation 4.59 into Equation 4.53, the effective stress is given by, 
𝑆 = (𝐾𝑠
2𝛽𝐴
2 + 𝐾𝑛
2)   
𝐾𝑠𝛽𝐴
𝜏𝑚𝑎𝑥
 
2
+  
𝐾𝑛
𝜍𝑚𝑎𝑥
 
2
 
−1 2 
 (4.61) 
By doing reduction to common denominator and simplification on Equation 4.61, 
Equation 4.61 can be re-written as, 
𝑆0 =  (𝐾𝑠
2𝛽𝐴
2 + 𝐾𝑛
2)
𝜏𝑚𝑎𝑥
2 𝜍𝑚𝑎𝑥
2
𝜍𝑚𝑎𝑥2 𝐾𝑠2𝛽𝐴
2 + 𝜏𝑚𝑎𝑥2 𝐾𝑛2
 
1
2 
 (4.62) 
It can be seen from Equation 4.62, when the maximum stresses 𝜏𝑚𝑎𝑥  and 𝜍𝑚𝑎𝑥  for each 
pure mode case are the same, the maximum effective interaction stress for mixed mode 
is also the same with each pure mode and becomes mode mixity independent. 
So as discussed above, penalty stiffness 𝐾 and maximum stress 𝜏𝑚𝑎𝑥  and 𝜍𝑚𝑎𝑥  for each 
pure mode case are always set to be the same for simplification purpose. 
4.3.3.2Descending Part Derivation of TSL 
When the elastic linear increasing part of TSL are all known, the derivations of TSL in 
descending part are needed to be done. From Equations 4.31 and 4.45, the onset 
separation 𝛿𝑚
0  and the final failure separation 𝛿𝑚
𝑓
 can be calculated. As known that, at 
any step in the simulation, stress and separation relationship between mixed mode and 
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pure modes are always satisfied with Equations 4.26 and 4.27. The effective maximum 
stress and separation for each pure mode can be calculated as, 
 𝛿𝑚
0  2 =  𝛿𝑠
0 2 +  𝛿𝑛
0 2 (4.63) 
By substituting Equation 4.30 into Equation 4.63, Equation 4.63 can be re-written as, 
 𝛿𝑚
0  2 =  𝛽𝐴𝛿𝑛
0 2 +  𝛿𝑛
0 2 (4.64) 
So the effective onset separations for pure modes are given by, 
𝛿𝑛
0 =  
1
1 + 𝛽𝐴
2 𝛿𝑚
0  (4.65) 
𝛿𝑠
0 =  
𝛽𝐴
2
1 + 𝛽𝐴
2 𝛿𝑚
0  (4.66) 
By substituting Equation 4.30 into final failure separation relationship, it is known that, 
 𝛿𝑚
𝑓  
2
=  𝛽𝐴𝛿𝑒𝑓𝑓
𝑓𝑠  
2
+  𝛿𝑒𝑓𝑓
𝑓𝑛  
2
 (4.67) 
So the effective final failure separations for pure modes are given by, 
𝛿𝑒𝑓𝑓
𝑓𝑛
=  
1
1 + 𝛽𝐴
2 𝛿𝑚
𝑓
 (4.68) 
𝛿𝑒𝑓𝑓
𝑓𝑠
=  
𝛽𝐴
2
1 + 𝛽𝐴
2 𝛿𝑚
𝑓
 (4.69) 
By substituting Equation 4.30 into onset stress relationship, it is known that 
 𝑆𝑚𝑎𝑥  
2 =  𝛽𝐴𝜍𝑒𝑓𝑓
𝑚𝑎𝑥  
2
+  𝜍𝑒𝑓𝑓
𝑚𝑎𝑥  
2
 (4.70) 
So the effective onset stresses for pure modes are given by, 
𝜍𝑒𝑓𝑓
𝑚𝑎𝑥 =  
1
1 + 𝛽𝐴
2 𝑆𝑚𝑎𝑥  (4.71) 
𝜏𝑒𝑓𝑓
𝑚𝑎𝑥 =  
𝛽𝐴
2
1 + 𝛽𝐴
2 𝑆𝑚𝑎𝑥  (4.72) 
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Penalty stiffnesses in descending part are given by, 
𝐾𝑚𝑑 =
−𝑆𝑚𝑎𝑥
𝛿𝑚
𝑓 − 𝛿𝑚0
 (4.73) 
𝐾𝑠𝑑 =
−𝜏𝑒𝑓𝑓
𝑚𝑎𝑥
𝛿𝑒𝑓𝑓
𝑓𝑠 − 𝛿𝑠0
 (4.74) 
𝐾𝑛𝑑 =
−𝜍𝑒𝑓𝑓
𝑚𝑎𝑥
𝛿𝑒𝑓𝑓
𝑓𝑛 − 𝛿𝑛0
 (4.75) 
By substituting Equations 4.65, 4.68 and 4.71 into Equation 4.75, Equation 4.75 can be 
written as,  
𝐾𝑛𝑑 =
−𝜍𝑒𝑓𝑓
𝑚𝑎𝑥
𝛿𝑒𝑓𝑓
𝑓𝑛 − 𝛿𝑛0
=
− 
1
1+𝛽𝐴
2 𝑆𝑚𝑎𝑥
 
1
1+𝛽𝐴
2 𝛿𝑚
𝑓 −  
1
1+𝛽𝐴
2 𝛿𝑚
0
= 𝐾𝑚𝑑  (4.76) 
By substituting Equations 4.66, 4.69 and 4.72 into Equation 4.74, Equation 4.74 can be 
written as,  
𝐾𝑠𝑑 =
−𝜏𝑒𝑓𝑓
𝑚𝑎𝑥
𝛿𝑒𝑓𝑓
𝑓𝑠 − 𝛿𝑠0
=
− 
𝛽𝐴
2
1+𝛽𝐴
2 𝑆𝑚𝑎𝑥
 
𝛽𝐴
2
1+𝛽𝐴
2 𝛿𝑚
𝑓 −  
𝛽𝐴
2
1+𝛽𝐴
2 𝛿𝑚
0
= 𝐾𝑚𝑑  (4.77) 
So the penalty stiffness for both mixed mode and pure modes are the same within 
descending part the TSLs. 
𝐾𝑚𝑑 = 𝐾𝑠𝑑 = 𝐾𝑛𝑑 =
−𝑆𝑚𝑎𝑥
𝛿𝑚
𝑓 − 𝛿𝑚0
 (4.78) 
4.3.4 ERR Calculations 
Strain ERR (or ERR) is the energy dissipated during fracture per unit of newly created 
fracture surface area. It is one of the most important results needed to be measured in 
the delamination propagation predictions. In all mixed mode and pure mode cases, 
before the stress reaches the onset point in TSL, there is only strain ERR which defined 
as SENER. And when the loadings carry on increasing, the separation gets over the 
onset point and the stresses start decreasing and some of energy is dissipated during 
delamination propagation which is defined as DMENER as shown in Figure 4-6. 
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Figure 4-6: DMENER and SENER against Separation 
As shown in Figure 4-6, the upper triangle represents the DMENER while the lower 
triangle is the SENER. Point B is at the current loading condition, with loading 
increasing in the whole process, point B starts moving from O towards A and then from 
A to final failure point. When in OA part, there is no damage formed, so only SENER is 
working in the element. When loading is after point A, damage in the element starts 
forming. When the loading is big enough to reach the final failure point, the whole 
element is totally damaged, so there is no SENER anymore, and the whole triangle 
represents the amount of energy dissipated during the whole damage process until a new 
crack tip is formed. And the area of DMENER is just equal to the fracture toughness. 
As Abaqus 6.11 can only output SENER and DMENER directly, but not individual 
mode ERRs, it is necessary to manually post-process to calculate the ERRs for the mode 
I and mode II. 
 
Figure 4-7: Mode ERRs 
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As shown in Figure 4-7, in the whole simulation procedure, the individual mode ERRs 
can be calculated by dividing the whole area into small trapezoidal areas. As mentioned 
above, the whole loading is applied in many steps with even or uneven increments, so 
the stresses and separations at any step can be outputted from Abaqus and they are 𝑆𝑖  
and 𝛿𝑖 , so the area of every single trapezoid can be calculated as, 
𝐴𝑖 = 𝑆 × ∆𝛿 =
𝑆𝑖+𝑆𝑖−1
2
× (𝛿𝑖 − 𝛿𝑖−1) (4.79) 
It should be noted that for the first step, the original stress and separation are 0, so the 
area of the first step is not trapezoid but triangle. So whole area is given by, 
𝐴𝑡 =  𝐴𝑖
𝑖
1
 (4.80) 
Where 𝑖  is number of step. This whole process is finished within other mathematic 
software. For more accurate results, smaller increasements and more steps are required. 
4.4 Pure Cohesive Element Validations 
Here in this section, a pure cohesive element test is given to be compared with the 
analytical calculation. As shown in Figure 4-8, a set of pure cohesive elements are built 
in Abaqus, the bottom of the cohesive elements are fixed. For pure mode I and pure 
mode II case tests, only y or x direction displacement is applied respectively. For mixed 
mode test, both y and x direction displacements are applied at the same time with a 
randomly given mode mixity value. 
 
Figure 4-8: Pure Cohesive Element Test 
200 even increment steps are applied for both pure mode tests and mixed mode test. 
Shearing stress, normal stress, y direction displacements, x direction displacements, 
DEMNER and SENER are outputted from Abaqus. All simulation parameters are given 
in Table 4-1. 
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Table 4-1: Parameters for Pure Cohesive Element Test 
Thickness 0.001 mm Max Normal Stress 1×106  N/m2 
Length 50 mm Shearing Penalty Stiffness 𝐾𝑠 1×10
11
  N/m
3
 
Meshing Size 500x1 Normal Penalty Stiffness 𝐾𝑁  1 ×10
11
  N/ m
3
 
Damage Criterion Quads Shearing Fracture Toughness 𝐺𝐼𝐼𝐶  30 N/m 
Max Shearing Stress 1×106  N/m2 Normal Fracture Toughness 𝐺𝐼𝐶  30 N/m 
Width 10 mm Delamination Prediction Law Power Law  (α=2) 
4.4.1 Pure Mode Test 
From Equations 4.13 and 4.14, the onset separation for pure mode II 𝛿𝑠
0 and mode I 𝛿𝑛
0 
can be calculated. And from Equations 4.19 and 4.20, the final failure separation for 
pure mode II 𝛿𝑠
𝑓
and mode I 𝛿𝑛
𝑓
can be calculated. So penalty stiffness for descending 
𝐾𝑠𝑑  and 𝐾𝑛𝑑  are known. All these 6 items are listed in Table 4-2. 
Table 4-2: Analytical Calculation Results for Pure Mode Test 
Analytical Calculation Results 
𝛿𝑠
0 1×10-5 m 𝛿𝑠
𝑓
 6×10
-5
 m 𝐾𝑠𝑑  -2×10
10
 N/m
3
 
𝛿𝑛
0 1×10-5 m 𝛿𝑛
𝑓
 6×10
-5
 m 𝐾𝑛𝑑  -2×10
10
 N/m
3
 
Results from Abaqus are recorded and presented in Figures 4-9 and 4-10. 
 
Figure 4-9: Stress against Separation for both Pure Mode I and Mode II 
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Figure 4-10: ERR against Separation for both Pure Mode I and Mode II 
Figure 4-9 and Figure 4-10 are presenting both pure mode I and mode II, because all the 
parameters for pure mode I and mode II tests are exactly the same. Results from Abaqus 
are also proving that results for both pure mode I and mode II are the same. From 
Figure 4-9, it can be seen that the stress increased linearly at the beginning stage and 
reached the onset point when separation is 1 × 10-5
 
m which is just the same with 
analytical calculation. Then stress starts decreasing linearly when separation is over 
onset point and reduced to 0 when the separation is closing to 6×10-5
 
m which the final 
failure separation from analytical calculation. Results shows exact the same prediction 
from analytical calculation.  
Figure 4-10 shows the variation of DMENER, SENER and 𝐺𝐼 (𝐺𝐼𝐼) ERR in the whole 
processing. Before the separation reached the onset point (1×10-5
 
m), there is no damage 
in the cohesive element, so DMENER is 0 and pure mode ERR is just equal to the 
SENER. When the separation is over onset point, damage starts formed, so DMENER 
increased and pure mode ERR is equal to the sum of SENER and DMENER. When 
separation approaching to the final failure point, SENER became 0 and all energy is 
dissipated in the new crack propagation process, so the pure mode ERR is just equal to 
the DMENER. 
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4.4.2 Mixed Mode Test 
For pure mode tests, the separation can be applied directly as the final failure separation, 
but in mixed mode test, it is more complicated to apply the separation. As discussed 
above, in mixed mode case, with Quads being used as damage criterion, none of pure 
mode maximum stresses can reach their maximum values. The maximum values they 
can reach are decided by the mode mixity ratio 𝛽𝐴. By substituting Equations 4.30, 4.15 
and 4.16 into Equation 4.1, Equation 4.1 can be written as, 
 
𝜍𝑒𝑓𝑓
𝑚𝑎𝑥
𝜍𝑚𝑎𝑥
 
2
+  
𝛽𝐴𝜍𝑒𝑓𝑓
𝑚𝑎𝑥
𝜏𝑚𝑎𝑥
 
2
= 1 (4.81) 
As 𝜍𝑚𝑎𝑥  and  𝜏𝑚𝑎𝑥  are the same that in pure mode tests which is given in Table 4-1. So 
the effective maximum normal stress and shear stress in mixed mode are given by, 
𝜍𝑒𝑓𝑓
𝑚𝑎𝑥 =  
1
1 + 𝛽𝐴
2 × 𝜍𝑚𝑎𝑥  (4.82) 
𝜏𝑒𝑓𝑓
𝑚𝑎𝑥 =  
𝛽𝐴
2
1 + 𝛽𝐴
2 × 𝜏𝑚𝑎𝑥  (4.83) 
Here a random mode mixity ratio is chosen as 0.75, so the effective maximum normal 
and shearing stresses in mixed mode are known from Equations 4.82 and 4.83. And the 
effective stress for mixed mode is also known. From Equations 4.28 and 4.29, the 
effective pure mode onset separations are known. As Power law is used as delamination 
propagation prediction law, the total fracture toughness for mixed mode can be 
calculated from Equation 4.41. So the final failure separation for mixed mode is known 
from Equation 4.45. Finally, the effective final failure separations for pure modes are 
known from Equations 4.68 and 4.69. All these analytical calculation results are listed 
in Table 4-3. 
Table 4-3: Analytical Calculation Results for Mixed Mode Test 
Analytical Calculation Results 
𝜍𝑒𝑓𝑓
𝑚𝑎𝑥  8×105 N/m2 𝛿𝑛
0 8×10-6 m 𝛿𝑒𝑓𝑓
𝑓𝑛
 6.5×10
-5
 m 
𝜏𝑒𝑓𝑓
𝑚𝑎𝑥  6×105 N/m2 𝛿𝑠
0 6×10-6 m 𝛿𝑒𝑓𝑓
𝑓𝑠
 4.9×10
-5
 m 
𝑆0 1×106 N/m2 𝐺𝐶  40.9 N/m 𝛿𝑚
𝑓
 8.2×10
-5
 m 
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So within the simulation, a mixed mode separations on the top edge of cohesive element 
are applied as y direction separation is equal to 6.5 × 10−5 m while the x direction 
separation is equal to 4.9 × 10−5 m. Results from Abaqus are recorded and presented 
here in Figures 4-11 and 4-12. 
 
Figure 4-11: Pure Modes and Effective Interaction Stresses against Separation 
 
Figure 4-12: ERR against Separation 
Similar to the pure mode test, mixed mode tests in Abaqus gave the exact same results 
with analytical calculation. Analytical calculation predicted the maximum stresses of 
mixed mode, mode I and mode II are 1×106 N/m2, 0.8×106 N/m2 and 0.6×106 N/m2 
respectively which have a excellent agreement with simulation results as shown in 
Figure 4-11. After Quads equation is satisfied which means the separation reaches the 
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onset point, stresses of mixed mode and pure modes all started decreasing. The final 
failure separation of mixed mode from Abaqus is 8.2 ×10-5 m, which agreed very well 
with prediction. When separation of mixed mode reached to final failure point, the 
effective final failure separation of modes I and II are 6.5×10-5 m and 4.9 ×10-5 m 
which also match with prediction very well. As predicted from Equation 4.78, the 
penalty stiffness in descending part of mixed mode and pure modes should be the same. 
It can be seen from Figure 4-11 that, the descending parts of mixed mode and pure 
mode are parallel to others which means the penalty stiffnesses in descending part are 
the same as predicted. Figure 4-12 represents the ERR against separation of mixed 
mode. Same as the pure modes, before separation reaches onset point, there is no 
damage in the element, so the total ERR 𝐺 is equal to the SENER. When separation is 
over onset point, damage started formed in the element and the total ERR𝐺 is equal to 
the sum of DMENER and SENER. When separation reached to the final failure point, 
the element has been totally damaged, so there is no SENER in the element and the total 
ERR𝐺 is equal to the DMENER. Results from both pure mode and mixed mode tests 
are showing very good agreement with analytical calculation.  
4.5 Investigations of Penalty Stiffness 
Pure cohesive element tests show that cohesive element implemented within Abaqus is 
working very well. Here in this section, cohesive element is tested implanted with DCB. 
Some more test with different interface stiffness are carried out. Results from different 
interface stiffness show different agreement with analytical calculations. So an 
investigation of how interface stiffness affects modes partitions is carried out. Figure 4-
13 presents a DCB test specimen. 
 
Figure 4-13: Test Specimen Geometries 
As shown in Figure 4-13, the test specimen is DCB with only one moment applied on 
upper beam. The penalty stiffness of mode I and II is set to be same and varied from 
1×1011 to 1×1018. And all other simulation parameters are given in Table 4-4. 
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Table 4-4: Parameters of Simulation 
Total Beam Length 𝐿 120 mm Poisson Ratio 𝜈12  0.3 
Width of Beams 𝐵 1 mm Total Fracture Toughness 𝐺𝐶  200 N/m 
Thicknesses of Beams 𝑕1  𝑕2 3 mm Max Normal Stress 𝜍𝑚𝑎𝑥  4.5×10
7
 N/m
2
 
Pre-set Crack Length 𝑎 60 mm Max Shearing Stress 𝜏𝑚𝑎𝑥  4.5×10
7
 N/m
2
 
Young‟s Modulus 𝐸11  5×10
10
 N/m
2
 Penalty Stiffness 𝐾 Varying 
There are many kind of delamination propagation prediction laws can be used, such as 
B-K Law and Power law to calculate the total fracture toughness for mixed mode. But 
most of these laws are based on fracture toughness of pure modes being known and they 
are dependent on the mode mixity ratio. Here in this set of tests, none of the pure modes 
fracture toughness is known, but only the total fracture toughness of mixed mode is 
given and fixed, so the mode independent law is used to predict the delamination 
propagation. With mode independent law being used, the ERRs from mode I and mode 
II are summed together directly and it is independent from the mode mixity ratio. With 
load becomes bigger and bigger, when the sum of ERR from mode I and mode II is 
equal to the total fracture toughness, new crack just forms and the simulation will abort. 
Each beam of this specimen is meshed with 1200 by 30 Quad4 elements, while the 
meshing of interface is finer and it is meshed into 2400 element with 2D cohesive 
element. Results from simulation are recorded and listed in Table 4-5. The analytical 
results are calculated from Wang-Harvey's mixed mode partition theory with non-rigid 
interface within the context of Timoshenko beam theory (77) and (78). 
Table 4-5: Results from Simulation with Different Penalty Stiffness 
𝐾 (N/m3) 𝐺𝐼 (N/m) 𝐺𝐼𝐼  (N/m) 𝐺 (N/m) Final Load (Nm) 
Analytical 114.307 85.701 200.008 226.8 
5×1012 116.8615 83.77711 200.63858 229.4504 
1×1013 120.5926 78.54847 199.16424 226.5804 
1×1014 128.1970 70.85358 199.08009 226.7004 
1×1015 129.7246 69.21474 198.98569 226.5204 
1×1016 128.8594 68.51277 197.13154 225.6146 
1×1017 130.1516 68.89814 198.73170 226.5228 
1×1018 13.75909 6.966674 13.75909 76.14 
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Results from Table 4-5 shows that with penalty stiffness increased, the final loads from 
each case are very close to each other which is about 226.5 Nm exception for the 
𝐾 = 1 × 1018  case. When the penalty stiffness is too big compared to the Young‟s 
modulus of beams, there is numerical error with the simulation. Just like 𝐾 = 1 × 1018  
case shows, when the load in only increased to 76 Nm, the simulation just aborted due 
to numerical errors. At this moment, the mode I and mode II ERRs are only 13.76 N/m 
and 6.97 N/m respectively and the total ERR is only 13.76 N/m which is far away from 
pre-set total fracture toughness for mixed mode. So results from this case are definitely 
wrong due to numerical error and it is not considered. So when the total fracture 
toughness is set to 200 N/m, the maximum load can be applied on the DCB specimen is 
about 226.5 Nm.  
Results from Table 4-5 are also showing that with penalty stiffness increased, the 
partitions of mode I ERR and mode II ERR varied obviously. Mode I ERR 𝐺𝐼 increased 
when penalty stiffness is bigger while Mode II ERR 𝐺𝐼𝐼  decreased. But the total ERR of 
mixed mode keeps the same with different penalty stiffness. The reason for this is 
investigated here.  
How does penalty stiffness affect the shape of mixed mode TSL is needed to be carried 
out first. As known, the total fracture energy and maximum effective interaction stress 
of mixed mode are given and fixed. As the maximum normal stress and shear stress are 
set to be same, so the effective maximum interaction stress is equal either one of them. 
So the final failure separation is known from Equation 4.42 and the onset separation can 
be calculated from Equation 4.31. Here in this set of tests, the TSL shape is chosen as 
bi-linear. So with different penalty stiffness, the shapes of TSL are triangles and the 
areas under these triangles are the same as it is equal to the total fracture toughness. And 
the onset separations can decide the peak points of each TSL. There is one condition 
needed to be pay attention to which is when the penalty stiffness is smaller than a value, 
the TSL shape will be in linear elastic increasing part all the time and this value can be 
calculated  from Equation 4.84. 
𝐾 =
2𝐺𝑐
𝑆𝑚𝑎𝑥2
 (4.84) 
Here in this set of test, when the penalty stiffness is chosen as 5×1012 N/m3 and it is 
smaller than the value from Equation 4.84, so the TSL shape is in linear elastic 
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increasing part all the time. For different penalty stiffness, TSL shapes are presented in 
Figure 4-14. 
 
Figure 4-14: TSL Shapes with Different Penalty Stiffness 
As shown in Figure 4-14, with different penalty stiffness applied, the linear elastic 
increasing part of TSL shapes are also different. Generally, with the penalty stiffness 
becomes bigger and bigger, the linear elastic increasing part becomes smaller and 
smaller, until the TSL is almost within the linear descending parts. At the same time, the 
mode misty ratios of each case are also recorded and presented here in Figure 4-15. 
 
Figure 4-15: Mode Mixity Ratio against Separation from Each Case 
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Here in Figure 4-14 and Figure 4-15 only the first 6 cases are presented, this is because 
when the penalty stiffness is bigger that 1×1015, the TSL shapes and mode mixity ratio 
curves are almost the same with those from 1×1015 case. So for clearness purpose, cases 
1×1016 and 1×1017 are not presented here. Here in these two figures, TSL shapes and 
mode mixity ratio curves are displayed with same colours. It can be seen from Figure 4-
14 and Figure 4-15 that after the separation reaches the onset point, effective interaction 
stress starts decreasing and the mode mixity ratio becomes smaller and smaller at the 
same time. While only the mode mixity ratio of 5×1012 case is a constant and this is 
because the whole simulation is in linear elastic increasing part of TSL all the time. 
With the penalty stiffness becomes bigger and bigger, the mode mixity ratio start 
decreases earlier and earlier corresponding to the onset separation and the final value of 
mode mixity ratio is much smaller than the constant value. All calculation above are 
based on the assumption of mode mixity ratio being constant as shown in Figure 4-5, 
but results from simulations are showing that mode mixity ratio is constant only within 
linear increasing part and after the separation is bigger than onset point, mode mixity 
ratio start decreased, so Figure 4-5 is needed to be modified and shown in Figure 4-16. 
Figure 4-16 represents three kinds of mixed mode TSL shapes and its corresponding 2D 
projections with different penalty stiffness. One case is setting penalty stiffness to small 
value to let the whole simulation processing within linear increasing part. While another 
case is setting penalty stiffness to big value to let the whole simulation processing 
within descending part. And the last case is setting penalty stiffness to normal values to 
let the simulation processing within both linear increasing and descending parts of TSL. 
In Figure 4-16(b), triangle OTM, OT1M and OT2M represent the TSL shapes of small, 
normal and big penalty stiffness respectively. In Figure 4-16(a),OM is always the plane 
projection in 2D coordinate based on constant mode mixity ratio. So in Figure 4-16(a), 
triangle OBN, OB1N and OB2N represent the effective TSL shapes of mode I with small, 
normal and big penalty stiffness respectively and the areas under these triangles 
represent the mode I ERR and these areas are equal to each other as they have same 
maximum stress and final failure separation. And in Figure 4-16(a), triangle OAS, OA1S 
and OA2S represent the effective TSL shapes of mode II with different penalty stiffness 
and the areas under these triangles represent the mode II ERR. These areas are equal to 
each other as they have same maximum stress and final failure separation.  All these 
TSL shapes are based on constant mode mixity ratio. But the in the 'real' simulation, the 
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mode mixity ratios are not constant as shown in Figure 4-16(a). So the 'real' mixed 
mode plane projection on 2D coordinate becomes OM, OM1 and OM2 of small, normal 
and big penalty stiffness respectively. So the effective TSL shapes of mode I become 
OBN, OB1N1 and OB2N2 of small, normal and big penalty stiffness respectively. The 
maximum stress for each case are still the same, but the final failure separations are 
different, so the areas under these TSL shapes which represents the mode I ERR are 
also different. Similar situation for mode II, the effective TSL shapes become OAS, 
OA1S1 and OA2S2 of small, normal and big penalty stiffness respectively. The maximum 
stress for each case are still the same, but the final failure separations are different, so 
the areas under these TSL shapes which represents the mode II ERR are also different. 
 
Figure 4-16: 2D Projection of TSL with Different Penalty Stiffness 
It can be seen from Figure 4-16 that, for small penalty stiffness, the whole simulation is 
within linear increasing part and the results are exactly the same with analytical 
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calculation. With penalty stiffness being increased bigger and bigger, the simulation 
processing stays in linear increasing part less and less, but more and more time in 
descending part. So the 'real' TSL shape is different from ideal TSL shape more and 
more, so the results are also different from analytical calculation more and more. When 
the penalty stiffness is very big, the whole simulation can be considered within 
descending part and the mode mixity ratio keeps decreasing until to the final failure. So 
the results are different from analytical calculation which is based on ideal TSL shape. 
With mode mixity ratio becomes smaller and smaller, the projection on mode I becomes 
bigger and bigger while the projection on mode II becomes smaller and smaller leading 
to bigger mode I final failure separation and smaller mode II final failure separation. As 
the maximum stress of mode I is fixed, so the area under the TSL triangle of mode I 
which represents the mode I ERR is becoming bigger and bigger. On the other hand, the 
area under the TSL triangle of mode II which represents the mode II ERR is becoming 
smaller and smaller. This can be observed from Table 4-5. In general, how penalty 
stiffness affects the ERR partitions can be summed up now. With different value of 
penalty stiffness, shapes of TSL in mixed mode are also different. Smaller penalty 
stiffness leads to bigger linear increasing part of TSL shape and simulation processing 
stays in linear increasing part longer, then mode mixity ratio keeps constant longer,  
then effective TSL shapes of mode II and mode I are closer to ideal ones, leading results 
being closer to analytical calculation.  
According to the work of Camanho (73) and the manual of Abaqus, mode mixity in 
mixed mode should be constant in the whole loading processing. But based on the 
observation from Abaqus simulations results, the mode mixity is not constant. This is an 
absolutely conflict of the software itself, so there must be some problem of the software 
when simulation is under mixed mode loading conditions with bi-linear TSL. Reasons 
for this problem is not clear now and needed to be investigated in further works. 
4.6 Conclusion 
A full detailed introduction of cohesive element method has been given in this chapter 
which can be used for delamination propagation prediction. Some fundamental 
background knowledge is given about damage criteria and TSLs. 
Fully detailed derivations of bi-linear TSL are presented as it is applied for non-rigid 
interface in FEM simulations. Pure modes delamination TSLs are introduced first. Then 
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mixed mode TSL is given with full information of onset predictions, delamination 
propagation prediction, fracture energy law and effective interaction stress. In the last 
part of introduction, relationship between pure modes and mixed mode is given in both 
linear increasing and descending part of TSL. 
After introduction, pure cohesive element test is carried out with FEM simulations. Pure 
cohesive elements are modelled in Abaqus. With bottom of cohesive elements is fixed 
and separations (displacements) are applied on the top of cohesive elements according 
to pure modes and mixed mode. FEM simulation results are compared with analytical 
derivation results. Excellent agreements are observed in the comparisons. The onsets of 
damage and delamination propagation are successfully predicted by analytical TSL 
derivation. 
After bi-linear TSL is validated with pure cohesive element, cohesive element is 
implemented with DCB for further investigations. In the tests, different penalty 
stiffnesses are used to find out how penalty stiffness affects the total ERR and mode 
partitions. Results shows that total ERR from simulations are the same with analytical 
calculation, which are independent from penalty stiffness, while the modes partitions 
are different with different penalty stiffness. Results from smaller penalty stiffness case 
show better agreement with analytical calculation while bigger penalty stiffness gives 
worse partitions.  
At last, how penalty stiffness affects the ERR partitions was investigated.  With 
different penalty stiffness, shapes of TSL in mixed mode are also different. Smaller 
penalty stiffness leads to bigger linear increasing part of TSL shape and simulation 
processing stays in linear increasing part longer. So mode mixity ratio keeps being 
constant longer and effective TSL shapes of mode II and mode I are closer to ideal ones, 
leading results being closer to analytical calculation. When bigger penalty stiffness is 
applied, opposite observation is achieved. Linear increasing part of TSL shape becomes 
smaller and the simulation processing stays in linear increasing part shorter. So mode 
mixity becomes smaller as well leading to smaller partition of mode II but bigger mode 
I partition. 
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Chapter 5 Mixed Modes Partition Theories of DCB with 
Non-Rigid Interface 
5.1 Introduction 
In Chapter 3, new mixed mode partition theories are developed for isotropic DCBs with 
rigid interface under pure bending moment loadings. These mixed mode partition 
theories are fully validated against numerical simulations. 
Then these mixed mode partition theories for rigid interfaces are extended to non-rigid 
cohesive interfaces for DCBs within the contexts of 2D elasticity theory based on 
Wang-Harvey's work within the contexts of Euler beam theory and Timoshenko beam 
theory. A new mixed mode partition theory is developed and axial forces are taken into 
consideration in this mixed mode partition theories for non-rigid interface DCBs. 
Within the context of 2D elasticity, a mixed mode partition theory is developed using 
the two sets of orthogonal pure modes from Euler beam theory with rigid interfaces and 
a powerful orthogonal pure mode methodology. Fully analytical partition theory are 
developed to calculate the ERR of the bending moment and axial force loading 
contribution and empirical formulas are developed to calculate the ERR of the shear 
force loading contribution with any interface stiffness and geometry. So with any 
loading conditions, interface stiffness and geometry, mode ERR and its partitions can be 
calculated without any FEM simulations. 
In this chapter, these mode partition theories are extended to layered isotropic DCB 
with non-rigid interfaces within contexts of Euler beam theory, Timoshenko beam 
theories and 2D elasticity.  
Within the context of Euler beam theory, it is shown that the two sets of orthogonal pure 
modes coincide at the first set of pure modes due to the absence of any crack tip stress 
singularity for a non-rigid interface. The total ERR in a mixed mode is then partitioned 
using this first set of pure modes without considering any „stealthy interaction‟. Within 
the context of Timoshenko beam theory, it is shown that the mode II component of ERR 
is the same as that in Euler beam theory while the mode I component is different due to 
the through thickness shear effect. If it is assumed that the crack separates 
monotonically, that is, no unloading or crack closure, the theories are also applicable to 
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non-rigid plastic interfaces with the dissipated plastic energy taken as part of the 
released energy.  
Within the context of 2D elasticity theory, the partition theory for rigid interfaces is 
extended to consider interface constitutive laws with both a linear elastic part with 
either a linear or non-linear softening part. The contexts of Euler beam theory and 
Timoshenko beam theory are developed by Wang-Harvey and they are the fundamental 
work of author's context of 2D elasticity theory, so they are presented here to produce a 
brief understanding. Then from the aspiration of contexts of Euler beam theory and 
Timoshenko beam theory and based on 2D elasticity theory, a new mixed mode 
partition theory is developed by author and it is introduced here in this chapter. 
The research work in this chapter and Chapters 6, 7 and 8 has been published in 
Engineering Fracture Mechanics (78). Also note that the beam partition theories in this 
chapter were developed in reference (77) which are also presented here for the 
convenience of readers. 
5.2 Brief Summary of Mode Partitioning with Rigid Interfaces 
Figure 5-1(a) (78) shows a DCB with its geometry and tip loadings. The crack influence 
zone extends to a point A, a ∆𝑎 distance ahead of the crack tip B.  Figure 5-1(b) only 
shows the sign convention of the interface normal stress  𝜍𝑛  and shear stress  𝜏𝑠 instead 
of any representative distribution within the crack influence zone.  
 
Figure 5-1: A DCB with Crack Influence Zone 
Beyond point A, the normal stress 𝜍𝑛  becomes zero and the shear stress 𝜏𝑠 is the same at 
that in a normal beam. Without considering the contribution from the crack tip shear 
forces 𝑃1𝐵 and  𝑃2𝐵 the ERR 𝐺
𝑅  can be written as, 
𝐺𝑅 =
1
2𝐸𝑏
 
𝑀1𝐵
2
𝐼1
+
𝑀2𝐵
2
𝐼2
−
1
𝐼
 𝑀1𝐵 + 𝑀2𝐵 −
𝑕2𝑁1𝐵𝑒
2
 
2
+  
1
𝐴1
−
1
𝐴
 𝑁1𝐵𝑒
2   (5.1) 
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In another form of, 
𝐺𝑅 =  𝑀1𝐵 𝑀2𝐵 𝑁1𝐵𝑒   𝐶  𝑀1𝐵 𝑀2𝐵 𝑁1𝐵𝑒  
𝑇  (5.2) 
Where, 
𝑁1𝐵𝑒 = 𝑁1𝐵 −
𝑁2𝐵
𝛾
 (5.3) 
Where 𝑏 is the width of the beam; 𝐸 is the Young‟s modulus; 𝑀1𝐵 and 𝑀2𝐵 are the two 
bending moments; 𝑁1𝐵  and 𝑁2𝐵  are the axial forces at crack tip B, the superscript R 
denoting rigid interfaces, and the other symbols have their usual meanings. 𝐺𝑅  is a 
quadratic form in terms of  𝑀1𝐵 , 𝑀2𝐵  and 𝑁1𝐵𝑒  with coefficient matrix [C] which is 
given by, 
𝐶 =
1
𝐸𝑏2𝑕1
3𝛾3(1 + 𝛾)3
 
12𝛾3  1 + 𝛾 3 − 1 −12𝛾3 6𝑕1𝛾
4
−12𝛾3 12  1 + 𝛾 3 − 𝛾3 6𝑕1𝛾
4
6𝑕1𝛾
4 6𝑕1𝛾
4 𝑕1
2𝛾4  1 + 𝛾 2 − 3𝛾 
  (5.4) 
It remains the same in Euler, Timoshenko beam theories and 2D elasticity theory.  
However, its modes partitions are different.  In Euler beam theory, the partitions are, 
𝐺𝐼𝐸
𝑅 = 𝑐𝐼𝐸  𝑀1𝐵 −
𝑀2𝐵
𝛽1
−
𝑁1𝐵𝑒
𝛽2
  𝑀1𝐵 −
𝑀2𝐵
𝛽1
′ −
𝑁1𝐵𝑒
𝛽2
′   (5.5) 
𝐺𝐼𝐼𝐸
𝑅 = 𝑐𝐼𝐼𝐸  𝑀1𝐵 −
𝑀2𝐵
𝜃1
−
𝑁1𝐵𝑒
𝜃2
  𝑀1𝐵 −
𝑀2𝐵
𝜃1
′ −
𝑁1𝐵𝑒
𝜃2
′   (5.6) 
In Timoshenko beam theory, the partitions are 
𝐺𝐼𝑇
𝑅 = 𝑐𝐼𝑇  𝑀1𝐵 −
𝑀2𝐵
𝛽1
−
𝑁1𝐵𝑒
𝛽2
 
2
 (5.7) 
𝐺𝐼𝐼𝑇
𝑅 = 𝑐𝐼𝐼𝑇  𝑀1𝐵 −
𝑀2𝐵
𝜃1
−
𝑁1𝐵𝑒
𝜃2
 
2
 (5.8) 
In the above equations, 
𝜃1 = −𝛾
2 (5.9) 
𝜃2 = −
6
𝑕1
 (5.10) 
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𝛽1 =
𝛾2(3 + 𝛾)
1 + 3𝛾
 (5.11) 
𝛽2 =
2(3 + 𝛾)
𝑕1(𝛾 − 1)
 𝑜𝑟 = ∞ (𝑓𝑜𝑟 𝛾 = 1) (5.12) 
𝜃1
′ = −1 (5.13) 
𝜃2
′ = −
6(1 + 𝛾)
𝑕1(1 + 𝛾3)
 (5.14) 
𝛽1
′ = 𝛾3 (5.15) 
𝛽2
′ = ∞ (5.16) 
And, 
𝑐𝐼𝐸 = 𝐺𝜃1   1 −
𝜃1
𝛽1
  1 −
𝜃1
𝛽1
′  
−1
 (5.17) 
𝑐𝐼𝐼𝐸 = 𝐺𝛽1   1 −
𝛽1
𝜃1
  1 −
𝛽1
𝜃1
′  
−1
 (5.18) 
𝑐𝐼𝑇 = 𝐺𝜃1  1 −
𝜃1
𝛽1
 
−2
 (5.19) 
𝑐𝐼𝐼𝑇 = 𝐺𝛽1  1 −
𝛽1
𝜃1
 
−2
 (5.20) 
𝐺𝜃1 =
24𝛾
𝐸𝑏2𝑕1
3(1 + 𝛾)
 (5.21) 
𝐺𝛽1 =
72𝛾(1 + 𝛾)
𝐸𝑏2𝑕1
3(1 + 3𝛾)2
 (5.22) 
In Euler beam theory, the 𝜃 and 𝛽 set of modes form the first set of orthogonal pure 
modes I and II, respectively. For example, when 𝑀2𝐵 = 𝜃1𝑀1𝐵  and 𝑁1𝐵𝑒 = 0 , pure 
mode I occurs as the relative shearing displacement just behind the crack tip is zero, and 
it is denoted as 𝜃1  pure mode I. Its orthogonal pure mode II is 𝛽1  pure mode II 
corresponding to zero crack tip opening force. Here, the „orthogonal‟ means   
 1 𝜃1 0  𝐶  1 𝛽1 0 
𝑇 = 0 (5.23) 
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For simplicity, Equation 5.23 can be represented by 𝜃1 = orthogonal(𝛽1). The  𝜃
′  and 
𝛽′  set of modes form the second set of orthogonal pure modes I and II, respectively. For 
example, when 𝑀2𝐵 = 𝜃1
′𝑀1𝐵  and 𝑁1𝐵𝑒 = 0 , pure mode I occurs as the crack tip 
shearing force is zero, and it is denoted as 𝜃1
′   pure mode I. Its orthogonal pure mode II 
is the 𝛽1
′  pure mode II corresponding to zero crack tip opening displacement. Details of 
derivations of the two sets of orthogonal pure modes can be found in reference (79), 
(80). One important feature of these pure modes of Euler beam theory is their 
characteristics of pureness. That is, for examples,  𝜃1 pure mode I corresponds to zero 
relative shearing displacement but with non-zero crack tip shearing stress;  𝛽1  pure 
mode II corresponds to zero opening crack tip stress but with non-zero crack tip relative 
opening displacement. These characteristics arises from the rigidity of interfaces and 
results in stealthy interactions (79), (80) between 𝜃 pure mode I and 𝛽 pure mode II 
modes. For example, Equation 5.23 shows that the interaction between 𝜃1 pure mode I 
and 𝛽1 pure mode II produces zero ERR due to their orthogonality. However, this does 
not mean there is no interaction between them. In fact, interactions do exist. The crack 
tip opening stress in 𝜃1 pure mode I does work on the non-zero opening displacement in 
𝛽1 pure mode II while the non-zero crack tip shearing stress in  𝜃1 pure mode I does 
work on the shearing displacement in 𝛽1  pure mode II. The interactions change the 
mode I and II ERR partitions and called stealthy interactions in reference (79), (80) as 
they produce zero net ERR. In Timoshenko beam theory, these two sets of modes 
coincide at the first set resulting in no stealthy interactions. An approximate partition 
theory based on 2D elasticity is given by averaging the Euler and Timoshenko partitions 
(79), (80). It is worth noting that when ERR is calculated within the whole fracture 
influence zone ∆𝑎, numerical simulations show that Euler beam, Timoshenko beam and 
2D elasticity partitions are the same as that of Euler beam partitions in Equations 5.5 
and 5.6.  Hence, the Euler beam partitions are also called global partitions. Reference 
(79) shows that the global partitions agree very well with experimental results.  
It is important to note that the orthogonal property demonstrated in Equation 5.23 exists 
between any pairs of the 𝜃  and 𝛽  set. That is 𝜃1 = orthogonal(𝛽1 𝑜𝑟 𝛽2)  and 𝜃2 =
orthogonal(𝛽1 𝑜𝑟 𝛽2) . This property also applies to any sets of the 𝜃
′  and  𝛽′  modes. 
As long as one pure mode is known, say 𝜃1, the others can be obtained by using the 
orthogonal properties. This knowledge provides a powerful methodology to find pure 
modes and partition mixed modes which will be used in the following development. 
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5.3 Mixed Mode Partitioning with Non-Rigid Cohesive Interfaces in 
Euler Beam Theory 
From Figure 5-1, differential equations of beams 1 and 2 in ∆𝑎 region can be written as, 
𝐸𝐴1,2𝑢1,2
′ = 𝑁1,2𝐵 ∓ 𝑏 𝜏𝑠𝑑𝑥
𝑥
0
 (5.24) 
𝐸𝐼1,2𝑣1,2
′′ = ∓𝑏  𝜍𝑛𝑑𝑥𝑑𝑥 −
𝑏𝑕1,2
2
 𝜏𝑠
𝑥
0
𝑥
0
𝑥
0
𝑑𝑥 + 𝑃1,2𝐵𝑥 + 𝑀1,2𝐵  (5.25) 
Where 𝑢 and  𝜔 are the respective axial and y displacements, 𝑢′ = 𝑑𝑢/𝑑𝑥  and 𝑣 ′′ =
𝑑2𝑣/𝑑𝑥2. The subscripts 1 and 2 indicate beams 1 and 2, which are the upper and lower 
beams respectively. Note that in Equations 5.24 and 2.25, the origin of  𝑥 is at point B 
and towards left. The relative shearing displacement at interface is defined as, 
𝑢 = 𝑢 2 − 𝑢 1 =  𝑢2 −
𝑕2
2
𝑣2
′  −  𝑢1 +
𝑕1
2
𝑣1
′   (5.26) 
where 𝑣𝑖
′ = 𝑑𝑣𝑖/𝑑𝑥. Positive 𝑢 corresponds to positive interface shear stress 𝜏𝑠 which is 
determined using Equations 5.24, 5.25 and 2.26. 
𝜏𝑠 = 𝜏𝑠𝑃 + 𝜏𝑠𝜍 + 𝜏𝑠𝑢  (5.27) 
With, 
𝜏𝑠𝑃 =
3(𝛾2𝑃1𝐵 + 𝑃2𝐵)
2𝑏𝑕1𝛾(1 + 𝛾)
 (5.28) 
𝜏𝑠𝜍 =
3(1 − 𝛾)
2𝑕1𝛾
 𝜍𝑛
𝑥
0
𝑑𝑥 (5.29) 
𝜏𝑠𝑢 =
𝐸𝑕1𝛾𝑢 
′′
4(1 + 𝛾)
 (5.30) 
The mode II ERR can now be found using J-integral below, 
𝐺𝐼𝐼𝐸
𝑁𝑅 = lim
d𝑎→0
 
1
d𝑎
  𝜏𝑠
𝑢 
0
d𝑎
0
𝑑𝑢 𝑑𝑥 =  𝜏𝑠𝐵𝑑
𝑢 𝐵
0
𝑢 𝐵
=  𝜏𝑠𝑃𝑑
𝑢 𝐵
0
𝑢 𝐵 +  𝜏𝑠𝜍𝐵𝑑
𝑢 𝐵
0
𝑢 𝐵 +  𝜏𝑠𝑢 𝐵𝑑
𝑢 𝐵
0
𝑢 𝐵  
(5.31) 
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While in another form, Equation 5.31 can be written as, 
𝐺𝐼𝐼𝐸
𝑁𝑅 =  𝜏𝑠𝑃𝑑
𝑢 𝐵
0
𝑢 𝐵 +
𝐸𝑕1𝛾
8(1 + 𝛾)
(𝑢 𝐵
′ )2 = 𝐺𝐼𝐼𝐸
𝑃 + 𝐺𝐼𝐼𝐸
𝑀𝑁  (5.32) 
The superscript NR denotes for non-rigid interfaces and superscript MN denotes that the 
ERR 𝐺𝐼𝐼𝐸
𝑀𝑁  is due to the crack tip bending moments and axial forces whilst superscript P 
denotes that 𝐺𝐼𝐼𝐸
𝑃   is due to the crack tip shear forces. Also, note that the following 
points were used in the derivation of Equation 5.31: (1) since there is no stress 
singularity at the crack tip for a non-rigid elastic interface, crack tip shear stress 
𝜏𝑠𝜍𝐵 = 0; (2) when the crack tip relative shearing displacement  𝑢 𝐵 = 0, the crack tip 
relative shearing strain is also zero, i.e.  𝑢 𝐵
′  0 = 0; and (3) the crack tip relative 
shearing strain 𝑢 𝐵
′  𝑢 𝐵   in the second term of Equation 5.31 is found from Equation 
5.26 to be, 
𝑢 𝐵
′ = −
𝑀1𝐵
𝐸𝐴1
+
𝑀2𝐵
𝐸𝐴2
−
𝑕1𝑀1𝐵
2𝐸𝐼1
−
𝑕2𝑀2𝐵
2𝐸𝐼2
= −
6𝛾2𝑀1𝐵 + 6𝑀2𝐵 + 𝛾
2𝑕1
2𝑁1𝐵𝑒
𝐸𝑏𝑕1
2𝛾2
 (5.33) 
It is easy to show that 𝐺𝐼𝐼𝐸
𝑀𝑁   in Equation 5.31 is equal to the ERR from the  𝛽1 and 𝜃1  
modes for a rigid interface without the stealthy interaction (79), (80). That is, it equals 
to the mode II ERR in Equation 5.8 based on Timoshenko beam theory (79), (80),i.e. 
𝐺𝐼𝐼𝐸
𝑀𝑁 = 𝐺𝐼𝐼𝑇
𝑅 , and is independent of interface constitutive law. The first term in Equation 
5.31 is from the  𝛽1 mode of shear force and is determined below. Since the final ERR 
is independent of the order of application of 𝜏𝑠𝑃  and 𝜏𝑠𝑢  in the case of non-rigid elastic 
interfaces, it can be assumed that the 𝜏𝑠𝑃  is applied first and then 𝜏𝑠𝑢  is applied 
afterwards. That is, the two crack tip shear forces 𝑃1𝐵 and 𝑃2𝐵 are applied first, then the 
two crack tip bending moments 𝑀1𝐵,  𝑀2𝐵 and axial force 𝑁1𝐵𝑒  are applied afterwards. 
The first term in Equation 5.31 can be calculated as 
𝐺𝐼𝐼𝐸
𝑃 =  𝜏𝑠𝑃𝑑
𝑢 𝐵
0
𝑢 𝐵 =  𝜏𝑠𝐵𝑑𝑢 𝐵
𝑢 𝐵𝜏𝑠𝑃
0
+  𝜏𝑠𝑃𝑑𝑢 𝐵
𝑢 𝐵𝜏𝑠𝑃 +𝑢 𝐵𝜏𝑠𝑢 
𝑢 𝐵𝜏𝑠𝑃
=  𝜏𝑠𝐵𝑑𝑢 𝐵 + 𝜏𝑠𝑃𝑢 𝐵𝜏𝑠𝑢 
𝑢 𝐵𝜏𝑠𝑃
0
 (5.34) 
By using a given interface constitutive law and 𝜏𝑠𝑃  in Equation 5.28, the interface 
relative shearing displacement 𝑢 𝐵𝜏𝑠𝑃 due to 𝜏𝑠𝑃 is easily calculated and the first term in 
Equation 5.34 is then determined.  𝑢 𝐵𝜏𝑠𝑢  due to 𝜏𝑠𝑢   can be determined from, 
𝐺𝐼𝐼𝐸
𝑀𝑁 =  𝜏𝑠𝑢 𝑑𝑢 𝐵
𝑢 𝐵𝜏𝑠𝑃 +𝑢 𝐵𝜏𝑠𝑢 
𝑢 𝐵𝜏𝑠𝑃
=  (𝜏𝑠𝐵 − 𝜏𝑠𝑃)𝑑𝑢 𝐵
𝑢 𝐵𝜏𝑠𝑃 +𝑢 𝐵𝜏𝑠𝑢 
𝑢 𝐵𝜏𝑠𝑃
 (5.35) 
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For a given interface constitutive law where 𝐺𝐼𝐼𝐸
𝑀𝑁  is given in Equation 5.31.  In the case 
of non-rigid plastic interfaces, such as bi-linear, exponential interface laws, the shear 
stress 𝜏𝑠𝑃 is generally a very small fraction of the fracture initiation shear stress value, 
the above approach is still applicable. Equation 5.31 gives a complete analytical 
solution of mode II ERR for non-rigid interfaces which is explicitly independent of the 
size of the crack influence zone ∆𝑎.The pure mode I condition can be obtained by 
letting 𝐺𝐼𝐼𝐸 = 0 . This results in both 𝑢 𝐵
′ = 0 and 𝜏𝑠𝑃 = 0 which are the 𝜃 set mode I 
conditions given in Equation 5.8 (79), (80) for a rigid interface. The condition 𝑢 𝐵
′ = 0, 
for non-rigid interfaces, nullifies the contribution of the shear stress 𝜏𝑠𝑢 𝐵  to the ERR. 
That is, 𝜏𝑠𝑢 𝐵 is effectively zeroed. However, note that  𝜏𝑠𝑢 𝐵 = 0 leads to 𝑢 𝐵
′′ = 0 instead 
of 𝑢 𝐵
′ = 0. In addition, the shear stress 𝜏𝑠𝜍𝐵 = 0 is always zero for non-rigid interfaces. 
Therefore, for non-rigid interfaces both shear stress and strain at the crack tip are zero 
for pure mode I. The two sets of mode I 𝜃 modes and 𝜃′  modes in Equation 5.6 coincide 
on the 𝜃  modes (79), (80). Consequently, the two sets of mode II 𝛽  modes and 𝛽′  
modes in Equation 5.5 should also coincide on the 𝛽 modes (79), (80). There will be no 
stealthy interactions between the mode I 𝜃 set and mode II 𝛽 set (79), (80) which shows 
that it is the singularity shear stress 𝜏𝑠𝜍  in Equation 5.29  at the crack tip for a rigid 
interface that causes stealthy interactions.  
Next, mode I ERR 𝐺𝐼𝐸
𝑁𝑅  is considered. The relative opening displacement at interface is 
defined as, 
𝑣 = 𝑣 1 − 𝑣 2 (5.36) 
Positive 𝜔  corresponds to positive interface normal stress 𝜍𝑛  , which is found from 
Equations 5.24, 5.25, 5.27 and 5.36 and given by Equation 5.37, 
σ𝑛 = −
𝐸𝑕1
3𝛾3
3 1 + 𝛾 3
 𝑣 ′′′′ +
3(1 − 𝛾)𝑢 ′′′
2𝑕1𝛾
  (5.37) 
The mode I ERR is found by using J-integral. 
𝐺𝐼𝐸
𝑁𝑅 = lim
𝑑𝑥→0
 
1
𝑑𝑎
  σ𝑛𝑑
𝑣 
0
𝑑𝑎
0
𝑣 𝑑𝑥 =  𝜍𝑛𝐵𝑑
𝑣 𝐵
𝑜
𝑣 𝐵 (5.38) 
The following integrals are required to evaluate 𝐺𝐼𝐸
𝑁𝑅 : 
 𝑣 𝐵
′′′′ 𝑑
𝑣 𝐵
𝑜
𝑣 𝐵 =  𝑣 𝐵
′ 𝑑
𝑣 𝐵
𝑜
𝑣 𝐵
′′′ =
12(𝛾3𝑃1𝐵 − 𝑃2𝐵)
𝐸𝑏𝑕1
3𝛾3
𝑣 𝐵
′ −
72(𝛾3𝑀1𝐵 −𝑀2𝐵)
2
(𝐸𝑏𝑕1
3𝛾3)2
 (5.39) 
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 𝑢 𝐵
′′′ 𝑑
𝑣 𝐵
𝑜
𝑣 𝐵 =  𝑣 𝐵
′ 𝑑
𝑣 𝐵
𝑜
𝑢 𝐵
′′ = 𝑣 𝐵
′  𝑣 𝐵 𝑢 𝐵
′′  𝑣 𝐵 −  𝑢 𝐵
′′ 𝑑
𝑣 𝐵
𝑜
𝑣 𝐵
′  (5.40) 
As seen earlier, the shear stress 𝜏𝑠𝑢  at crack tip is effectively zero in mode I leading to   
from Equation 5.30. Therefore, Equation 5.40 becomes zero. Moreover, it is the 𝑢 𝐵
′′ = 0 
set mode I (79), (80) that produces the 𝐺𝐼𝐸
𝑁𝑅 . Any given 𝑃1𝐵 and 𝑃2𝐵 in question can be 
de-composed (79), (80) by, 
 
𝑃1𝐵
𝑃2𝐵
 =  
1 1
𝜃1 𝛽1
  
𝛼𝜃1
𝛼𝛽1
  (5.41) 
Where 𝜃1 and 𝛽1 are given in Equations 5.9 and 5.11. 𝛼𝜃1and 𝛼𝛽1  are mode partition 
coefficients and are determined from Equation 5.41 as 
 
𝛼𝜃1
𝛼𝛽1
 =
1
𝛽1 − 𝜃1
 
𝛽1𝑃1𝐵 − 𝑃2𝐵
−𝜃1𝑃1𝐵 + 𝑃2𝐵
  (5.42) 
Any given 𝑀1𝐵, 𝑀2𝐵 and 𝑁1𝐵𝑒 in question can be de-composed by (79), (80), 
 
𝑀1𝐵
𝑀2𝐵
𝑁1𝐵𝑒
 =  
1 1 1
𝜃1 𝛽1 0
0 0 𝛽2
  
𝛼𝜃1
𝛼𝛽1
𝛼𝛽2
  (5.43) 
 From Equation 5.43 and with 𝛼𝛽2 = 𝑁1𝐵𝑒 𝛽2  known, partition coefficients are given as, 
 
𝛼𝜃1
𝛼𝛽1
 =
1
𝛽1 − 𝜃1
 
𝛽1(𝑀1𝐵 − 𝛼𝛽2 ) −𝑀2𝐵
−𝜃1(𝑀1𝐵 − 𝛼𝛽2) + 𝑃2𝐵
  (5.44) 
Substituting the 𝜃1 mode I component from Equation 5.41 for shear forces and the 𝜃1 
mode I components from Equation 5.44 for bending moments into Equation 5.39 gives, 
 𝑣 𝐵
′′′′ 𝑑
𝑣 𝐵
𝑜
𝑣 𝐵 =
3(1 + 3𝛾)(𝛽1𝑃1𝐵 − 𝑃2𝐵)
𝐸𝑏𝑕1
3𝛾3
𝑣 𝐵
′ −
72𝛼𝜃1
2 𝛾4(1 + 𝛾)2
(𝐸𝑏𝑕1
3𝛾3)2
 (5.45) 
Substituting Equation 5.45 into Equation 5.38 gives 
𝐺𝐼𝐸
𝑁𝑅 = 𝐺𝐼𝐸
𝑀𝑁 +
1 + 3𝛾
𝑏 1 + 𝛾 3
 𝑃2𝐵 − 𝛽1𝑃1𝐵 𝑣 𝐵
′ = 𝐺𝐼𝐸
𝑀𝑁 −
𝐹𝑛
𝑏𝑣 𝐵
′ = 𝐺𝐼𝐸
𝑀𝑁 + 𝐺𝐼𝐸
𝑃  (5.46) 
The first term 𝐺𝐼𝐸
𝑀𝑁  in Equation 5.46 is equal to the ERR from the 𝜃1 mode for rigid 
interfaces (79), (80) and is given by, 
𝐺𝐼𝐸
𝑀𝑁 = 𝛼𝜃1
2 𝐺𝜃1 =
24𝛼𝜃1
2 𝛾
(1 + 𝛾)𝐸𝑏2𝑕1
3 (5.47) 
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It is easy to show that 𝐺𝐼𝐸
𝑀𝑁  is the same as the mode I ERR for a rigid interface in 
Equation 5.7 based on Timoshenko beam theory (79), (80) i.e. 𝐺𝐼𝐸
𝑀𝑁 = 𝐺𝐼𝑇
𝑅  , and is 
independent of interface constitutive law. The 𝑣 𝐵
′  in the second term of Equation 5.46 is 
the relative crack tip rotation and 𝐹𝑛 is the resultant normal forc e in the crack influence 
zone ∆𝑎 which is defined as (79), 
𝐹𝑛 = 𝑏 𝜍𝑛
∆𝑎
0
𝑑𝑥 (5.48) 
It is seen that Equation 5.46 is not completely analytical due to the second term, i.e. 𝐺𝐼𝐸
𝑃  , 
which arises from crack tip shear forces. However, it can be neglected for most practical 
engineering applications which have non-rigid hard interfaces. There is no clear-cut 
definition of a hard interface, which can vary considerably from beam theories to 2D 
elasticity theory. Since interface constitutive laws are usually expressed in linear, bi-
linear and exponential forms, a hard interface is indicated in this work by the ratios 
between penalty stiffness 𝑘𝜍  for opening stress 𝜍𝑛  or 𝑘𝜏  for shear stress 𝜏𝑠  and the 
Young‟s modulus E of DCB materials. Some more specific details will be given by 
examples in numerical test sections for both beam theories and 2D elasticity theory. 
5.4 Mixed Mode Partitioning with Non-Rigid Cohesive Interfaces in 
Timoshenko Beam Theory 
Using the Timoshenko beam theory, the governing equations become 
𝐸𝐴1,2𝑢1,2
′ = 𝑁1,2𝐵 ∓ 𝑏 𝜏𝑠𝑑𝑥
𝑥
0
 (5.49) 
𝐸𝐼1,2𝑣1,2
′ = ∓𝑏  𝜍𝑛𝑑𝑥𝑑𝑥 −
𝑕1,2
2𝑏
 𝜏𝑠
𝑥
0
𝑥
0
𝑥
0
𝑑𝑥 + 𝑃1,2𝐵𝑥 + 𝑀1,2𝐵 (5.50) 
𝑘2𝐺𝐿𝑇𝐴1,2 𝑣1,2
′ − 𝜓1,2 = −𝑃1,2𝐵 ∓ 𝑏 𝜍𝑛𝑑𝑥
𝑥
0
 (5.51) 
Where 𝐺𝐿𝑇  is the through thickness shear modulus, 𝑘
2  is the shear correction factor, 
usually taken to be 5/6 for isotropic materials with a rectangular cross-section and 𝜓 is 
the cross-sectional rotation, which is positive in the clockwise direction. Note that the 
shear correction factor 𝑘2 is introduced to make a mechanical correction on the uniform 
through thickness shear strain assumed in the theory. It is simple to verify that the mode 
II ERR 𝐺𝐼𝐼𝑇
𝑁𝑅  remains the same as the 𝐺𝐼𝐼𝐸
𝑁𝑅  in Equation 5.31. However, the mode I ERR 
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𝐺𝐼𝑇
𝑁𝑅  needs reconsideration. From the above three equations, the governing equation for 
the interface normal stress 𝜍𝑛  is found, 
𝜍𝑛
′′ − 𝜆2 = 𝛼(𝑣 ′′′′ +
3(1 − 𝛾)
2𝑕1𝛾
𝑢 ′′′ ) (5.52) 
Where, 
𝜆 = (
1 + 𝛾
𝑕1𝛾
)(
3𝑘2𝐺𝐿𝑇
𝐸
)
1
2  (5.53) 
𝛼 = 𝑘2𝐺𝑥𝑧𝑕1𝛾 (1 + 𝛾)  (5.54) 
By using the method of parameter variation, the solution to Equation 5.52 is found. 
𝜍𝑛 = 𝑐1𝑒
𝜆𝑥 + 𝑐2𝑒
−𝜆𝑥 + 𝛼  𝜆2𝜔 + 𝜔 2 + 3𝑢 ′
1 − 𝛾
2𝑕1𝛾
 
+
𝛼𝜆3
2
 𝑒𝜆𝑥  𝜔 
𝑥
0
𝑒−𝜆𝑥𝑑𝑥 − 𝑒−𝜆𝑥  𝜔 
𝑥
0
𝑒𝜆𝑥𝑑𝑥 
+ 3𝛼𝜆2
1 − 𝛾
4𝑕1𝛾
(𝑒𝜆𝑥  𝑢 
𝑥
0
𝑒−𝜆𝑥𝑑𝑥 + 𝑒−𝜆𝑥  𝑢 
𝑥
0
𝑒𝜆𝑥𝑑𝑥) 
(5.55) 
Two integration constants 𝑐1 and 𝑐2 are determined by conditions 𝜍𝑛 Δ𝑎 = 𝜍𝑛
′ (Δ𝑎)=0, 
𝑐1 = −
𝛼𝜆3
2
 𝜔 𝑒−𝜆𝑥𝑑𝑥 −
Δ𝑎
0
3𝛼𝜆2
1 − 𝛾
4𝑕1𝛾
 𝑢 𝑒−𝜆𝑥𝑑𝑥
Δ𝑎
0
 (5.56) 
𝑐2 = −
𝛼𝜆3
2
 𝜔 𝑒𝜆𝑥𝑑𝑥 −
Δ𝑎
0
3𝛼𝜆2
1 − 𝛾
4𝑕1𝛾
 𝑢 𝑒𝜆𝑥𝑑𝑥
Δ𝑎
0
 (5.57) 
Then, mode I ERR is found using J-integral. 
𝐺𝐼𝑇
𝑁𝑅 = 𝑙𝑖𝑚
𝑑𝑎→0
 
1
𝑑𝑎
  𝜍𝑛𝑑𝑣 𝑑𝑥
𝑣 
0
𝑑𝑎
0
 =  𝜍𝑛𝐵𝑑𝑣 𝐵
𝑣 𝐵
0
=  (𝑐1 + 𝑐1)𝑑𝑣 𝐵
𝑣 𝐵
0
+
𝛼𝜆2
2𝑣 𝐵
2 +
𝛼
2
(𝑣 𝐵
′ )2 +
3𝛼(1 − 𝛾)
2𝑕1𝛾
 𝑢 𝐵
′
𝑣 𝐵
0
𝑑𝑣 𝐵 
(5.58) 
The two integral constants 𝑐1  and 𝑐2  are determined in what follows. The resultant 
normal force 𝐹𝑛  is defined in Equation 5.48 and the resultant moment 𝑀𝑛  in the crack 
influence zone Δ𝑎 is defined as (79), 
𝑀𝑛 = 𝑏  𝜍𝑛
𝑥
0
Δ𝑎
0
𝑑𝑥𝑑𝑥 = 𝑏 𝜍𝑛 Δ𝑎 − 𝑥 𝑑𝑥 =
Δ𝑎
0
𝑀𝑛𝑚 + 𝐹𝑛Δ𝑎 (5.59) 
Where, 
𝐹𝑛 =
1 + 3𝛾
 1 + 𝛾 3
(𝛽1𝑃1𝐵 − 𝑃2𝐵) (5.60) 
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When transverse shear stress is calculated through equilibrium consideration with the 
bending stress, or 
𝐹𝑛 =
1
1 + 𝛾
(𝛾𝑃1𝐵 − 𝑃2𝐵) (5.61) 
When transverse shear stress is calculated by constitutive law, and 
𝑀𝑛𝑚 =
1 + 3𝛾
 1 + 𝛾 3
(𝛽1𝑀1𝐵 −𝑀2𝐵) +
𝑕1𝛾
2(1 − 𝛾)
 1 + 𝛾 3
𝑁1𝐵𝑒  (5.62) 
Substituting  𝜍𝑛  in Equation 5.55 into Equations 5.48 and 5.59 gives 
𝑐1 − 𝑐1 = −𝜆  𝛼  𝑣 𝐵
′ +
3(1 − 𝛾)
2𝑕1𝛾
𝑢 𝐵 +
𝐹𝑛
𝑏
  (5.63) 
And, 
𝑐1 + 𝑐1 = −𝜆
2(𝛼𝑣 𝐵 + 𝑀𝑛𝑚 𝑏 ) (5.64) 
Substituting Equation 5.64 into Equation 5.58 gives 
𝐺𝐼𝑇
𝑁𝑅 = − 𝜆2
𝑣 𝐵
0
𝑀𝑛𝑚
𝑏
𝑑𝑣 𝐵 +
𝛼
2
(𝑣 𝐵
′ )2 +
3𝛼(1 − 𝛾)
2𝑕1𝛾
 𝑢 𝐵
′
𝑣 𝐵
0
𝑑𝑣 𝐵
=  𝜍𝐼
𝑣 𝐵𝜍𝐼
0
𝑑𝑣 𝐵 + 𝜍𝐼(𝑣 𝐵 − 𝑣 𝐵𝜍𝐼) +
𝛼
2
(𝑣 𝐵
′ )2 
(5.65) 
Note that the first term in Equation 5.63 is calculated from a given interface with, 
𝜍𝐼 = −𝜆
2
𝑀𝑛𝑚
𝑏
+
3𝛼(1 − 𝛾)
2𝑕1𝛾
𝑢 𝐵
′  (5.66) 
In which 𝑀𝑛𝑚  and 𝑢 𝐵
′  are given in Equations 5.62 and 5.33 respectively. 𝑣 𝐵  and 𝑣 𝐵
′  
need to be determined numerically. It is easy to show that for a rigid interface the first 
two terms in Equation 5.65 are zero and the third term becomes, 
𝐺𝐼𝑇
𝑅 = 𝛼𝜃1
2 𝐺𝜃1 + 𝐺𝑃 + 𝛼𝜃1Δ𝐺𝜃1𝑃 (5.67) 
As given in (79). Note that the first term in 𝐺𝐼𝑇
𝑅  in Equation 5.67 is the ERR 
contributions from crack tip bending moments and axial forces, which is same as that in 
Equation 5.7; the second and third terms are from crack tip shear forces. For most of 
practical engineering problems with hard interfaces the third term in Equation 5.65 can 
be replaced by 𝐺𝐼𝑇
𝑅  in Equation 5.67. Therefore, 𝑣 𝐵  in the second term of Equation 5.65 
can be calculated by using a given interface constitutive law and the following: 
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𝐺𝐼𝑇
𝑅 =  (𝜍𝑛𝐵 − 𝜍𝐼)
𝑣 𝐵
𝑣 𝐵𝜍𝐼
𝑑𝑣 𝐵  (5.68) 
The mode I ERR 𝐺𝐼𝑇
𝑁𝑅  for hard interface is obtained analytically. Again, the ERR 𝐺𝐼𝑇
𝑁𝑅  in 
Equation 5.65 is explicitly independent of the size of the crack influence zone Δ𝑎. 
5.5 Mixed Mode Partitioning with Non-Rigid Cohesive Interfaces in 2D 
Elasticity Theory 
Figure 5-2 shows a general procedure of how this mixed mode partition theory is 
developed. Based on this flow chart of the procedure, the general introduction is given 
first and then followed with detailed derivations and information. 
 
Figure 5-2: Procedure of Partition Theory based on 2D Elasticity 
2D Elasticity Partition Theory 
𝐺2𝐷
𝑀𝑁  
 
𝐺2𝐷
𝑀𝑃  
 
𝐺𝑃
𝑃  
 
 𝐺𝐼𝐸
𝑀𝑁  
 
𝐺𝐼𝐼𝐸
𝑀𝑁  
 
𝐷𝑜𝑝     𝜍 𝐷𝑠𝑕      𝜏 
 
One Set 
Linear TSL  
J-Integral  
𝐺𝐼2𝐷
𝑀𝑁  
 
𝐺𝐼𝐼2𝐷
𝑀𝑁  
 
𝐺𝐼𝐼
𝑀𝑃  
 
 
𝐺𝐼
𝑀𝑃  
 
 
4 Parameters 
𝐺𝐼𝑃
𝑃  
 
 
𝐺𝐼𝐼𝑃
𝑃  
 
 
Crack Tip Loads 
4 Parameters 
𝐺𝐼𝑃
𝑃  
 
 𝐺𝐼𝐼𝑃
𝑃  
 
 
Orthogonality 
Any ker 
Approximation 
Empirical Formulas 
Approximation 
s 
Any ker  
FEM Simulation 
Any Geometries 
Chapter 5 Mixed Mode Partition Theories of DCB with Non-Rigid Interface 
116 
 
As shown in Figure 5-2, the total ERR from 2D Elasticity is divided into 3 parts which 
are the contributions from bending moment and axial force, 𝐺2𝐷
𝑀𝑁 , crack tip shear force,  
𝐺𝑃
𝑃  and the interaction between them, 𝐺2𝐷
𝑀𝑃 . The second and last parts of contributions 
are added together and denoted as 𝐺2𝐷
𝑃  in this chapter.  
First consider the contribution from bending moment and axial force part. It is 
approximated from the mixed mode partition theory based on Euler beam theory. There 
is only one set of pure mode in this mixed mode partition theory with non-rigid 
interface and a new orthogonal method is developed. With any one pure mode is known, 
the other 3 can be calculated from this orthogonal method and then therefore the mode 
ERRs from bending moment and axial force contribution can be calculated. In 
calculation of this part of contribution, the key thing is the pure modes. Based on FEM 
simulation observation, an approximation method is developed to calculate these pure 
modes with any ker.  
Then consider the contribution from crack tip shear force part. Four parameters are 
introduced into calculation. To achieve these four parameters, two groups of crack tip 
shear forces are needed to be applied.  
In calculation of the crack tip shear force contribution, the key thing is these four 
parameters. In order to achieve these four parameters without any FEM simulations, 
empirical formulas are developed. To achieve these empirical formulas, full set of FEM 
simulations are finished to investigate how material properties and sample geometries 
effect these four parameters. Based on FEM simulations investigations, three sets of 
empirical formulas are produced by using curve fitting methods within Matlab for 
specified ker value. At last, an approximation method is develop to calculate the four 
parameters for any ker. 
With the contributions from bending moment and axial force and crack tip shear force 
are known from the above procedure, the contributions from the interaction between 
these two parts can be calculated.  
Finally, the mode ERRs are calculated from these three parts of contributions. 
Next, detailed derivations and information are presented. For non-rigid interface 
materials, when there are loads applied on the beam tips, the total ERR is expected as, 
𝐺2𝐷
𝑁𝑅 = 𝐺𝐼2𝐷
𝑀𝑁 + 𝐺𝐼𝐼2𝐷
𝑀𝑁 + 𝐺𝐼2𝐷
𝑃 + 𝐺𝐼𝐼2𝐷
𝑃 = 𝐺2𝐷
𝑀𝑁 + 𝐺2𝐷
𝑃  (5.69) 
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Here in Equation 5.69, MN denotes the mode ERRs from bending moment and axial 
force loads. As discussed above, when there is shear force applied on beam tip, an 
equivalent loading configuration has a bending moment applied on the beam tip and a 
shear force of the same magnitude applied on the crack tip. Then the ERRs are divided 
into three parts. The first part is produced by bending moment and axial force which is 
still denoted as MN. The second part is produced by the crack tip shear force while the 
third part is produced by the interaction between bending moment and crack tip shear 
force. Here in Equation 5.69, they are added together and denoted by P. Here in this 
section, full detailed derivation is given for calculating mixed modes ERRs for both 
pure bending moment and axial force part and pure shear force part cases. For pure 
shear loading cases, four parameters are introduced for ERRs and their partitions 
calculation. 
5.5.1 Mode Partition for Bending Moment and Axial Force Part 
For pure bending moment and axial force loading cases, it is expected that 
𝐺2𝐷
𝑀𝑁 = 𝐺𝐼𝐸
𝑀𝑁 + 𝐺𝐼𝐼𝐸
𝑀𝑁  (5.70) 
This is a good approximation for non-rigid hard interfaces. The aim in the following is 
to partition 𝐺2𝐷
𝑀𝑁  in Equation 5.70. In author and Wang‟s previous works (72), (79), (80), 
(81), (82) an averaged partition theory has been developed for mixed mode partition 
with rigid interfaces in 2D elasticity. It has been found that the pure mode I (or II) 
modes 𝜃𝐴  (or 𝛽𝐴) in the averaged theories are between the two sets of pure mode I (or II) 
modes 𝜃 and 𝜃′  (or 𝛽 and 𝛽′ ) in the mixed mode partition theory based on Euler beam 
theory. It is expected that for a non-rigid interface, the pure mode I (or II) modes 𝜃𝑁𝑅  
(or 𝛽𝑁𝑅) based on 2D elasticity are between the two sets of pure mode I (or II) modes 𝜃𝐴  
and 𝜃′  (or 𝛽𝐴  and  𝛽
′ ). Therefore, an approximate partition theory can be developed 
using the second set of modes (72), (79), (80), (81), (82), from Euler beam partition 
theory with rigid interfaces, i.e. the (𝜃′ , 𝛽′ ) set. It is worth nothing that the (𝜃′ , 𝛽′ ) set 
(72), (79), (80), (81), (82) is the same as that in William‟s work (71) when there are 
only crack tip bending moments 𝑀1𝐵  and 𝑀2𝐵 , and axial forces 𝑁1𝐵  and 𝑁2𝐵  applied. 
Therefore, the partition of 𝐺𝑀𝑁  is given by, 
𝐺𝐼2𝐷
𝑀𝑁 = 𝑐𝐼(𝑀1𝐵 −
𝑀2𝐵
𝛽𝑀
−
𝑁1𝐵𝑒
𝛽𝑁
)2 (5.71) 
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𝐺𝐼𝐼2𝐷
𝑀𝑁 = 𝑐𝐼𝐼(𝑀1𝐵 −
𝑀2𝐵
𝜃𝑀
−
𝑁1𝐵𝑒
𝜃𝑁
)2 (5.72) 
In Equations 5.71 and 5.72, set 1 of mode 𝛽𝑀 and 𝜃𝑀 , set 2 of mode 𝛽𝑁 and 𝜃𝑁  are used 
to replace  𝛽𝑁𝑅  and 𝜃𝑁𝑅  which are working with bending moment and axial force 
respectively. And 𝑐𝐼 and 𝑐𝐼𝐼 are given by, 
𝑐𝐼 = 𝐺𝜃(1 −
𝜃𝑀
𝛽𝑀
)−2 (5.73) 
𝑐𝐼𝐼 = 𝐺𝛽(1 −
𝛽𝑀
𝜃𝑀
)−2 (5.74) 
With other parameters are given by, 
𝐺𝜃 =  
1
𝐼1
+
𝜃𝑀
2
𝐼2
−
(1 + 𝜃𝑀)
2
𝐼
 ×
1
2𝑏𝐸
 (5.75) 
𝐺𝛽 =  
1
𝐼1
+
𝛽𝑀
2
𝐼2
−
(1 + 𝛽𝑀)
2
𝐼
 ×
1
2𝑏𝐸
 (5.76) 
Here in Equations 5.71 to 5.76, 𝛽𝑀  and 𝛽𝑁  are two pure mode II modes which are 
working with moments loading and axial force loading respectively, and 𝜃𝑀  and 𝜃𝑁  are 
two pure mode II modes which are working with moments loading and axial force 
loading respectively. When any one of these four pure modes is known, all other three 
modes can be calculated as, 
 1 𝛽𝑀 𝛽𝑁 × 𝐼𝑀 ×  
1
𝜃𝑀
𝜃𝑁
 = 0 (5.77) 
Where the IM is the modes matrix and given by, 
𝐼𝑀 =
 
 
 
 
 
 
 
1
𝐼1
−
1
𝐼
1
𝐼
𝑕1
2
4𝐼
1
𝐼
1
𝐼2
−
1
𝐼
𝑕1
2
4𝐼
𝑕1
2
4𝐼
𝑕1
2
4𝐼
1
𝐴1
−
1
𝐴 
 
 
 
 
 
 
 (5.78) 
So, by using this orthogonal method, when any mode is known, all other three modes 
can be calculated from Equation 5.77 and the orthogonal relationships between these 
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four modes are showing cross-discipline. There are four pairs of modes orthogonality 
exiting between two modes which are shown in Figure 5-3. 
 
Figure 5-3: Orthogonal Relationships between Four Modes 
Here in this section,  𝛽𝑀 is assumed to be known as an example and it is chosen as, 
𝛽𝑀1 = 𝛾
2(3 + 𝛾) (1 + 3𝛾)  (5.79) 
And all other modes can be calculated from Equation 5.77 and the modes ERRs can be 
all calculated for pure bending moment and axial force loading cases. 
5.5.2 Mode Partition for Shear Force Part 
Next, the partition of 𝐺2𝐷
𝑃  in Equation 5.69 is considered. Its mode I component 𝐺𝐼2𝐷
𝑃  is 
determined first. Based on the expression for  𝐺𝐼𝐸
𝑁𝑅 , which is, 
𝐺𝐼𝐸
𝑁𝑅 = 𝐺𝐼𝐸
𝐿 +
 1 + 3𝛾 
𝑏 1 + 𝛾 3
 𝑃2𝐵 − 𝛽1𝑃1𝐵 𝑣𝐵
′
= 𝐺𝐼𝐸
𝐿 −
𝐹𝑛
𝑏
𝑣𝐵
′
= 𝐺𝐼𝐸
𝑀𝑁 + 𝐺𝐼𝐸
𝑃  (5.80) 
 𝐺𝐼2𝐷
𝑃  in the case of 𝑃1𝐵 and 𝑃2𝐵 acting alone is written in the following form: 
𝐺𝐼𝑃
𝑃  𝛾 = 𝜉(𝛾)
 𝑃2𝐵 − 𝛽𝑃(𝛾)𝑃1𝐵 
2
𝐸𝑕1
3  (5.81) 
Where 𝜉 𝛾  and 𝛽𝑃(𝛾)  are two 𝛾 -dependent parameters which can be determined 
numerically by consideration of two loading cases. The two cases chosen here are 𝑃1𝐵 =
1, 𝑃2𝐵 = 0 and 𝑃1𝐵 = 1, 𝑃2𝐵 = −1 giving, 
𝐺𝐼𝑃 ,0
𝑃  𝛾 = 𝜉(𝛾)
𝛽𝑃
2(𝛾)
𝐸𝑕1
3  (5.82) 
And 
𝐺𝐼𝑃 ,−1
𝑃  𝛾 = 𝜉(𝛾)
 1 + 𝛽𝑃(𝛾) 
2
𝐸𝑕1
3  (5.83) 
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Where 𝐺𝐼𝑃 ,0
𝑃  𝛾  and 𝐺𝐼𝑃,−1
𝑃  𝛾  are determined numerically. The two parameters 𝜉 𝛾  
and 𝛽𝑃 𝛾  are therefore determined as 
𝜉 𝛾 =
𝐺𝐼𝑃,0
𝑃  𝛾 
𝛽𝑃
2(𝛾)
𝐸𝑕1
3 (5.84) 
And 
𝛽𝑃 𝛾 =   𝑔(𝛾) − 1 
−1
 (5.85) 
With 
𝑔 𝛾 =
𝐺𝐼𝑃 ,−1
𝑃  𝛾 
𝐺𝐼𝑃 ,0
𝑃  𝛾 
 (5.86) 
Thus, 𝐺𝐼𝑃
𝑃  𝛾  for any given crack tip shear forces 𝑃1𝐵  and 𝑃2𝐵  can be determined by 
using Equation 5.81. Now, consider 𝐺𝐼
𝑃  in a general loading condition. For a given 
interface cohesive law, the 𝐺𝐼𝑃
𝑃  in Equation 5.81 and 𝐺𝐼
𝑀𝑁  in Equation 5.71 can also be 
written as, 
𝐺𝐼𝑃
𝑃 =  𝜍𝑛𝐵𝑃𝑑𝑣𝐵
𝑣𝐵𝑃
0
 (5.87) 
And 
𝐺𝐼2𝐷
𝑀𝑁 =  (𝜍𝑛𝐵 − 𝜍𝑛𝐵𝑃 )𝑑𝑣𝐵
𝑣𝐵
𝑣𝐵𝑃
 (5.88) 
Since 𝐺𝐼𝑃
𝑃  and 𝐺𝐼2𝐷
𝑀𝑁  are known, both 𝜍𝑛𝐵𝑃  and 𝑣𝐵𝑃  can be found from Equation 5.87 and 
𝑣𝐵 from Equation 5.88. Therefore, the 𝐺𝐼
𝑃  in any loading condition is determined as, 
𝐺𝐼2𝐷
𝑃 = 𝐺𝐼𝑃
𝑃 + 𝜍𝑛𝐵𝑃 (𝑣𝐵 − 𝑣𝐵𝑃) (5.89) 
Mode II component 𝐺𝐼𝐼2𝐷
𝑃  in Equation 5.69 is now needed to be considered. The crack 
tip shear stress 𝜏𝑠𝑃  due to the shear forces 𝑃1𝐵 and 𝑃2𝐵 is written in the following form: 
𝜏𝑠𝑃 𝛾 = 𝜁(𝛾)
𝑃2𝐵 − 𝜃𝑃(𝛾)𝑃1𝐵
𝑏𝑕1
 (5.90) 
Where  𝜁(𝛾)  and 𝜃𝑃(𝛾)  are two 𝛾 -dependent parameters as well and are determined 
numerically by consideration of two loading cases.  
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The two cases chosen here are 𝑃1𝐵 = 1, 𝑃2𝐵 = 0 and 𝑃1𝐵 = 1, 𝑃2𝐵 = −1 giving, 
𝜁 𝛾 =  𝜏𝑠𝑃 ,0 𝛾 − 𝜏𝑠𝑃 ,−1 𝛾  𝑏𝑕1 (5.91) 
And 
𝜃𝑃 𝛾 =  𝜏 𝛾 − 1 
−1 (5.92) 
With 
𝜏 𝛾 =
𝜏𝑠𝑃 ,−1 𝛾 
𝜏𝑠𝑃 ,0 𝛾 
 (5.93) 
This can be determined numerically.  As known from, 
 𝜏𝑠𝑃𝑑𝑢𝐵 =  𝜏𝑠𝐵𝑑𝑢𝐵
𝑢𝐵𝜏𝑠𝑃
0
+  𝜏𝑠𝑃𝑑𝑢𝐵
𝑢𝐵𝜏𝑠𝑃 +𝑢𝐵𝜏𝑠𝑢
𝑢𝐵𝜏𝑠𝑃
𝑢𝐵
0
=  𝜏𝑠𝐵𝑑𝑢𝐵
𝑢𝐵𝜏𝑠𝑃
0
+ 𝜏𝑠𝑃𝑢𝐵𝜏𝑠𝑢  (5.94) 
The ERR 𝐺𝐼𝐼
𝑃  is given by, 
𝐺𝐼𝐼2𝐷
𝑃 =  𝜏𝑠𝑃𝑑𝑢𝐵 =  𝜏𝑠𝐵𝑑𝑢𝐵
𝑢𝐵𝜏𝑠𝑃
0
+  𝜏𝑠𝑃𝑑𝑢𝐵
𝑢𝐵
𝑢𝐵𝜏𝑠𝑃
𝑢𝐵
0
=  𝜏𝑠𝐵𝑑𝑢𝐵
𝑢𝐵𝜏𝑠𝑃
0
+ 𝜏𝑠𝑃(𝑢𝐵 − 𝑢𝐵𝜏𝑠𝑃
) (5.95) 
For a given interface, the first term in Equation 5.95 is readily obtained and 𝑢𝐵𝜏𝑠𝑃  is also 
known. The 𝑢𝐵 in the second term in Equation 5.95 can be obtained by using, 
𝐺𝐼𝐼2𝐷
𝑀𝑁 =  (𝜏𝑠𝐵 − 𝜏𝑠𝑃)𝑑𝑢𝐵
𝑢𝐵
𝑢𝐵𝜏𝑠𝑃
 (5.96) 
5.6 Other Partition Theories 
Three more mixed mode partition theories are developed here based on two sets of pure 
modes from Section 3.2.1 by using double bi-section and an averaged methods.  
5.6.1 Double Bi-section   Approximation 
A double bi-section approximation based on the two sets of pure modes for rigid 
interface DCB can achieve this. The new value of  𝛽𝑀 is calculated by using a double 
bi-section approximation as, 
𝛽𝑀2 =
1
2
 
𝛽1 + 𝛽1
′
2
+ 𝛽1
′ =
𝛽1
4
+
3𝛽1
′
4
 (5.97) 
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Based on this new 𝛽𝑀2, all three other modes, modes I and II ERRs can be calculated 
from Equations 5.71 to 5.77. 
5.6.2 Double Bi-section   Approximation 
A double bi-section approximation based on the two sets of pure modes for rigid 
interface DCB can achieve this. The new value of  𝜃𝑀  is calculated by using a double 
bi-section approximation as 
𝜃𝑀3 =
1
2
 
𝜃1 + 𝜃1
′
2
+ 𝜃1
′ =
𝜃1
4
+
3𝜃1
′
4
 (5.98) 
Based on this new 𝜃𝑀3, all three other modes, modes I and II ERRs can be calculated 
from Equations 5.71 to 5.77. 
5.6.3 Averaged Double Bi-section Approximation 
With bi-section approximation has been used both on 𝜃 and 𝛽 modes, and averaged bi-
section approximation can be used here to improve the accuracy as, 
𝜃𝑀4 =
𝜃𝑀2 + 𝜃𝑀3
2
 (5.99) 
While 𝜃𝑀2 and 𝜃𝑀3 are known from approximation methods 1 and 2, given in Equations 
5.97 and 5.98, by using the orthogonal mode method as discussed above. Based on this 
new 𝜃𝑀4, all three other modes, modes I and II ERRs can be calculated from Equations 
5.71 to 5.77. 
5.7 Mixed Modes Partitions with Any Interface Stiffness 
Based on Abaqus tests, one partition variation trend is observed. For non-rigid interface, 
when the interface gets less stiff, the pure modes pass through 𝛽𝑀2, and tend towards 
𝛽𝑀2. Conversely, when the interface gets more stiff, the pure modes pass through 𝛽𝑀3, 
and tend towards Suo-Hutchinson's pure modes for rigid interface. So based on these 
observations, one assumption is made that for any interface stiffness, pure mode sets is 
a function of  𝑘𝑒𝑟 which is given as, 
𝜃(𝑘𝑒𝑟 ) = 𝑓(𝑘𝑒𝑟) (5.100) 
Here in Equation 5.100, ker is defined as the ratio between interface stiffness K and 
material's Young's modulus E which is 𝑘𝑒𝑟 = 𝐾 𝐸 . And Equation 5.100 is modified as, 
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𝜃(𝑎) = 𝑓(𝑎) (5.101) 
𝑎 = log(𝑘𝑒𝑟) (5.102) 
Two kinds of polynomial formulas are used to find out Equation 5.101 which is two and 
four degree polynomial formulas respectively, 
𝜃(𝑎) = 𝑡1 + 𝑡2𝑎 + 𝑡3𝑎
2 (5.103) 
𝜃(𝑎) = 𝑡1 + 𝑡2𝑎 + 𝑡3𝑎
2 + 𝑡4𝑎
3 + 𝑡5𝑎
4 (5.104) 
Based on the observations from tests and Equations 5.101 and 5.102, a curve is 
displayed in Figure 5-4 to represent the assumption of partition variation trend.  
 
Figure 5-4: Partition Modes Variation Trend with Different Interface Stiffness 
With following conditions are given by, 
𝜃(−3) = 𝜃𝑀1 (5.105) 
𝜃(−1) = 𝜃𝑀2 (5.106) 
𝜃(0) = 𝜃𝑀4 (5.107 
𝜃(+1) = 𝜃𝑀3 (5.108) 
𝜃(+3) = 𝜃𝑆𝐻  (5.109) 
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For different degrees of polynomial formulas are used, different known conditions are 
used to determine corresponding parameters. Equations 5.106 to 5.108 are used for 
determine t1 to t3 of Equation 5.103. Equations 5.105 to 5.109 can be used to calculate t1 
to t5 of Equation 5.104. In Equations 5.105 to 5.109, the five 𝜃𝑀  modes on the right are 
also known from mode partition theories and Suo-Hutchinson‟s partition theory and 
they are given by, 
𝜃𝑀1 = −𝛾
2 (5.110) 
𝜃𝑀2 = −
𝛾4 + 11𝛾3 + 4𝛾2
9𝛾3 + 4𝛾2 + 2𝛾 + 1
 (5.111) 
𝜃𝑀4 =
𝜃𝑀2 + 𝜃𝑀3
2
 (5.112) 
𝜃𝑀3 =
−𝛾2 − 3
4
 (5.113) 
𝜃𝑀5 = 𝜃𝑆𝐻 (5.114) 
Calculation of Suo-Hutchinson’s Partition Mode 
Based on the calculations in Section 3.2.3.4, Suo-Hutchinson's pure modes can be 
calculated, so it is not presented here. Now, consider the simplest case that there is only 
bending moment loading applied and no any other loading. By letting Equation 3.35 
equal to 0, a pure mode I can be achieved and relationship between 𝑀1 and 𝑀2 can be 
found out from Equations 3.34 to 3.44, and the partition mode 𝜃𝑆𝐻  is known. 
So for any given ker, from Equations 5.105 to 5.114, all the parameters of Equations 
5.103 to 5.105 can be calculated. And then for any given interface stiffness, its partition 
mode 𝜃𝑀(𝑘𝑒𝑟 ) can be calculated from Equation 5.100. Based on this new 𝜃𝑀(𝑘𝑒𝑟 ) being 
known, all other modes, ERRs and their partitions can be calculated from Equations 
5.71 to 5.77. 
Known from numerical simulations (see Section 8.3.1), the two degrees polynomial 
formula can produce better results than the four degrees one, so only the two degrees 
polynomial formula is applied for this partition theory. From Equations 5.103, 5.106 to 
5.108 and Equation 5.111 to 5.113, the 𝜃𝑀(𝑘𝑒𝑟 ) is given by, 
𝜃𝑀(𝑘𝑒𝑟 ) = 𝜃𝑀4 +
𝜃𝑀3 − 𝜃𝑀2
2
× log10 𝑘𝑒𝑟 + 𝜃𝑀4 +
𝜃𝑀3 − 2𝜃𝑀4 + 𝜃𝑀2
2
× log10 𝑘𝑒𝑟
2 (5.115) 
Chapter 5 Mixed Mode Partition Theories of DCB with Non-Rigid Interface 
125 
 
5.8 Conclusions 
Here in this chapter, rigid interface mixed mode partition theories are extended to non-
rigid interfaces for isotropic DCB. In this new partition theory, modes ERR with non-
rigid cohesive interface is divided into two parts which are pure bending moment with 
axial force part and pure shear force loading part. Fully detailed derivation of 
calculating modes ERRs for two kinds of loading cases are given first. In calculations of 
pure bending moment and axial force loading cases, a new orthogonal method and axial 
force modes are introduced into the theory to improve the results accuracy. An 
approximate mixed mode partition theory is developed using the second set of 
orthogonal pure modes from Euler beam theory with rigid interfaces which is given 
by 𝜃𝑀1. In calculation of pure shear force loading cases, four parameters are introduced 
to calculation of the modes ERRs. To achieve these four parameters, two crack tip 
loading conditions are applied in FEM simulations (see Chapter 6) to find out the mode 
I ERRs and shear stresses.  
For pure bending moment and axial force loading cases, three more partition theories 
are developed using two sets of pure modes. In the first two theories, double bi-section 
approximation is used both on the 𝛽 mode and 𝜃 mode which are given by  𝛽𝑀2 and 𝜃𝑀3 
respectively. The last method is using an averaged  𝜃𝑀4 mode based on the results from 
bi-section approximations. By using the new orthogonal method, all four modes can be 
calculated which are  𝜃𝑀  and  𝛽𝑀  working with bending moment component and  𝜃𝑁  
and  𝛽𝑁 working with axial force component respectively.  
One partition variation trend is found. Within the non-rigid interface range, when 
interface stiffness changes from soft to tough, partition varies according to interface 
stiffness and approaches to method 1, method 2, then method 4, method 3 and finally is 
approaching to Suo-Hutchinson‟s partition. So an assumption is made based on this 
observation, which is, with any given interface stiffness, the mode partitions can be 
approximated from these 5 known partition modes. Fully detailed derivation is given.  
Finally, based on this new theory for non-rigid interface cases, with any given material 
properties and sample geometries, the modes ERRs can be calculated. 
But as discussed in Section 5.5.2 , in determination of the four parameters of crack tip 
shear part, FEM simulations are still needed. To deal with this inconvenience in 
calculation, empirical formulas for these four parameters are demanded. So the 
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empirical formulas of these four parameters are developed and validated in Chapter 6. 
Also, in the validation of pureness and mixed mode partition in Chapters 7 and 8, 
empirical formulas are applied in the calculation as well. 
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Chapter 6 Empirical Formulas for Four Parameters 
6.1 Introduction 
In Chapter 5, a new mode partition theory was developed for DCBs with non-rigid 
interface. With pure bending moment and axial loads applied, ERR partitions can be 
calculated from this mode partition theory fully analytically, but when there are shear 
forces applied on the beam tips, four parameters are introduced into the calculation of 
the ERR of the shear force loading contribution 𝐺𝑃  (see Section 5.5.2).  When these 
four parameters are known, the ERR of the shear force loading contribution 𝐺𝑃  can be 
easily calculated. To determine these four parameters, two groups of crack tip shear 
forces need to be applied in FEM simulations to find out the mode I ERRs and shear 
stresses which is costly time-wise. So the aim of this chapter, it is to derive a universal 
relationships for these four parameters, so that they can be determined immediately 
without running any FEM simulations. 
A full investigation is carried out about how material properties and sample geometries 
affect these four parameters. Uncracked length, cracked length, total thickness, 
thickness ratio, Young‟s modulus and interface stiffness are varied over a range of value 
to find out how each item affects these four parameters. 
Based on these investigation results, three sets of empirical formulas for four parameters 
are given as a function of total thickness and thickness ratio with different interface 
stiffness. Then these empirical formulas are validated. Different total thickness, 
thickness ratio and interface stiffness are introduced into these empirical formulas, and 
results are compared with original numerical simulations values. 
Then based on these three sets of empirical formulas, an approximation method for any 
given interface stiffness is developed for calculation of modes ERRs in pure shear force 
loading cases and this approximation method is validated as well. Four parameters are 
calculated based on this approximation method and compared with numerical 
simulation results. 
All investigation completed about material properties and geometries effects are based 
on thickness a ratio greater than 1, and all sets of empirical formulas are for thickness 
ratio bigger than 1. No information is given about thickness ratio smaller than 1cases. 
Chapter 6 Empirical Formulas for Four Parameters 
128 
 
So, the relationship of four parameters between thickness ratio bigger than 1 case and 
smaller than 1 case is derived. Based on these methods developed in this chapter, modes 
ERRs can be calculated without any FEM simulations. 
6.2 Investigation of Four Parameters for Shear Loading Cases 
As discussed in mixed mode partitions calculation for shear loading part (see Section 
5.5.2), when shear force applied on beam tip, four parameters are introduced into 
calculation. Here in this section how material properties and sample geometries affect 
these four parameters are investigated. For any single test sample, under any loading 
condition, these four parameters are fixed. The methods to find out these four 
parameters are applying two groups of shear forces on the crack tip. Based on two sets 
of shear stresses and mode I ERRs from each group of load, four parameters can be 
calculated. The two cases chosen here are 𝑃1𝐵 = 1 N, 𝑃2𝐵 = 0 and 𝑃1𝐵 = 1 N, 𝑃2𝐵 =
−1 N which will give two mode I ERRs and two shear force: 𝐺𝐼𝑃,0
𝑃  𝛾  and 𝐺𝐼𝑃,−1
𝑃  𝛾 , 
𝜏𝑠𝑃 ,0 𝛾  and 𝜏𝑠𝑃,−1 𝛾 . These four items are determined numerically. The relationship 
between 𝐺𝐼𝑃,0
𝑃  𝛾 , 𝐺𝐼𝑃,−1
𝑃  𝛾  and 𝜉 𝛾 , 𝛽𝑃 𝛾  are given by  
𝐺𝐼𝑃 ,0
𝑃  𝛾 = 𝜉(𝛾)
𝛽𝑃
2(𝛾)
𝐸𝑕1
3  (6.1) 
And 
𝐺𝐼𝑃 ,−1
𝑃  𝛾 = 𝜉(𝛾)
 1 + 𝛽𝑃(𝛾) 
2
𝐸𝑕1
3  (6.2) 
The two parameters 𝜉 𝛾  and 𝛽𝑃 𝛾  are therefore determined as, 
𝜉 𝛾 =
𝐺𝐼𝑃 ,0
𝑃  𝛾 
𝛽𝑃
2(𝛾)
𝐸𝑕1
3 (6.3 
And 
𝛽𝑃 𝛾 =   𝑔(𝛾) − 1 
−1
 (6.4) 
With 
𝑔 𝛾 =
𝐺𝐼𝑃 ,−1
𝑃  𝛾 
𝐺𝐼𝑃 ,0
𝑃  𝛾 
 (6.5) 
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Then consider the parameters 𝜁(𝛾) and 𝜃𝑃(𝛾). The crack tip shear stress 𝜏𝑠𝑃  due to the 
shear forces 𝑃1𝐵 and 𝑃2𝐵 are given by, 
𝜏𝑠𝑃 ,0 𝛾 = 𝜁(𝛾)
𝜃𝑃(𝛾)
𝑏𝑕1
 (6.6) 
𝜏𝑠𝑃 ,−1 𝛾 = 𝜁(𝛾)
−1 − 𝜃𝑃(𝛾)
𝑏𝑕1
 (6.7) 
The two parameters 𝜉 𝛾  and 𝛽𝑃 𝛾  are therefore determined as, 
𝜁 𝛾 =  𝜏𝑠𝑃 ,0 𝛾 − 𝜏𝑠𝑃 ,−1 𝛾  𝑏𝑕1 (6.8) 
And 
𝜃𝑃 𝛾 =  𝜏 𝛾 − 1 
−1 (6.9) 
With 
𝜏 𝛾 =
𝜏𝑠𝑃 ,−1 𝛾 
𝜏𝑠𝑃 ,0 𝛾 
 (6.10) 
So in each following investigations, only one material property or sample geometry is 
varied over a range to investigate how it affects these four parameters. 
6.2.1 Numerical Investigation Information 
Some basic numerical investigation information is introduced here which are sample 
geometries, material properties and FEM modelling. 
The uncracked length of DCB sample is 800 mm with a pre-crack of 10 mm. Loads are 
applied on the crack tip. Width of DCB is 1 mm and total thickness of DCB is 2 mm. 
Thickness of each beam is varied according to different thickness ratio and total 
thickness. Material‟s Young‟s modulus is chosen as 1 × 109 N/m2 with a Poisson ratio 
of 0.3. Penalty stiffness 𝐾 is varied from 1 × 108 to 1 × 1010  N/m3 in different cases.  
Parts in models are built as 2D shell deformable planar for DCB and interface. Element 
used on DCB are CPS4R which is a four nodes bi-linear plane stress quadrilateral 
element with RIT applied. Element used on interface is linear COH2D4 which is a four 
node two dimensional cohesive element.  
Meshing for both beams and interface in x direction are using a same size of 0.1 mm, to 
make all the nodes on edges of beams and interface are at the same location. Because in 
processing of constraints between beam surfaces and interface surfaces, same locations 
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of surface nodes can improve the accuracy of FEM simulations. Meshing of two beams 
in thickness direction are different. For upper beam, in order to get converged results, 
12 elements (more elements for bigger total thickness case) are used, so the meshing 
size of element is changed according to different thickness ratio. For lower beam, a 
fixed meshing size of 0.1 mm is used, so the number of elements is changed according 
to different thickness ratio. When meshing is crated in Abaqus, some automatic 
modification is applied by the software itself, as the thicknesses of beams may not be 
able to be divided by the meshing size exactly, so Abaqus will modify the meshing size 
slightly to create whole numbers of elements with even meshing size. There is only one 
element used in thickness direction for interface. The thickness of interface must be set 
as small as allowed to improve the accuracy.  
6.2.2 Effect of Uncracked Length 
For the DCB in this chapter, ahead of  the crack tip, two cantilever beams are 
considered as joined together by the interface which means they are uncracked. In order 
to investigate how this uncracked length affects four parameters, length of uncrack area 
is varied in range with all other material properties and sample geometries being kept 
the same. At the same time, investigations are finished with 𝑘𝑒𝑟 being set to 0.1, 1 and 
10. Two sets of thickness ratio are tested of  𝛾 = 2 and 𝛾 = 5 with total thickness 2 mm. 
Test with Thickness Ratio 𝛾 = 2 
In this test, thickness ratio is set to be 2 and length of uncrack area is varied from 100 
mm to 900 mm with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-1 and 
presented in Figures 6-1 to 6-4 here. 
Table 6-1: Parameters with Different Uncracked Length and 𝑘𝑒𝑟 with  𝛾 = 2 
 
ker 
(1/m) 
Uncracked Length (mm) 
100 300 500 600 700 800 900 
 𝛽𝑃(𝛾) 
0.1 3.418895 3.115589 2.925486 2.860793 2.820793 2.810793 2.810589 
1 2.781251 2.781251 2.781251 2.781251 2.781251 2.781251 2.781251 
10 2.508936 2.508936 2.508936 2.508936 2.508936 2.508936 2.508936 
𝜉(𝛾) 
0.1 19.00769 23.74586 25.18147 25.41478 25.49781 25.55885 25.55948 
1 8.425382 8.425382 8.425382 8.425382 8.425382 8.425382 8.425382 
10 3.606653 3.606653 3.606653 3.606653 3.606653 3.606653 3.606653 
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𝜃𝑃(𝛾) 
0.1 -1.0316 -1.0276 -1.0256 -1.0246 -1.0245 -1.0241 -1.0241 
1 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 
10 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 
𝜁 𝛾  
0.1 0.337854 0.397854 0.423854 0.432854 0.439854 0.44124 0.44125 
1 0.43586 0.43586 0.43586 0.43586 0.43586 0.43586 0.43586 
10 0.43158 0.43158 0.43158 0.43158 0.43158 0.43158 0.43158 
 
Figure 6-1: P(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with  𝛾 = 2 
 
Figure 6-2: 𝜉(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
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Figure 6-3: P(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-4: 𝜁 𝛾  with Different Uncracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
Test with Thickness Ratio 𝜸 = 𝟓 
In this test, thickness ratio is set to be 5 and length of uncrack area is varied from 100 
mm to 900 mm with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-2 and 
presented in  Figures 5-5 to 5-8 here. 
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Table 6-2: Parameters with Different Uncracked Length and 𝑘𝑒𝑟 with  𝛾 = 5 
 
ker 
(1/m) 
Uncracked Length (mm) 
100 300 500 600 700 800 900 
 𝛽𝑃(𝛾) 
0.1 15.91601 13.51524 12.41485 12.21614 12.15479 12.08263 12.08235 
1 11.47751 11.47751 11.47751 11.47751 11.47751 11.47751 11.47751 
10 9.086701 9.086701 9.086701 9.086701 9.086701 9.086701 9.086701 
𝜉(𝛾) 
0.1 0.430063 0.640342 0.700145 0.712045 0.71549 0.718761 0.718772 
1 0.251657 0.251657 0.251657 0.251657 0.251657 0.251657 0.251657 
10 0.130242 0.130242 0.130242 0.130242 0.130242 0.130242 0.130242 
𝜃𝑃(𝛾) 
0.1 -1.10615 -1.08637 -1.08061 -1.08412 -1.07912 -1.07892 -1.07891 
1 -1.23091 -1.23091 -1.23091 -1.23091 -1.23091 -1.23091 -1.23091 
10 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 
𝜁 𝛾  
0.1 0.102805 0.125805 0.134805 0.136005 0.137334 0.138334 0.138334 
1 0.136695 0.136695 0.136695 0.136695 0.136695 0.136695 0.136695 
10 0.13618 0.13618 0.13618 0.13618 0.13618 0.13618 0.13618 
 
Figure 6-5: P(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
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Figure 6-6: 𝜉(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with  𝛾 = 5 
 
Figure 6-7: P(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-8: 𝜁(𝛾) with Different Uncracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
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The first observation is that when interface stiffness is tough, all these four parameters 
are constant, just like being shown in 𝑘𝑒𝑟 = 1 and 𝑘𝑒𝑟 = 10 cases. The other one is for 
soft interface cases, when length of uncracked area is increased, all four parameters 
converged to constant values.  
The reasons for this could be that, with soft interface applied between two beams and 
under loading conditions, the deformations of beams and interface can be easily 
transferred from crack tip to the fixed end, and if the uncracked length is small, the 
constrain (force) at the fixed end will affect the deformations of beams and interface 
leading to un-converged results. If the uncracked length is great enough, the effect of 
constrain at the fixed end can be eliminated or neglected to achieve converged results. 
For stiff interface, the deformations of beams and interface are hard to be transferred to 
the fixed end so the effect of constrain at the fixed end are 0 or can be small enough to 
be neglected.  
So when length of uncracked area is long enough, these four parameters can also be 
considered as constant. Therefore in all the following investigations, uncracked area 
length is set as 800 mm for soft interface cases to make sure investigations are under 
converged situations. 
6.2.3 Effect of Cracked Length 
For the DCB in this chapter, there is an existing pre-crack and its length is called 
cracked length. In order to investigate how this crack length affects four parameters, the 
length of crack is varied from 10 mm to 70 mm with all other material properties and 
sample geometries being kept the same. At the same time, investigations are finished 
with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Two sets of thickness ratio are used which are 𝛾 = 2 
and 𝛾 = 5 with total thickness set to 2 mm.  
Test with Thickness Ratio 𝜸 = 𝟐 
In this test, thickness ratio is set to be 2 and length of crack area is varied from 10 mm 
to 70 mm with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-3 and presented 
in Figures 5-9 to 5-12 here. 
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Table 6-3: Parameters with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
 
ker 
(1/m) 
Cracked Length (mm) 
10 20 30 40 50 60 70 
 𝛽𝑃(𝛾) 
0.1 2.810793 2.810793 2.810793 2.810793 2.810793 2.810793 2.810793 
1 2.781251 2.781251 2.781251 2.781251 2.781251 2.781251 2.781251 
10 2.508936 2.508936 2.508936 2.508936 2.508936 2.508936 2.508936 
𝜉(𝛾) 
0.1 25.55885 25.55885 25.55885 25.55885 25.55885 25.55885 25.55885 
1 8.425382 8.425382 8.425382 8.425382 8.425382 8.425382 8.425382 
10 3.606653 3.606653 3.606653 3.606653 3.606653 3.606653 3.606653 
𝜃𝑃(𝛾) 
0.1 -1.0241 -1.0241 -1.0241 -1.0241 -1.0241 -1.0241 -1.0241 
1 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 
10 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 
𝜁 𝛾  
0.1 0.44124 0.44124 0.44124 0.44124 0.44124 0.44124 0.44124 
1 0.43586 0.43586 0.43586 0.43586 0.43586 0.43586 0.43586 
10 0.43158 0.43158 0.43158 0.43158 0.43158 0.43158 0.43158 
 
Figure 6-9: P(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
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Figure 6-10: 𝜉(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-11: P(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-12:  𝜁(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 2 
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Test with Thickness Ratio 𝜸 = 𝟓 
In this test, thickness ratio is set to be 5 and length of crack area is varied from 10 mm 
to 70 mm with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-4 and presented 
in Figures 5-13 to 5-16 here. 
Table 6-4: Parameters with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
 
ker 
(1/m) 
Cracked Length (mm) 
10 20 30 40 50 60 70 
 𝛽𝑃(𝛾) 
0.1 12.08263 12.08263 12.08263 12.08263 12.08263 12.08263 12.08263 
1 11.47751 11.47751 11.47751 11.47751 11.47751 11.47751 11.47751 
10 9.086701 9.086701 9.086701 9.086701 9.086701 9.086701 9.086701 
𝜉(𝛾) 
0.1 0.71876 0.71876 0.71876 0.71876 0.71876 0.71876 0.71876 
1 0.251657 0.251657 0.251657 0.251657 0.251657 0.251657 0.251657 
10 0.130242 0.130242 0.130242 0.130242 0.130242 0.130242 0.130242 
𝜃𝑃(𝛾) 
0.1 -1.0789 -1.0789 -1.0789 -1.0789 -1.0789 -1.0789 -1.0789 
1 -1.2309 -1.2309 -1.2309 -1.2309 -1.2309 -1.2309 -1.2309 
10 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 
𝜁 𝛾  
0.1 0.138334 0.138334 0.138334 0.138334 0.138334 0.138334 0.138334 
1 0.136695 0.136695 0.136695 0.136695 0.136695 0.136695 0.136695 
10 0.13618 0.13618 0.13618 0.13618 0.13618 0.13618 0.13618 
 
Figure 6-13:  P(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
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Figure 6-14: 𝜉(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-15: P(𝛾)  with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-16: 𝜁(𝛾) with Different Cracked Length and 𝑘𝑒𝑟 with 𝛾 = 5 
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Results from two thickness ratio cases are showing one same thing which is the length 
of crack does not affect these four parameters at all. With the length of cracked area 
increased, the values of four parameters are constant. And for different 𝑘𝑒𝑟  values, 
these values of these four parameters are also constant. When the cracked length is 
increased from 10 mm to 70 mm, all these four parameters are constant with different 
thickness ratio and 𝑘𝑒𝑟 values. In all the following investigations, as this cracked length 
will not affect the values of four parameters, it will be kept as 10 mm all the time. 
6.2.4 Effect of Total Thickness 
For the DCB in this chapter, the total thickness is equal to the sum of thicknesses of 
upper and lower beams. When the total thickness is known, the thicknesses of each 
beam can be calculated from thickness ratio. In order to investigate how this total 
thickness affects these four parameters, the total thickness of DCB is varied from 1 mm 
to 6 mm with all other material properties and sample geometries being kept the same. 
At the same time, investigations are finished with 𝑘𝑒𝑟  is set to 0.1, 1 and 10. To 
improve the accuracy of investigations, two sets of thickness ratio are used to test the 
effect of total thickness which are 𝛾 = 2 and 𝛾 = 5 cases respectively.  
Test with Thickness Ratio 𝜸 = 𝟐 
In this test, thickness ratio is set to be 2 and the total thickness is varied from 1 mm to 6 
mm with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-5 and presented in 
Figures 5-17 to 5-20 here. 
 
Figure 6-17: P(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 2 
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Figure 6-18: 𝜉(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-19: P(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-20: 𝜁(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 2 
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Table 6-5: Parameters with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 2 
 
ker 
(1/m) 
Total Thickness (mm) 
1 2 3 4 5 6 
 𝛽𝑃(𝛾) 
0.1 2.747573 2.805402 2.815793 2.825294 2.830838 2.836742 
1 2.749551 2.778794 2.781251 2.779914 2.77746 2.775497 
10 2.77033 2.618263 2.508936 2.473803 2.443679 2.403192 
𝜉(𝛾) 
0.1 5.053597 13.79791 25.55885 38.49976 54.45223 71.4491 
1 1.6129 4.551773 8.425382 13.10963 18.51276 24.5919 
10 0.532799 1.750533 3.606653 5.860771 8.899311 12.5458 
𝜃𝑃(𝛾) 
0.1 -1.01478 -1.01996 -1.02413 -1.02735 -1.03016 -1.03271 
1 -1.04235 -1.05676 -1.06736 -1.07617 -1.08396 -1.09109 
10 -1.11222 -1.14603 -1.16882 -1.18644 -1.20081 -1.21288 
𝜁 𝛾  
0.1 0.439912 0.440817 0.440841 0.44091 0.44071 0.440469 
1 0.437929 0.437719 0.435859 0.433694 0.430997 0.427816 
10 0.431814 0.431877 0.431984 0.432085 0.432913 0.433964 
Test with Thickness Ratio 𝜸 = 𝟓 
In this test, thickness ratio is set to be 5 and the total thickness is varied from 1 mm to 6 
mm with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-6 and presented in 
Figures 5-21 to 5-24 here. 
 
Figure 6-21: P(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 5 
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Figure 6-22: 𝜉(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-23: P(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-24: 𝜁(𝛾) with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 5 
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Table 6-6: Parameters with Different Total Thickness and 𝑘𝑒𝑟 with 𝛾 = 5 
 
ker 
(1/m) 
Total Thickness (mm) 
1 2 3 4 5 6 
 𝛽𝑃(𝛾) 
0.1 12.52942 12.25064 12.08263 12.15447 12.13801 12.11369 
1 11.4309 11.47796 11.47751 11.46656 11.37195 11.28739 
10 12.31076 9.992627 9.086701 8.680784 8.165351 7.754844 
𝜉(𝛾) 
0.1 0.128972 0.400133 0.71876 1.094168 1.533181 2.023346 
1 0.048227 0.133615 0.251657 0.389688 0.555335 0.743311 
10 0.013373 0.057935 0.130242 0.224139 0.35943 0.532032 
𝜃𝑃(𝛾) 
0.1 -1.04794 -1.0655 -1.07886 -1.09013 -1.10029 -1.10956 
1 -1.14208 -1.19314 -1.23088 -1.26267 -1.29148 -1.31809 
10 -1.39457 -1.52709 -1.61634 -1.68589 -1.74335 -1.79184 
𝜁 𝛾  
0.1 0.13889 0.13872 0.138334 0.138107 0.13793 0.137749 
1 0.138667 0.137481 0.136695 0.135803 0.13478 0.133625 
10 0.136098 0.136088 0.136186 0.136454 0.137013 0.137685 
Results from different total thickness show different trends of these four parameters. 
With total thickness being increased, 𝛽𝑃(𝛾) increased gently for 𝑘𝑒𝑟 = 0.1 and 𝑘𝑒𝑟 = 1 
cases but decreased for 𝑘𝑒𝑟 = 10 case, while 𝜉(𝛾) increased dramatically for all 𝑘𝑒𝑟 
cases. Different from 𝛽𝑃(𝛾) and 𝜉(𝛾), bigger total thickness is leading to smaller 𝜃𝑃(𝛾) 
and 𝜁(𝛾) (except 𝑘𝑒𝑟 = 10 case) and both 𝜃𝑃(𝛾)and 𝜁(𝛾)are reducing slowly. 𝜁(𝛾) in 
𝑘𝑒𝑟 = 10 case will increase when total thickness is becoming bigger. There is one thing 
needed to be pay attention to, which is when the thickness ratio is 1, 𝛽𝑃(𝛾) and 𝜃𝑃(𝛾) 
will be kept constant and equal to 1 and -1 respectively. 
6.2.5 Effect of Thickness Ratio 
Thickness ratio is varied from 1 to 6 with all other material properties and sample 
geometries being kept the same. Investigations are finished with 𝑘𝑒𝑟 is set to all three 
different values which are 0.1, 1 and 10. To improve the accuracy of investigations, two 
sets of total thickness are used to test the effect of thickness ratio which are 𝑕 = 2 mm 
and 𝑕 = 5 mm.  
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Test with Total Thickness 𝒉 = 𝟐 mm 
In this test, total thickness is set to be 2 mm and the thickness ratio is varied from 1 to 6 
with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in Table 6-7 and presented in Figures 
5-25 to 5-28 here. 
Table 6-7: Parameters with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 2 mm 
 
ker 
(1/m) 
𝛾 
1 2 3 4 5 6 
 𝛽𝑃(𝛾) 
0.1 1 2.815402 5.22341 8.340618 11.95064 16.00494 
1 1 2.778794 5.177225 8.100957 11.61796 15.68394 
10 1 2.618263 4.707096 7.053845 9.992627 12.82973 
𝜉(𝛾) 
0.1 124.2875 13.79791 3.235814 1.015632 0.400133 0.183749 
1 40.74167 4.551773 1.049292 0.340131 0.133615 0.060386 
10 15.05275 1.750533 0.418841 0.144931 0.057935 0.028632 
𝜃𝑃(𝛾) 
0.1 -1 -1.01996 -1.03499 -1.04979 -1.0655 -1.08224 
1 -1 -1.05676 -1.1012 -1.14573 -1.19314 -1.24366 
10 -1 -1.14603 -1.26878 -1.39379 -1.52709 -1.66896 
𝜁 𝛾  
0.1 0.748158 0.440817 0.279914 0.191461 0.13872 0.104982 
1 0.748611 0.437719 0.277115 0.189628 0.137481 0.104128 
10 0.754826 0.431877 0.273052 0.187205 0.136088 0.103348 
 
Figure 6-25: P(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 2 mm 
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Figure 6-26: 𝜉(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 2 mm 
 
Figure 6-27: P(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 2 mm 
 
Figure 6-28: 𝜁(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 2 mm 
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Test with Total Thickness 𝒉 = 𝟓 mm 
In this test, total thickness is set to be 5 mm and the thickness ratio is varied from 1 to 6 
with 𝑘𝑒𝑟 set to 0.1, 1 and 10. Results are listed in Table 6-8 and presented in Figures 5-
29 to 5-32 here. 
Table 6-8: Parameters with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 5 mm 
 
ker 
(1/m) 
𝛾 
1 2 3 4 5 6 
 𝛽𝑃(𝛾) 
0.1 1 2.830838 5.289488 8.409887 12.13801 16.45218 
1 1 2.77746 5.135255 8.017256 11.37195 15.19558 
10 1 2.403192 4.019469 5.800612 7.754844 9.771713 
𝜉(𝛾) 
0.1 493.5767 54.45223 12.52362 3.948479 1.533181 0.687051 
1 166.5267 18.51276 4.28376 1.38859 0.555335 0.255639 
10 70.43446 8.899311 2.284331 0.818305 0.35943 0.179314 
𝜃𝑃(𝛾) 
0.1 -1 -1.03016 -1.05365 -1.07633 -1.10029 -1.12567 
1 -1 -1.08396 -1.15164 -1.2197 -1.29148 -1.3675 
10 -1 -1.2008 -1.37484 -1.55364 -1.74335 -1.94558 
𝜁 𝛾  
0.1 0.748983 0.44071 0.278751 0.19049 0.13793 0.104318 
1 0.74549 0.430997 0.271683 0.185733 0.13478 0.102199 
10 0.766213 0.432913 0.273606 0.187917 0.137013 0.104246 
 
Figure 6-29: P(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 5 mm 
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Figure 6-30: 𝜉(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 5 mm 
 
Figure 6-31: P(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 5 mm 
 
Figure 6-32: 𝜁(𝛾) with Different Thickness Ratio and 𝑘𝑒𝑟 with 𝑕 = 5 mm 
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Results from two cases are showing same trend. With thickness ratio is increased from 1 
to 6, four parameters vary differently. With thickness ratio increased, only 𝛽𝑃(𝛾) 
increased and the increments are obvious. Different trends for all other three parameters, 
when thickness ratio becomes bigger and bigger, these three parameters reduced. 
𝜃𝑃 𝛾 and  𝜁(𝛾) decreased slowly and smoothly, while the decreasement of 𝜉(𝛾)  is 
dramatic towards a steady value. Another observation is found that with the interface is 
getting tougher, the increasements or decreasements of four parameters are getting 
smaller. With thickness ratio increased, values of parameters in each 𝑘𝑒𝑟  cases are 
getting more different for 𝛽𝑃(𝛾) and 𝜃𝑃 𝛾 . 
6.2.6 Effect of Young’s Modulus 
In order to investigate how the Young‟s modulus affects four parameters, Young‟s 
modulus is varied from 1 × 106  N/m2 to  1 × 1012  N/m2 with all other material 
properties and sample geometries being kept the same. When vary the Young‟s modulus 
of sample, interface stiffness is also changed to keep a constant 𝑘𝑒𝑟. At the same time, 
investigations are finished with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Two sets of thickness ratio 
are used to test the effect of Young‟s modulus which are 𝛾 = 2 and 𝛾 = 5 with total 
thickness set to 2 mm. Results are listed and presented here. 
Test with Thickness Ratio 𝜸 = 𝟐 
In this test, thickness ratio is 2 and Young‟s modulus is varied from 1 × 106  N/m2 
to 1 × 1012  N/m2 with 𝑘𝑒𝑟 is 0.1, 1 and 10. Results are listed in Table 6.9 and presented 
in Figures 5-33 to 5-36 here. 
 
Figure 6-33: P(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 2 
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Figure 6-34: 𝜉(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-35: P(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 2 
 
Figure 6-36: 𝜁(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 2 
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Table 6-9: Parameters with Different Young's Modulus and 𝑘𝑒𝑟 with 𝛾 = 2 
 
ker 
(1/m) 
E (N/m
2
) 
1×106 1×107 1×108 1×109 1×1010 1×1011 1×1012 
 𝛽𝑃(𝛾) 
0.1 2.810793 2.810793 2.810793 2.810793 2.810793 2.810793 2.810793 
1 2.781251 2.781251 2.781251 2.781251 2.781251 2.781251 2.781251 
10 2.508936 2.508936 2.508936 2.508936 2.508936 2.508936 2.508936 
𝜉(𝛾) 
0.1 25.55885 25.55885 25.55885 25.55885 25.55885 25.55885 25.55885 
1 8.425382 8.425382 8.425382 8.425382 8.425382 8.425382 8.425382 
10 3.606653 3.606653 3.606653 3.606653 3.606653 3.606653 3.606653 
𝜃𝑃(𝛾) 
0.1 -1.0241 -1.0241 -1.0241 -1.0241 -1.0241 -1.0241 -1.0241 
1 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 -1.0674 
10 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 -1.1688 
𝜁 𝛾  
0.1 0.44124 0.44124 0.44124 0.44124 0.44124 0.44124 0.44124 
1 0.43586 0.43586 0.43586 0.43586 0.43586 0.43586 0.43586 
10 0.43158 0.43158 0.43158 0.43158 0.43158 0.43158 0.43158 
Test with Thickness Ratio 𝜸 = 𝟓 
In this test, thickness ratio is set to be 5 and the Young‟s modulus is varied from 
1 × 106 N/m2 to 1 × 1012  N/m2 with 𝑘𝑒𝑟 is set to 0.1, 1 and 10. Results are listed in 
Table 6-10 and presented in Figures 5-37 to 5-40 here. 
 
Figure 6-37: P(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 5 
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Figure 6-38: 𝜉(𝛾)with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-39: P(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 5 
 
Figure 6-40: 𝜁(𝛾) with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 5 
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Table 6-10: Parameters with Different Young‟s Modulus and 𝑘𝑒𝑟 with 𝛾 = 5 
 
ker 
(1/m) 
E (N/m
2
) 
1×106 1×107 1×108 1×109 1×1010 1×1011 1×1012 
 𝛽𝑃(𝛾) 
0.1 12.08263 12.08263 12.08263 12.08263 12.08263 12.08263 12.08263 
1 11.47751 11.47751 11.47751 11.47751 11.47751 11.47751 11.47751 
10 9.086701 9.086701 9.086701 9.086701 9.086701 9.086701 9.086701 
𝜉(𝛾) 
0.1 0.71876 0.71876 0.71876 0.71876 0.71876 0.71876 0.71876 
1 0.251657 0.251657 0.251657 0.251657 0.251657 0.251657 0.251657 
10 0.130242 0.130242 0.130242 0.130242 0.130242 0.130242 0.130242 
𝜃𝑃(𝛾) 
0.1 -1.0789 -1.0789 -1.0789 -1.0789 -1.0789 -1.0789 -1.0789 
1 -1.2309 -1.2309 -1.2309 -1.2309 -1.2309 -1.2309 -1.2309 
10 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 -1.61634 
𝜁 𝛾  
0.1 0.138334 0.138334 0.138334 0.138334 0.138334 0.138334 0.138334 
1 0.136695 0.136695 0.136695 0.136695 0.136695 0.136695 0.136695 
10 0.13618 0.13618 0.13618 0.13618 0.13618 0.13618 0.13618 
Results from different Young‟s modulus show a same trend for these four parameters, 
which is that no matter how big or small the Young‟s modulus is, if 𝑘𝑒𝑟 is kept the 
same, these four parameters will also keep constant. 
6.2.7 Effect of Interface Stiffness to Young’s Modulus Ratio 
Based on the results and discussions from all other items investigations above, the effect 
of the interface stiffness to Young‟s modulus ratio, 𝑘𝑒𝑟 can be broadly characterised as 
when 𝑘𝑒𝑟  becomes bigger and bigger, all these four parameters are reduced. The 
differences between each parameter are the decreasement of them. 𝛽𝑃(𝛾)  reduced 
obviously and 𝜉(𝛾) is decreasing dramatically. With 𝑘𝑒𝑟 is getting bigger, the values of 
𝜁(𝛾) does not show a very big dropping down but reduced very smoothly and slightly. 
𝜃𝑃 𝛾  is also getting smaller and smaller when 𝑘𝑒𝑟 is getting bigger and bigger. So in 
general, bigger 𝑘𝑒𝑟 is leading to smaller values of four parameters. 
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6.3 Empirical Formulas for Four Parameters 
Continued with above discussions, tests are extended to full investigations. As shown in 
the investigations above, uncracked length, cracked length and Young‟s modulus do not 
affect these four parameters. So investigations are only extended to total thickness, 
thickness ratio and 𝑘𝑒𝑟. Full investigations results will be represented in next section of 
the comparison between original values and empirical formula calculations. Empirical 
formulas for all four parameters based on these full investigations are given here. There 
are 3 groups of empirical formulas with 𝑘𝑒𝑟 is set equal to 0.1, 1 and 10 respectively.  
6.3.1 Empirical Formulas for Four Parameters with ker = 0.1 
The first group empirical formulas of four parameters are for  𝑘𝑒𝑟 = 0.1 with any total 
thickness h and thickness ratio 𝛾 cases, by using polynomial curve fitting tool within 
Matlab, empirical formulas of parameters are given by, 
Parameter 𝜷𝑷 
𝛽𝑃 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
−𝑓2 𝛾 
𝑕+4 × 𝛽1 (6.11) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝛽1 are given by, 
𝑓1 𝛾 = 0.03149𝛾
5 − 0.5389𝛾4 + 3.444𝛾3 − 10.14𝛾2 + 13.49𝛾 − 5.288 (6.12) 
𝑓2 𝛾 = 0.1149𝛾
5 − 1.964𝛾4 + 12.54𝛾3 − 36.9𝛾2 + 49.13𝛾 − 22.93 (6.13) 
𝛽1 = 𝛾
2(3 + 𝛾) 1 + 3𝛾 ) (6.14) 
Parameter 𝝃 
𝜉 𝑕, 𝛾 = 𝑓1 𝛾 × 𝑕
𝑓2 𝛾 ×(𝑕+4)
𝑓3 𝛾 
𝑕+4
 (6.15) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝑓3 𝛾  are given by, 
𝑓1 𝛾 = (0.1338𝛾
4  − 2.382𝛾3 + 15.85𝛾2 − 47.58𝛾 + 56.29) (𝛾 − 0.4913) + 0.014 (6.16) 
𝑓2 𝛾 = 0.0547032𝛾
5 − 0.9381𝛾4 +  5.9986271𝛾3 − 17.625179𝛾2 + 23.34279𝛾 − 9.3291 (6.17) 
𝑓3 𝛾 = −0.17963158𝛾
5 + 3.07531𝛾4 − 19.640505𝛾3 + 57.6646𝛾2 − 76.3642𝛾 + 35.444 (6.18) 
Parameter 𝜽𝑷 
𝜃𝑃 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
−𝑓2 𝛾 
𝑕+4 × 𝜃1
′  (6.19) 
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While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝜃1
′  are given by, 
𝑓1 𝛾 = 0.0002125𝛾
5 − 0.004109𝛾4 +  0.03068𝛾3 − 0.1084𝛾2 + 0.2451𝛾 + 0.8365 (9.20) 
𝑓2 𝛾 = 0.0006145𝛾
5 − 0.01176𝛾4 + 0.08623𝛾3 − 0.3025𝛾2 + 0.6525𝛾 − 0.425 (6.21) 
𝜃1
′ = −1 (6.22) 
Parameter 𝜻 
𝜁 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
𝑓2 𝛾 
𝑕+4  (6.23) 
While the 𝑓1 𝛾  and 𝑓2 𝛾  are given by, 
𝑓1 𝛾 = 0.0009764𝛾
5 − 0.01575𝛾4 + 0.08514𝛾3 − 0.1304𝛾2 − 0.3189𝛾 + 1.142 (6.24) 
𝑓2 𝛾 = −0.01853𝛾
5 + 0.3218𝛾4 − 2.078𝛾3 + 6.126𝛾2 − 8.027𝛾 + 3.605 (6.25) 
6.3.2 Empirical Formulas for Four Parameters with ker = 1 
The second group empirical formulas of four parameters are for  𝑘𝑒𝑟 = 1 with any total 
thickness h and thickness ratio 𝛾 cases, by using polynomial curve fitting tool within 
Matlab, empirical formulas of parameters are given as, 
Parameter 𝜷𝑷 
𝛽𝑃 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
−𝑓2 𝛾 
𝑕+4 × 𝛽1 (6.26) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝛽1 are given by, 
𝑓1 𝛾 = 0.006379𝛾
5 − 0.1088𝛾4 + 0.6918𝛾3 − 2.026𝛾2 + 2.669𝛾 − 0.2316 (6.27) 
𝑓2 𝛾 = 0.02669𝛾
5 − 0.4557𝛾4 + 2.904𝛾3 − 8.534𝛾2 + 11.38𝛾 − 5.324 (6.28) 
𝛽1 = 𝛾
2(3 + 𝛾) 1 + 3𝛾 ) (6.29) 
Parameter 𝝃 
𝜉 𝑕, 𝛾 = 𝑓1 𝛾 × 𝑕
𝑓2 𝛾 ×(𝑕+4)
𝑓3 𝛾 
𝑕+4
 (6.30) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝑓3 𝛾  are given by, 
𝑓1 𝛾 = (0.02465𝛾
4  − 0.4575𝛾3 + 3.224𝛾2 − 10.42𝛾 + 13.5) (𝛾 − 0.5787)  (6.31) 
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𝑓2 𝛾 = 0.02478𝛾
5 − 0.3947𝛾4 + 2.372𝛾3 − 6.623𝛾2 + 8.479𝛾 − 2.318 (6.32) 
𝑓3 𝛾 = −0.05878𝛾
5 +  0.9543𝛾4  − 5.835𝛾3 + 16.55𝛾2 − 21.53𝛾 + 9.921 (6.33) 
Parameter 𝜽𝑷 
𝜃𝑃 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
−𝑓2 𝛾 
𝑕+4 × 𝜃1
′  (6.34) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝜃1
′  are given by, 
𝑓1 𝛾 = 0.0001309𝛾
5 − 0.003106𝛾4 + 0.02881𝛾3 − 0.1176𝛾2 + 0.4186𝛾 + 0.6732 (6.35) 
𝑓2 𝛾 = 0.000426𝛾
5 − 0.00943𝛾4 + 0.08126𝛾3 − 0.3493𝛾2 + 1.106𝛾 − 0.829 (6.36) 
𝜃1
′ = −1 (6.37) 
Parameter 𝜻 
𝜁 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
𝑓2 𝛾 
𝑕+4  (6.38) 
While the 𝑓1 𝛾  and 𝑓2 𝛾  are given by, 
𝑓1 𝛾 = −0.0004163𝛾
5 + 0.009144𝛾4 − 0.08228𝛾3 + 0.3929𝛾2 − 1.063𝛾 + 1.485 (6.39) 
𝑓2 𝛾 = 0.001801𝛾
5 − 0.03328𝛾4 + 0.2349𝛾3 − 0.8095𝛾2 +  1.455𝛾 − 0.8212 (6.40) 
6.3.3 Empirical Formulas for Four Parameters with ker = 10 
The third group empirical formulas of four parameters are for  𝑘𝑒𝑟 = 10 with any total 
thickness h and thickness ratio 𝛾 cases, by using polynomial curve fitting tool within 
Matlab, empirical formulas of parameters are given by: 
Parameter 𝜷𝑷 
𝛽𝑃 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
−𝑓2 𝛾 
𝑕+4 × 𝛽1 (6.41) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝛽1 are given by, 
𝑓1 𝛾 = −0.002194𝛾
5 + 0.04798𝛾4 − 0.3941𝛾3 + 1.517𝛾2  − 2.863𝛾 + 2.694 (6.42) 
𝑓2 𝛾 = 0.01229𝛾
5 − 0.131𝛾4 + 0.2291𝛾3 + 1.349𝛾2 − 5.62𝛾 + 4.16 (6.43) 
𝛽1 = 𝛾
2(3 + 𝛾) 1 + 3𝛾 ) (6.44) 
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Parameter 𝝃 
𝜉 𝑕, 𝛾 = 𝑓1 𝛾 × 𝑕
𝑓2 𝛾 ×(𝑕+4)
𝑓3 𝛾 
𝑕+4
 (6.45) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝑓3 𝛾  are given by, 
𝑓1 𝛾 = (0.004332𝛾
4  − 0.08315𝛾3 + 0.622𝛾2 − 2.208𝛾 + 3.232) (𝛾 − 0.6687)  (6.46) 
𝑓2 𝛾 = −0.01068029𝛾
5 + 0.213825𝛾4 − 1.584854𝛾3 +  5.22858𝛾2 − 7.21201𝛾 + 5.0385 (6.47) 
𝑓3 𝛾 = 0.01347𝛾
5 − 0.3045𝛾4 + 2.471𝛾3 − 8.661𝛾2 +  12.44𝛾 − 5.959 (6.48) 
Parameter 𝜽𝑷 
𝜃𝑃 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
−𝑓2 𝛾 
𝑕+4 × 𝜃1
′  (6.49) 
While the 𝑓1 𝛾 , 𝑓2 𝛾  and 𝜃1
′  are given by, 
𝑓1 𝛾 = 0.0002834𝛾
5 − 0.00633𝛾4 + 0.05571𝛾3 − 0.1894𝛾2 + 0.7786𝛾 + 0.3611 (6.50) 
𝑓2 𝛾 = 0.0009613𝛾
5 − 0.01998𝛾4 + 0.1636𝛾3 − 0.6974𝛾2 + 2.162𝛾 − 1.61 (6.51) 
𝜃1
′ = −1 (6.52) 
Parameter 𝜻 
𝜁 𝑕, 𝛾 = 𝑓1 𝛾 × (𝑕 + 4)
𝑓2 𝛾 
𝑕+4  (6.53) 
While the 𝑓1 𝛾  and 𝑓2 𝛾  are given by, 
𝑓1 𝛾 = −0.0008008𝛾
5 + 0.01679𝛾4 − 0.1414𝛾3 + 0.6151𝛾2 − 1.475𝛾 + 1.816 (6.54) 
𝑓2 𝛾 = 0.003258𝛾
5 − 0.06094𝛾4 + 0.4379𝛾3 − 1.523𝛾2 +  2.589𝛾 − 1.774 (6.55) 
With these empirical formulas for all four parameters with different 𝑘𝑒𝑟  values are 
known, when 𝑘𝑒𝑟 is equal to 0.1, 1 or 10, for any given total thickness and thickness 
ratio cases, these four parameters can be calculated for pure shear force loading cases 
and then modes ERRs can be calculated from Equations 5.81 to 5.96. There is one thing 
needed to be mentioned that, these empirical formulas are only working for 𝑘𝑒𝑟 is equal 
to 0.1, 1 or 10 cases, so for any given 𝑘𝑒𝑟 cases, another approximation method is 
needed to be used which will be introduced later. 
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6.3.4 Validations of Empirical Formulas for Different ker 
In last section, a lot of investigations about how material properties and sample 
geometries affect these four parameters have been completed. Based on the 
investigation, it is known that, the cracked length and Young‟s modulus will not affect 
these four parameters. And when the uncracked area length is long enough, it also can 
be considered as no effects on these four parameters. While for soft interface (𝑘𝑒𝑟 =
0.1) in the chapter, 800 mm is long enough. It is also known that, the effects from total 
thickness and thickness ratio are obvious. So some further investigations about these 
two items are carried out in last section. 
Total thickness and thickness ratio investigations are extended into the whole range of 
variation tests. This means, the total thickness and thickness ratio are varied at the same 
and in a whole range of variations. Total thickness is varied from 1 mm to 6 mm and the 
thickness ratio is varied from 1 to 6 at the same time. So in each group of parameter 
values, there are 6x6 values presented in one table. From each group of four parameters 
values, empirical formulas for each parameters is derived by using Matlab. So from 
these empirical formulas, values of each parameter can be calculated with any total 
thickness and thickness ratio being known. This set of full investigations are completed 
with three different 𝑘𝑒𝑟 values which are 0.1, 1 and 10 respectively. To validate these 
empirical formulas, different total thickness and thickness ratio are taken back to these 
formulas and results from formulas are compared with the original value to test the 
accuracy. 
6.3.4.1 Empirical Formulas Validations for ker = 0.1 Cases 
Table 6-11: Original Values of P(𝛾) from Different 𝑕 and 𝛾 
𝛽𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 1 1 1 1 1 1 
2 2.747573 2.815402 2.810793 2.845294 2.830838 2.836742 
3 5.352898 5.22341 5.253578 5.249505 5.289488 5.299926 
4 7.788446 8.340618 8.369293 8.448815 8.409887 8.411977 
5 12.52942 11.95064 12.08263 12.15447 12.13801 12.11369 
6 15.36474 16.00494 16.47157 16.4993 16.45218 16.4067 
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Table 6-12: Analytical Values of P(𝛾)  from Different 𝑕 and 𝛾 
𝛽𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 1.001519 1.001307 1.001119 1.000955 1.000811 1.000685 
2 2.771365 2.790954 2.808451 2.823849 2.837386 2.849334 
3 5.286998 5.259608 5.235423 5.214356 5.195998 5.179921 
4 8.00263 8.119558 8.224738 8.317875 8.400204 8.473216 
5 11.90119 11.70421 11.53216 11.38372 11.25544 11.14392 
6 15.43341 15.50841 15.57526 15.63398 15.68552 15.73095 
Table 6-13: Original Values of 𝜉(𝛾) from Different 𝑕 and 𝛾 
𝜉(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 43.8592 124.2875 228.3932 352.1753 493.5767 650.3239 
2 5.053597 13.79791 25.55885 38.49976 54.45223 71.4491 
3 1.0961 3.235814 5.89398 9.096631 12.52362 16.41138 
4 0.405003 1.015632 1.850921 2.801317 3.948479 5.190499 
5 0.128972 0.400133 0.71876 1.094168 1.533181 2.023346 
6 0.069834 0.183749 0.319197 0.489566 0.687051 0.909051 
Table 6-14: Analytical Values of 𝜉(𝛾) from Different 𝑕 and 𝛾 
𝜉(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 43.87443 124.4182 228.9183 352.8227 493.497 649.1618 
2 5.061259 13.85918 25.22607 38.83179 54.49942 72.10973 
3 1.099742 3.23369 5.973646 9.13135 12.5975 16.30316 
4 0.405826 1.025044 1.819264 2.792624 3.952448 5.305917 
5 0.128224 0.392468 0.730971 1.113142 1.521695 1.946545 
6 0.068968 0.180448 0.320539 0.485702 0.674087 0.884445 
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Table 6-15: Original Values of P(𝛾) from Different 𝑕 and 𝛾 
𝜃𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 -1 -1 -1 -1 -1 -1 
2 -1.01478 -1.01996 -1.0241 -1.02735 -1.03016 -1.03271 
3 -1.02548 -1.03499 -1.04227 -1.04843 -1.05365 -1.05741 
4 -1.03657 -1.04979 -1.05994 -1.06861 -1.07633 -1.08337 
5 -1.04794 -1.0655 -1.07886 -1.09013 -1.10029 -1.10956 
6 -1.06044 -1.08224 -1.09897 -1.11298 -1.12567 -1.13721 
Table 6-16: Analytical Values of P(𝛾) from Different 𝑕 and 𝛾 
𝜃𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 -0.99996 -0.99996 -0.99996 -0.99996 -0.99996 -0.99996 
2 -1.01511 -1.01964 -1.02367 -1.02721 -1.03032 -1.03306 
3 -1.0265 -1.03453 -1.04171 -1.04803 -1.05359 -1.0585 
4 -1.03744 -1.04915 -1.05965 -1.06892 -1.07709 -1.08433 
5 -1.04946 -1.0648 -1.07861 -1.09083 -1.10164 -1.11122 
6 -1.06281 -1.08184 -1.09902 -1.11426 -1.12778 -1.13978 
Table 6-17: Original Values of 𝜁(𝛾) from Different 𝑕 and 𝛾 
𝜁(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 0.744325 0.748158 0.74843 0.748734 0.748983 0.749181 
2 0.439912 0.440817 0.441241 0.44091 0.44071 0.440469 
3 0.281696 0.279914 0.279354 0.278998 0.278751 0.278783 
4 0.191404 0.191461 0.191013 0.190727 0.19049 0.19272 
5 0.13889 0.13872 0.138334 0.138107 0.13793 0.137749 
6 0.105234 0.104982 0.104649 0.104476 0.104318 0.104205 
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Table 6-18: Analytical Values of 𝜁(𝛾) from Different 𝑕 and 𝛾 
𝜁(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 0.74589 0.747118 0.74821 0.749166 0.750003 0.75074 
2 0.441092 0.441227 0.441347 0.441452 0.441544 0.441625 
3 0.282253 0.281499 0.280832 0.280249 0.279741 0.279294 
4 0.192228 0.192555 0.192845 0.193099 0.193321 0.193517 
5 0.141485 0.141193 0.140935 0.140709 0.140512 0.140339 
6 0.108168 0.10793 0.10772 0.107536 0.107376 0.107235 
6.3.4.2 Empirical Formulas Validations for ker =1  Cases 
Table 6-19: Original Values of P(𝛾)  from Different 𝑕 and 𝛾 
𝛽𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 1 1 1 1 1 1 
2 2.749551 2.778794 2.781251 2.779914 2.77746 2.775497 
3 5.131084 5.177225 5.16262 5.149646 5.135255 5.13443 
4 7.833978 8.100957 8.080456 8.053908 8.017256 7.983199 
5 11.4309 11.61796 11.47751 11.46656 11.37195 11.28739 
6 15.01204 15.68394 15.4802 15.33559 15.19558 15.02912 
Table 6-20: Analytical Values of P(𝛾)  from Different 𝑕 and 𝛾 
𝛽𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 1.001749 1.001679 1.001617 1.001562 1.001515 1.001473 
2 2.771557 2.777681 2.783126 2.787898 2.792079 2.795758 
3 5.182783 5.181815 5.180956 5.180205 5.179548 5.178971 
4 7.992981 8.026398 8.056166 8.0823 8.105228 8.125428 
5 11.56139 11.51302 11.47027 11.433 11.40049 11.37201 
6 15.13605 15.11854 15.10302 15.08945 15.0776 15.06719 
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Table 6-21: Original Values of 𝜉(𝛾) from Different 𝑕 and 𝛾 
𝜉(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 13.93993 40.74167 75.28462 117.686 166.5267 221.4519 
2 1.6129 4.551773 8.425382 13.10963 18.51276 24.5919 
3 0.372161 1.049292 1.946943 3.029987 4.28376 5.671397 
4 0.126553 0.340131 0.629938 0.980385 1.38859 1.849076 
5 0.048227 0.133615 0.251657 0.389688 0.555335 743311 
6 0.02925 0.060386 0.113973 0.179163 0.255639 0.344317 
Table 6-22: Analytical Values of 𝜉(𝛾) from Different 𝑕 and 𝛾 
𝜉(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 13.93579 40.54642 75.72638 117.9556 166.3416 220.2756 
2 1.611482 4.541939 8.392564 13.04199 18.4236 24.4923 
3 0.371763 1.04539 1.930207 2.999117 4.237366 5.63499 
4 0.126969 0.340548 0.621037 0.966438 1.376923 1.853098 
5 0.049476 0.136383 0.251832 0.394412 0.563767 0.759815 
6 0.031432 0.065678 0.112112 0.177047 0.267621 0.392477 
Table 6-23: Original Values of P(𝛾) from Different 𝑕 and 𝛾 
𝜃𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 -1 -1 -1 -1 -1 -1 
2 -1.04235 -1.05676 -1.06736 -1.07617 -1.08396 -1.09109 
3 -1.07497 -1.1012 -1.12058 -1.13699 -1.15164 -1.16516 
4 -1.10756 -1.14573 -1.17406 -1.19814 -1.2197 -1.23963 
5 -1.14208 -1.19314 -1.23088 -1.26267 -1.29148 -1.31809 
6 -1.17958 -1.24366 -1.29136 -1.33127 -1.3675 -1.40092 
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Table 6-24: Analytical Values of P(𝛾) from Different 𝑕 and 𝛾 
𝜃𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 -1.00005 -1.00005 -1.00005 -1.00005 -1.00005 -1.00005 
2 -1.04333 -1.0555 -1.06642 -1.07606 -1.08457 -1.0921 
3 -1.07661 -1.09885 -1.11897 -1.13687 -1.15276 -1.16691 
4 -1.11007 -1.14226 -1.1716 -1.19789 -1.22137 -1.24238 
5 -1.14578 -1.18822 -1.22719 -1.26233 -1.29389 -1.32227 
6 -1.18464 -1.23747 -1.28631 -1.33062 -1.37063 -1.40678 
Table 6-25: Original Values of 𝜁(𝛾) from Different 𝑕 and 𝛾 
𝜁(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 0.744595 0.748611 0.748427 0.747426 0.74549 0.742713 
2 0.437929 0.437719 0.435859 0.433694 0.430997 0.427816 
3 0.277819 0.277115 0.275598 0.273824 0.271683 0.269243 
4 0.190971 0.189628 0.188504 0.187233 0.185733 0.184032 
5 0.138667 0.137481 0.136695 0.135803 0.13478 0.133625 
6 0.104916 0.104128 0.103534 0.102907 0.102199 0.101395 
Table 6-26: Analytical Values of 𝜁(𝛾) from Different 𝑕 and 𝛾 
𝜁(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 0.747992 0.74751 0.747083 0.746709 0.746382 0.746095 
2 0.440039 0.437435 0.435137 0.433137 0.431395 0.42987 
3 0.279192 0.276976 0.275025 0.273329 0.271854 0.270565 
4 0.19145 0.189655 0.188076 0.186706 0.185516 0.184476 
5 0.138575 0.13727 0.136122 0.135125 0.134259 0.133503 
6 0.10438 0.103464 0.102658 0.101958 0.10135 0.100818 
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6.3.4.3 Empirical Formulas Validations for ker = 10 Cases 
Table 6-27: Original Values of P(𝛾)  from Different 𝑕 and 𝛾 
𝛽𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 1 1 1 1 1 1 
2 2.77033 2.618263 2.508936 2.503803 2.443679 2.403192 
3 4.824937 4.707096 4.485042 4.327295 4.164596 4.019469 
4 7.649209 7.053845 6.72232 6.388517 6.089259 5.800612 
5 12.31076 9.992627 9.086701 8.680784 8.165351 7.754844 
6 16.51759 12.82973 11.65544 11.06943 10.42009 9.771713 
Table 6-28: Analytical Values of P(𝛾)  from Different 𝑕 and 𝛾 
𝛽𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 1.023634 1.012924 0.928828 0.967195 1.072295 1.000787 
2 2.690743 2.708371 2.617305 2.503894 2.398292 2.338426 
3 4.799288 4.600122 4.500306 4.356449 4.164349 4.122961 
4 7.875157 6.973939 6.638983 6.376918 6.028946 5.83481 
5 12.13452 10.01994 9.212928 8.749879 8.197163 7.715071 
6 16.53426 12.88306 11.57061 11.04287 10.47112 9.815962 
Table 6-29: Original Values of 𝜉(𝛾) from Different 𝑕 and 𝛾 
𝜉(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 4.732602 15.05275 29.50364 47.59125 70.43446 97.60274 
2 0.532799 1.750533 3.606653 5.860771 8.899311 12.5458 
3 0.134442 0.418841 0.868764 1.476974 2.284331 3.30063 
4 0.042418 0.144931 0.299857 0.521716 0.818305 1.20639 
5 0.013373 0.057935 0.130242 0.224139 0.35943 0.532032 
6 0.006037 0.028632 0.064538 0.112077 0.179314 0.271313 
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Table 6-30: Analytical Values of 𝜉(𝛾) from Different 𝑕 and 𝛾 
𝜉(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 4.730901 15.08975 29.74061 48.13046 69.91775 94.86103 
2 0.532395 1.747692 3.557403 5.950941 8.93189 12.50749 
3 0.134263 0.419859 0.857727 1.470797 2.285933 3.331326 
4 0.042343 0.143766 0.303166 0.525593 0.817078 1.18376 
5 0.013371 0.057146 0.131051 0.233156 0.36144 0.514117 
6 0.006103 0.02828 0.066586 0.11912 0.183867 0.259117 
Table 6-31: Original Values of P(𝛾) from Different 𝑕 and 𝛾 
𝜃𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 -1 -1 -1 -1 -1 -1 
2 -1.11222 -1.14603 -1.1688 -1.18644 -1.2008 -1.21288 
3 -1.20417 -1.26878 -1.31258 -1.34679 -1.37484 -1.39862 
4 -1.29672 -1.39379 -1.45967 -1.51124 -1.55364 -1.58957 
5 -1.39457 -1.52709 -1.61634 -1.68589 -1.74335 -1.79184 
6 -1.50035 -1.66896 -1.78336 -1.87203 -1.94558 -2.00783 
Table 6-32: Analytical Values of P(𝛾) from Different 𝑕 and 𝛾 
𝜃𝑃(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 -1.00023 -1.00021 -1.00019 -1.00018 -1.00016 -1.00015 
2 -1.1173 -1.14211 -1.16459 -1.18462 -1.20242 -1.21828 
3 -1.21391 -1.26088 -1.30407 -1.34306 -1.37813 -1.40969 
4 -1.31191 -1.38142 -1.44618 -1.50531 -1.55902 -1.60779 
5 -1.41639 -1.5093 -1.59684 -1.67757 -1.75153 -1.8192 
6 -1.52905 -1.64622 -1.75768 -1.86136 -1.95706 -2.0452 
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Table 6-33: Original Values of 𝜁(𝛾) from Different 𝑕 and 𝛾 
𝜁(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 0.74722 0.754826 0.758537 0.762386 0.766213 0.769998 
2 0.431814 0.431877 0.431584 0.432085 0.432913 0.433964 
3 0.273518 0.273052 0.272788 0.273063 0.273606 0.274311 
4 0.18823 0.187205 0.187106 0.187412 0.187917 0.188546 
5 0.136898 0.136088 0.136186 0.136454 0.137013 0.137685 
6 0.103744 0.103348 0.103487 0.103753 0.104246 0.104809 
Table 6-34: Analytical Values of 𝜁(𝛾) from Different 𝑕 and 𝛾 
𝜁(𝛾) 
𝑕 (mm) 
1 2 3 4 5 6 
𝛾 
1 0.74589 0.747118 0.74821 0.749166 0.750003 0.75074 
2 0.441092 0.441227 0.441347 0.441452 0.441544 0.441625 
3 0.282253 0.281499 0.280832 0.280249 0.279741 0.279294 
4 0.192228 0.192555 0.192845 0.193099 0.193321 0.193517 
5 0.141485 0.141193 0.140935 0.140709 0.140512 0.140339 
6 0.108168 0.10793 0.10772 0.107536 0.107376 0.107235 
In all empirical formula validations above, uncracked length is 800 mm for 𝑘𝑒𝑟 = 0.1 
cases to achieve converged results. And for tougher interface, 𝑘𝑒𝑟 = 1 and 𝑘𝑒𝑟 = 10 
test cases, a 100 mm uncracked length can produce converged results, so 100 mm is 
used as uncracked length.  
In producing empirical formulas, four parameters are calculated by interpolation method 
in Matlab. For some parameters, interpolation method is applied twice to reduce the 
errors. Because in processing, 4 (or any) degree of polynomial fitting method is used for 
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all four parameters. But due to limit of number of digit (4 digits) in polynomial fitting 
method of Matlab, the difference between empirical formula calculation results and 
original parameters values are still too big for some parameters. Same degree of 
polynomial fitting method is used on these differences again to produce more digits to 
reduce the errors. Four more digits are known for empirical formulas. By adding four 
more digits after the existing first four digits from the first interpolation fitting, more 
accurate results can be achieved. 
Results comparisons between empirical formula calculation and original parameters 
values are showing great agreements. So for any given total thickness and thickness 
ratio, four parameters can be calculated from these empirical formulas for all 𝑘𝑒𝑟 equal 
to 0.1, 1 and 10 cases. 
6.4 Any ker Approximation Method 
As discussed in last section, those empirical formulas are only working for 𝑘𝑒𝑟 equal to 
0.1, 1 or 10 with any total thickness h and thickness ratio 𝛾 cases. So the aim of this 
section is to develop an approximation method for any ker with any total thickness h 
and thickness ratio 𝛾 cases. 
Here, a two degree polynomial formula is used to approximate the four parameters for 
any 𝑘𝑒𝑟 value. The polynomial formula is given as, 
𝑃(𝑎) = 𝑒1 + 𝑒2𝑎 + 𝑒3𝑎
2 (6.56) 
With 𝑎 is a function of 𝑘𝑒𝑟 and is given by, 
𝑎 = log(𝑘𝑒𝑟) (6.57) 
In Equation 6.56, 𝑃(𝑎) represents all four parameters, which means all four parameters 
are calculated by the same way. Here consider parameters 𝛽𝑃 calculation as an instance. 
For any 𝑘𝑒𝑟, total thickness and thickness ratio being known cases, the parameter  𝛽𝑃 
can be calculated as following procedure. First, by using Equations 6.11, 6.26 and 6.41, 
the parameters with any total thickness and thickness ratio for  𝑘𝑒𝑟 equal to 0.1, 1 and 
10 can be calculated. Then all these three 𝛽𝑃 values are introduced into Equation 6.56. 
Then the  𝑒1 , 𝑒2  and 𝑒3  in Equation 6.56 can be calculated. So for any  𝑘𝑒𝑟  case, 
parameter  𝛽𝑃  can be approximated from Equations 6.56 and 6.57. All other three 
parameter for any 𝑘𝑒𝑟 cases can be calculated by using the same way. 
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6.4.1 Approximation Method Validations 
Two total thicknesses are chosen here in this section which are 𝑕 = 2 mm and  𝑕 = 5 
mm to test the accuracy of this any ker approximation method. Within different total 
thickness test, thickness ratios 𝛾 are varied from 1 to 6. 𝑘𝑒𝑟 values are chosen as 0.1, 
0.5, 1, 5 and 10. Values for four parameters of  𝑘𝑒𝑟 = 0.1, 𝑘𝑒𝑟 = 1 and 𝑘𝑒𝑟 = 10 cases 
are calculated from those empirical formulas. Then values for four parameters of 
𝑘𝑒𝑟 = 0.5 and 𝑘𝑒𝑟 = 5 cases are calculated by this approximation method. Then values 
for four parameters of 𝑘𝑒𝑟 = 0.5 and 𝑘𝑒𝑟 = 5 cases are also calculated from Abaqus 
outputs to test the accuracy of this approximation method. Results are listed in Tables 6-
35 to 6-42. 
Parameter Values Comparisons for 𝒉 = 𝟐 mm 
Table 6-35: P(𝛾)  Comparisons between Approximation and FEM for h=2 mm 
𝛽𝑃(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical 1.001307 2.790954 5.259608 8.119558 11.70421 15.50841 
2D FEM 1 2.815402 5.22341 8.340618 11.95064 16.00494 
0.5 
Analytical 1 2.802851 5.235729 8.25805 11.8541 16.04708 
2D FEM 0.995468 2.790148 5.211999 8.220622 11.80037 15.97435 
1 
Analytical 1.001679 2.777681 5.181815 8.026398 11.51302 15.11854 
2D FEM 1 2.778794 5.177225 8.100957 11.61796 15.68394 
5 
Analytical 1 2.679625 4.89322 7.454005 10.61791 13.95544 
2D FEM 1.000478 2.680906 4.89556 7.45757 10.62297 13.96211 
10 
Analytical 1.012934 2.708371 4.600122 6.973939 10.01994 12.88306 
2D FEM 1 2.618263 4.707096 7.053845 9.992627 12.82973 
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Table 6-36: 𝜉(𝛾) Comparisons between Approximation and FEM for h=2 mm 
𝜉(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical 124.4182 13.85918 3.23369 1.025044 0.392468 0.180448 
2D FEM 124.2875 13.79791 3.235814 1.015632 0.400133 0.183749 
0.5 
Analytical 59.80461 6.657099 1.543794 0.492947 0.193768 0.087884 
2D FEM 59.53355 6.626927 1.536796 0.490713 0.192889 0.087486 
1 
Analytical 40.54642 4.541939 1.04539 0.340548 0.136383 0.065678 
2D FEM 40.74167 4.551773 1.049292 0.340131 0.133615 0.060386 
5 
Analytical 16.69902 1.915752 0.444918 0.153162 0.06064 0.028553 
2D FEM 16.70701 1.916668 0.445131 0.153235 0.060669 0.028567 
10 
Analytical 15.08975 1.747692 0.419859 0.143766 0.057146 0.02828 
2D FEM 15.05275 1.750533 0.418841 0.144931 0.057935 0.028632 
Table 6-37: P(𝛾) Comparisons between Approximation and FEM for h=2 mm 
𝜃𝑃(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical -0.99996 -1.01964 -1.03453 -1.04915 -1.0648 -1.08184 
2D FEM -1 -1.01996 -1.03499 -1.04979 -1.0655 -1.08224 
0.5 
Analytical -1 -1.04016 -1.0706 -1.10085 -1.13301 -1.16731 
2D FEM -0.99547 -1.03545 -1.06575 -1.09586 -1.12788 -1.16202 
1 
Analytical -1.00005 -1.05551 -1.09885 -1.14226 -1.18822 -1.23747 
2D FEM -1 -1.05676 -1.10122 -1.14573 -1.19314 -1.24366 
5 
Analytical -1 -1.11364 -1.20767 -1.30311 -1.40486 -1.51317 
2D FEM -1.00048 -1.11417 -1.20825 -1.30374 -1.40553 -1.51389 
10 
Analytical -1.00021 -1.14211 -1.26088 -1.38142 -1.5093 -1.64622 
2D FEM -1 -1.14603 -1.26878 -1.39379 -1.52709 -1.66896 
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Table 6-38:  𝜁(𝛾) Comparisons between Approximation and FEM for h=2 mm 
𝜁(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical 0.747118 0.441227 0.281499 0.192555 0.141193 0.10793 
2D FEM 0.748158 0.440817 0.279914 0.191461 0.13872 0.104982 
0.5 
Analytical 0.747868 0.43894 0.278091 0.190242 0.13787 0.104377 
2D FEM 0.744479 0.436951 0.27683 0.18938 0.137245 0.103904 
1 
Analytical 0.747512 0.437435 0.276976 0.189655 0.137271 0.103464 
2D FEM 0.748611 0.437719 0.277115 0.189628 0.137481 0.104128 
5 
Analytical 0.752349 0.433924 0.274408 0.187996 0.136524 0.103575 
2D FEM 0.752709 0.434132 0.274539 0.188086 0.136589 0.103625 
10 
Analytical 0.747118 0.441227 0.281499 0.192555 0.141193 0.107931 
2D FEM 0.754826 0.431877 0.273052 0.187205 0.136088 0.103348 
Parameter Values Comparisons for 𝒉 = 𝟓 mm 
Table 6-39: P(𝛾)  Comparisons between Approximation and FEM for 𝑕 = 5 mm 
𝛽𝑃(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical 1.000811 2.837386 5.195998 8.400204 11.25544 15.68552 
2D FEM 1 2.830838 5.289488 8.409887 12.13801 16.45218 
0.5 
Analytical 1 2.823028 5.267576 8.296979 11.85932 15.94406 
2D FEM 0.995468 2.810233 5.243701 8.259373 11.80556 15.8718 
1 
Analytical 1.001515 2.792079 5.179548 8.105228 11.40049 15.07762 
2D FEM 1 2.777461 5.135255 8.017256 11.37195 15.19558 
5 
Analytical 1 2.573657 4.542686 6.831173 9.387392 12.22786 
2D FEM 1.000478 2.574888 4.544858 6.834439 9.39188 12.23371 
10 
Analytical 1.072295 2.398292 4.164349 6.028946 8.197163 10.47112 
2D FEM 1 2.443679 4.164596 6.089259 8.165351 10.42009 
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Table 6-40:  𝜉(𝛾) Comparisons between Approximation and FEM for 𝑕 = 5 mm 
𝜉(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical 493.4974 54.49942 12.5975 3.952448 1.521695 0.674087 
2D FEM 493.5767 54.45223 12.52362 3.948479 1.533181 0.687051 
0.5 
Analytical 240.6805 26.56198 6.107678 1.949876 0.767432 0.34815 
2D FEM 239.5897 26.44159 6.079995 1.941039 0.763953 0.346572 
1 
Analytical 166.3416 18.4236 4.237366 1.376923 0.563767 0.267621 
2D FEM 166.5267 18.51276 4.28376 1.38859 0.555335 0.255639 
5 
Analytical 75.06309 9.023606 2.229692 0.780661 0.336139 0.164933 
2D FEM 75.09898 9.027921 2.230758 0.781034 0.3363 0.165012 
10 
Analytical 69.91775 8.93189 2.285933 0.817078 0.36144 0.183867 
2D FEM 70.43446 8.899311 2.284331 0.818305 0.35943 0.179314 
Table 6-41: P(𝛾) Comparisons between Approximation and FEM for 𝑕 = 5 mm 
𝜃𝑃(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical -0.99996 -1.03032 -1.05359 -1.07709 -1.10164 -1.12778 
2D FEM -1 -1.03016 -1.05365 -1.07633 -1.10029 -1.12567 
0.5 
Analytical -1 -1.06113 -1.10897 -1.15649 -1.2065 -1.25933 
2D FEM -0.99547 -1.05632 -1.10394 -1.15125 -1.20103 -1.25362 
1 
Analytical -1.00005 -1.08457 -1.15276 -1.22137 -1.29389 -1.37063 
2D FEM -1 -1.08396 -1.15164 -1.21972 -1.29148 -1.36751 
5 
Analytical -1 -1.15932 -1.29448 -1.43307 -1.5799 -1.73619 
2D FEM -1.00048 -1.15955 -1.2951 -1.43375 -1.58065 -1.73702 
10 
Analytical -1.00016 -1.20242 -1.37813 -1.55902 -1.75153 -1.95706 
2D FEM -1 -1.20081 -1.37484 -1.55364 -1.74335 -1.94558 
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Table 6-42:  𝜁(𝛾) Comparisons between Approximation and FEM for 𝑕 = 5 mm 
𝜁(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
Analytical 0.750003 0.441544 0.279741 0.193321 0.140512 0.107376 
2D FEM 0.748983 0.44071 0.278751 0.190492 0.137931 0.104318 
0.5 
Analytical 0.743994 0.432697 0.272865 0.186435 0.135162 0.102399 
2D FEM 0.740622 0.430736 0.271628 0.18559 0.134549 0.101934 
1 
Analytical 0.746382 0.431395 0.271854 0.185516 0.134259 0.10135 
2D FEM 0.745491 0.430997 0.271683 0.185733 0.134783 0.102199 
5 
Analytical 0.757427 0.431113 0.272081 0.186529 0.135774 0.103192 
2D FEM 0.757789 0.431319 0.272211 0.186619 0.135839 0.103241 
10 
Analytical 0.750003 0.441544 0.279741 0.193321 0.140512 0.107376 
2D FEM 0.766213 0.432913 0.273606 0.187917 0.137013 0.104246 
Results from both 𝑕 = 2 mm and 𝑕 = 5 mm cases are showing same trends. Empirical 
formulas analytical calculations are showing excellent agreements with Abaqus outputs 
for all these four parameters. Values of four parameters for 𝑘𝑒𝑟 = 0.5 and  𝑘𝑒𝑟 = 5 
cases which are calculated from this approximation method are also showing great 
agreements with Abaqus outputs. So this any 𝑘𝑒𝑟 approximation method is working 
very well and it can be used to produce values for four parameters with any ker. 
6.5 Four Parameters for Thickness Ratio 1/  Cases 
All the investigations above are based on thickness ratio bigger than 1 case. For those 
thickness ratio smaller than 1 cases, these four parameters can be calculated from 
thickness ratio smaller than 1 cases directly. A fully detailed derivation is given next. 
6.5.1 Calculation of Parameter P 
As known from Equation 5.81, for thickness ratio 𝛾 cases, if a pure mode II partition is 
required to be achieved, the crack tip forces must satisfy the relationship given as, 
𝑃2𝐵 = 𝛽𝑃(𝛾)𝑃1𝐵  (6.58) 
And, for 1/γ case, the relationship given as, 
𝑃2𝐵
′ = 𝛽𝑃(1/𝛾)𝑃1𝐵
′  (6.59) 
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From physical understanding, it is known that in 𝛾 and 1/γ cases, thicknesses of two 
beams are just switched over with upside turned over down side and if a pure mode II 
partition is required, forces applied one the crack tip in two different cases must satisfy 
the relationship given as, 
𝑃2𝐵
′ = 𝑃1𝐵  (6.60) 
𝑃1𝐵
′ = 𝑃2𝐵  (6.61) 
So Equation 6.59 can be modified as, 
𝑃1𝐵 = 𝛽𝑃(
1
𝛾
)𝑃2𝐵  (6.62) 
By comparing Equations 6.58 and 6.62, the relationship between 𝛽𝑃(γ) and 𝛽𝑃(
1
γ
) can 
be easily found out which is, 
𝛽𝑃  
1
𝛾
 =
1
𝛽𝑃(𝛾)
 (6.63) 
6.5.2 Calculation of Parameter  
Calculation of parameter 𝜉  is based on one known condition that the mode I ERR 
𝐺𝐼𝑃,−1
𝑃  𝛾  for opposite crack tip load loading condition from 𝛾 and 1 𝛾   cases are the 
same. This is because the loads applied on crack tip in these two thickness ratio cases 
are with same magnitude and in opposite directions. When the thickness ratio is 
inversed, the mode I ERR will not change. So based on this condition, the relationship 
between 𝜉(𝛾) and  𝜉(
1
𝛾
) can be known from, 
𝐺𝐼𝑃 ,−1
𝑃  𝛾 = 𝐺𝐼𝑃 ,−1
𝑃  
1
𝛾
  (6.64) 
From Equation 5.83, Equation 6.64 can be modified as, 
𝜉 𝛾 
 1 + 𝛽𝑃(𝛾) 
2
𝐸𝑕1
3 = 𝜉  
1
𝛾
 
 1 + 𝛽𝑃(
1
𝛾
) 
2
𝐸(𝑕1
′ )3
 
(6.65) 
Within each case, the thickness of beam1 is given by, 
𝑕1 =
1
1 + 𝛾
𝑕 (6.66) 
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𝑕1
′ =
1
1 +
1
𝛾
𝑕 =
𝛾
1 + 𝛾
𝑕 (6.67) 
Based on Equations 6.63, 6.66 and 6.67 are known, Equation 6.65 can be modified as, 
𝜉 𝛾 
 1 + 𝛽𝑃(𝛾) 
2
𝐸(
1
1+𝛾
𝑕)3
= 𝜉  
1
𝛾
 
 1 + 𝛽𝑃(
1
𝛾
) 
2
𝐸(
𝛾
1+𝛾
𝑕)3
 (6.68) 
Then, Equation 6.68 can be simplified as, 
𝜉 𝛾  1 + 𝛽𝑃(𝛾) 
2 = 𝜉  
1
𝛾
 
 
1+𝛽𝑃 (𝛾)
𝛽𝑃 (𝛾)
 
2
𝛾3
= 𝜉  
1
𝛾
 
 1 + 𝛽𝑃(𝛾) 
2
𝛾3𝛽𝑃(𝛾)2
 
(6.69) 
So finally, the relationship between 𝜉 𝛾  and 𝜉  
1
𝛾
  is given by, 
𝜉  
1
𝛾
 = 𝜉 𝛾 𝛾3𝛽𝑃(𝛾)
2 (6.70) 
6.5.3 Calculation of Parameter P 
As known from Equation 5.90, for thickness ratio 𝛾 cases, if a pure mode I partition is 
required to be achieved, which means there is no shear force at the crack tip, the crack 
tip forces must satisfy the relationship given as, 
𝑃2𝐵 = 𝜃𝑃(𝛾)𝑃1𝐵  (6.71) 
And, for 1/𝛾 case, the relationship given as, 
𝑃2𝐵
′ = 𝜃𝑃(
1
𝛾
)𝑃1𝐵
′  (6.72) 
From physical understanding, we know that in 𝛾 thickness ratio case and 1/𝛾 case, the 
thicknesses of two beams are just switched over and if a pure mode I partition is 
required to be achieved, the forces applied one the crack tip in two different cases must 
satisfy the relationships given as, 
𝑃2𝐵
′ = 𝑃1𝐵  (6.73) 
𝑃1𝐵
′ = 𝑃2𝐵  (6.74) 
So Equation 6.72 can be modified as, 
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𝑃1𝐵 = 𝜃𝑃(
1
𝛾
)𝑃2𝐵  (6.75) 
By comparing Equations 6.71 and 6.75, the relationship between 𝜃𝑃(𝛾) and 𝜃𝑃(
1
𝛾
) can 
be easily found out which is, 
𝜃𝑃  
1
𝛾
 =
1
𝜃𝑃 𝛾 
 (6.76) 
6.5.4 Calculation of Parameter  
Similar with the calculation of parameter 𝜉, calculation of parameter 𝜁 is based on one 
known condition that the shear forces 𝜏𝑠𝑃 𝛾  for opposite loading condition from 𝛾 and 
1 𝛾  cases have the same value but in opposite directions. This is because the load 
applied on crack tip are two same magnitude and in opposite directions. When the 
thickness ratio is inversed, the shear force will only change direction. So based on this 
condition, the relationship between 𝜁(𝛾) and 𝜁(
1
𝛾
) can be given by, 
𝜏𝑠𝑃 ,−1 𝛾 = −𝜏𝑠𝑃 ,−1  
1
𝛾
  (6.77) 
From Equation 5.90, Equation 6.77 can be modified as, 
𝜁 𝛾 
1 + 𝜃𝑃(𝛾)
𝑏𝑕1
= −𝜁  
1
𝛾
 
1 + 𝜃𝑃(
1
𝛾
)
𝑏𝑕1
′  
(6.78) 
Within each case, the thickness of beam1 is given by, 
𝑕1 =
1
1 + 𝛾
𝑕 (6.79) 
𝑕1
′ =
1
1 +
1
𝛾
𝑕 =
𝛾
1 + 𝛾
𝑕 (6.80) 
Based on Equations 6.78, 6.79 and 6.80, Equation 6.77 can be modified as, 
𝜁 𝛾 
1 + 𝜃𝑃(𝛾)
𝑏
1
1+𝛾
𝑕
= −𝜁  
1
𝛾
 
1 + 𝜃𝑃(
1
𝛾
)
𝑏
𝛾
1+𝛾
𝑕
 (6.81) 
Then, Equation 6.81 can be simplified as, 
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𝜁 𝛾 (1 + 𝜃𝑃 𝛾 ) = −𝜁  
1
𝛾
 
1 +
1
𝜃𝑃 𝛾 
𝛾
= −𝜁  
1
𝛾
 
1 + 𝜃𝑃 𝛾 
𝛾𝜃𝑃 𝛾 
 (6.82) 
So finally, the relationship between 𝜉 𝛾  and 𝜉  
1
𝛾
  is given by, 
𝜁  
1
𝛾
 = −𝜁 𝛾 𝛾𝜃𝑃 𝛾  (6.83) 
Based on these physical understanding between thickness ratio 𝛾 and 1 𝛾  cases, some 
discussions and derivations have been done in this section. Then from these discussions 
and derivations, the relationship formulas for four parameters between thickness ratio 𝛾 
and 1 𝛾  cases are known. Now when the values of four parameters in thickness ratio 𝛾 
cases are known, the values of these four parameters in thickness ratio 1 𝛾  cases can be 
analytically calculated from Equations 6.63, 6.70, 6.76 and 6.83 respectively and taken 
into Equations 5.80 to 5.96 to calculate the modes ERRs for beam tip shear force part in 
mode partition theory. 
6.5.5 Validation of Parameter Relationships Formulas 
The relationship formulas between thickness ratio 𝛾 and 1 𝛾  cases for all parameters 
are given in Equations 6.63, 6.70, 6.76 and 6.83. So when four parameters for thickness 
ratio 𝛾  case are known, the four parameters for thickness ratio 1 𝛾  case can be 
calculated from these formulas direct but no more Abaqus simulations are needed to 
calculate them. So in this part of investigation, these relationship formulas are validated.  
All three different 𝑘𝑒𝑟 values are used in all the investigation to improve the accuracy 
of validations. First, four parameters for 𝛾 case are calculated based on Abaqus outputs 
from Equations 5.84, 5.85, 5.91 and 5.92 which are presented as FEM 𝛾 in the first row 
of each 𝑘𝑒𝑟  case. Then based on the relationship formulas, four parameters for 
thickness ratio 1 𝛾  case are calculated from Equations 6.63, 6.70, 6.76 and 6.83 and 
presented as Formula in the second row of each 𝑘𝑒𝑟 case. Finally, Abaqus simulations 
for thickness ratio 1 𝛾  cases are carried out again. Based on the mode I ERRs and shear 
stresses outputted from simulations, four parameters for thickness ratio 1 𝛾  cases 
calculated from Equations 5.84, 5.85, 5.91 and 5.92 which are presented as FEM 1 𝛾  in 
the third row of each 𝑘𝑒𝑟 case. A total thickness is chosen as 2 mm and the thickness 
ratio is varied from 1 to 6.  Results are listed here in Tables 6-43 to 6-46. 
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Table 6-43: Relationship Comparisons between 𝛾 and 1/ 𝛾 Cases for P(𝛾) 
𝛽𝑃(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
FEM  𝛾 1 2.81540 5.22341 8.34062 11.95064 16.00494 
Formula 1 0.35519 0.19145 0.11990 0.083681 0.062484 
FEM 1 𝛾  1 0.35518 0.19145 0.11990 0.083682 0.062482 
1 
FEM  𝛾 1 2.77879 5.17723 8.10096 11.61796 15.68394 
Formula 1 0.35987 0.19315 0.12344 0.086071 0.063762 
FEM 1 𝛾  1 0.35987 0.19315 0.12344 0.086070 0.063760 
10 
FEM  𝛾 1 2.61826 4.70710 7.05385 9.99263 12.82973 
Formula 1 0.38193 0.21245 0.14177 0.10007 0.077943 
FEM 1 𝛾  1 0.38193 0.21245 0.14177 0.10006 0.077941 
Table 6-44: Relationship Comparisons between 𝛾 and 1/ 𝛾 Cases for 𝜉(𝛾) 
𝜉(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
FEM  𝛾 43.85920 5.05360 1.09610 0.40500 0.12897 0.06983 
Formula 43.85920 320.458 807.46 1803.16 2302.43 3863.93 
FEM 1 𝛾  43.85920 320.458 807.46 1803.16 2302.42 3863.92 
1 
FEM  𝛾 40.74167 4.55177 1.04929 0.34013 0.13362 0.06039 
Formula 40.74167 281.179 759.371 1428.56 2254.37 3208.49 
FEM 1 𝛾  40.74167 281.179 759.371 1428.56 2254.36 3208.47 
10 
FEM  𝛾 15.05275 1.75053 0.41884 0.14493 0.05794 0.02863 
Formula 15.05275 96.0034 250.564 461.523 723.120 1017.98 
FEM 1 𝛾  15.05275 96.0034 250.564 461.523 723.119 1017.96 
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Table 6-45: Relationship Comparisons between 𝛾 and 1/ 𝛾 Cases for P(𝛾) 
𝜃𝑃(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
FEM  𝛾 -1 -1.01996 -1.03499 -1.04979 -1.06550 -1.08224 
Formula -1 -0.98043 -0.96619 -0.95257 -0.93853 -0.92401 
FEM 1 𝛾  -1 -0.98043 -0.96619 -0.95257 -0.93852 -0.92418 
1 
FEM  𝛾 -1 -1.05676 -1.10120 -1.14573 -1.19314 -1.24366 
Formula -1 -0.94629 -0.90810 -0.87281 -0.83812 -0.80408 
FEM 1 𝛾  -1 -0.94629 -0.90810 -0.87281 -0.83810 -0.80405 
10 
FEM  𝛾 -1 -1.14603 -1.26878 -1.39379 -1.52709 -1.66896 
Formula -1 -0.87258 -0.78816 -0.71747 -0.65484 -0.59918 
FEM 1 𝛾  -1 -0.87258 -0.78816 -0.71747 -0.65482 -0.59915 
Table 6-46: Relationship Comparisons between 𝛾 and 1/ 𝛾 Cases for 𝜁(𝛾) 
𝜁(𝛾) 
𝛾 
1 2 3 4 5 6 
𝑘𝑒𝑟 
(1/m) 
0.1 
FEM  𝛾 0.74816 0.44082 0.27991 0.19146 0.13872 0.10498 
Formula 0.74816 0.89923 0.86912 0.80398 0.73903 0.68169 
FEM 1 𝛾  0.74816 0.89923 0.86912 0.80398 0.73903 0.68169 
1 
FEM  𝛾 0.74861 0.43772 0.27712 0.18963 0.13748 0.10413 
Formula 0.74861 0.92513 0.91548 0.86905 0.82017 0.77700 
FEM 1 𝛾  0.74861 0.92513 0.91548 0.86905 0.82015 0.77697 
10 
FEM  𝛾 0.75483 0.43188 0.27305 0.18721 0.13609 0.10335 
Formula 0.75483 0.98989 1.03933 1.04370 1.03909 1.03490 
FEM 1 𝛾  0.75483 0.98989 1.03933 1.04370 1.03906 1.03487 
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Comparisons of all four parameters between relationship formulas calculations and 
Abaqus output calculations are showing that these four relationship formulas between 
thickness ratio 𝛾 and 1 𝛾  cases can produce exactly same results as Abaqus simulations. 
And four parameters for thickness ratio 1 𝛾  cases can be totally calculated from these 
formulas without any Abaqus simulation. 
6.6 Conclusions 
When beam tip shear force is applied on DCB, four parameters are introduced into 
calculations of modes ERRs for shear force loading part. Here in this chapter, full 
investigations are carried out about how material properties and sample geometries 
affect these four parameters. From these investigations, some summaries can be 
withdrawn here.  
The length of the crack will not affect these four parameters at all. For small 𝑘𝑒𝑟 cases, 
when the length of uncracked area is small, these four parameters can be affected by 
this length. When the length is very big, these parameters will converge and be kept 
constant. And for bigger 𝑘𝑒𝑟 cases, this converged length of uncracked area is smaller. 
So in general, the length of uncracked area will affect these parameters with one 
condition that the length is big enough. In the tests of Young‟s modulus, interface 
stiffness and Young‟s modulus are changed at the same time to make sure 𝑘𝑒𝑟 is kept 
constant in the test. Results from tests are showing that Young‟s modulus does not 
affect these four parameters.  
All other 3 items tested are total thickness, thickness ratio and the 𝑘𝑒𝑟, these three items 
will affect these four parameters obviously. Based on the tests from these three items, 
three groups of empirical formulas are developed as a function of total thickness and 
thickness ratio with different 𝑘𝑒𝑟  values. Based on these three sets of empirical 
formulas, an approximation method for any given interface stiffness is developed for 
calculation of modes ERRs of shear force loading part.  
Finally, the relationship between thickness ratio bigger than 1 cases and smaller than 1 
cases is derived. Empirical formulas, approximation methods and relationship between 
thickness ratio bigger than 1 cases and smaller than 1 cases are all validated with FEM 
simulations. Excellent agreements between analytical calculations and FEM simulations 
are achieved.  
Chapter 6 Empirical Formulas for Four Parameters 
180 
 
So based on these methods developed in this chapter, modes ERRs of shear loading 
parts can be calculated without any further FEM simulations. And from this new mixed 
mode partition theory for non-rigid interface, modes ERRs can be calculated fully 
analytically (combined with empirical formulas) now with any given material properties 
and sample geometries under any loading conditions. 
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Chapter 7 Pureness Validations for Non-Rigid Interface 
7.1 Introduction 
A new mode partition theory with non-rigid cohesive interfaces is developed in Chapter 
5 with full details. Pure modes can be achieved and mode partition in mixed mode can 
be predicted using this partition theory. Here in this chapter, pure modes are tested to 
validate their pureness. Before mode pureness is tested, two important things are 
investigated. Penalty stiffnesses in normal and shear directions are investigated first. As 
mode partition theory is developed by assuming the penalty stiffnesses in normal and 
shear directions are the same, then different penalty stiffnesses may affect the accuracy 
of mode partitioning. So different penalty stiffnesses in normal and shear directions are 
applied in numerical simulations to find out how different penalty stiffnesses affect the 
pureness. The second investigation is accomplished to quantify the soft and hard 
interface. This mode partition theory is developed for non-rigid interface and it is very 
important to quantify the capable range for it. When the interface stiffness is out of this 
range, too soft or too hard compared to material‟s Young‟s modulus, less accurate 
prediction may be achieved from this mode partition theory. 
Then pureness tests are completed and consist of three kinds of loading conditions. The 
first validation is pure bending moments test. Only two bending moments are applied on 
the DCBs according to the two bending moment pure modes from mode partition theory 
to achieve pure mode I and II respectively. The second validation is bending moment 
combined with axial force tests. Only one bending moment and one axial force are 
applied on upper beam tip. The axial force pure modes can also be calculated from 
mode partition theory. Bending moment and axial force are applied according to these 
pure modes to achieve pure mode I and II respectively. The third validation is pure 
shear forces test. Only two shear forces are applied on the DCB beam tips. Same 
bending moment pure modes are applied between shear forces to validate the pureness 
in shear forces loading conditions. 
After pureness of pure modes with three different loading conditions are validated, two 
more things are investigated. As pure mode I or II can be achieved when loading 
conditions are applied according to the pure modes, so investigation is completed to 
find out how pure modes are achieved. Stresses and separations at crack tip are recorded 
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in pure modes to find out how pure modes are achieved. In the last investigation, shear 
forces are applied on the crack tip to validate the pureness of crack tip shear force 
loading condition. 
For those shear force loading cases in this chapter, four parameters are all calculated 
from empirical formulas and no FEM simulations are applied to achieve them. Based on 
these four parameters, ERRs from shear force cases are calculated. 
7.2 FEM Simulations Information 
All pureness validations and further investigations are finished by FEM simulations 
using SIMULIA‟s Abaqus. Three different TSL shapes are applied in pureness 
validations and are introduced first. Then sample geometries and properties are given. 
At last, FEM modelling information is introduced.  
7.2.1 TSL Shapes 
Three kinds of TSLs, linear, bi-linear and exponential shapes, are applied in all pureness 
validation to complete a comprehensive comparison with analytical calculation results. 
Three kinds of TSL shapes are shown in Figure 7-1.  
 
Figure 7-1: Three Kinds of TSL Shapes 
The areas under each TSL shape curves represent the fracture energy of pure mode I or 
II. A 200 N/m total fracture energy is applied to both pure mode I and II with all three 
different TSL shapes. In linear TSL, the ERRs were calculated by means of the CCT 
which is given by, 
𝐺 =
𝑆𝑓𝛿𝑓
2
 (7.1) 
While in bi-linear and exponential TSL cases, the stress drops after it reaches the onset 
point, so ERRs cannot be calculated by means of the CCT. ERRs in each loading step is 
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calculated respectively and added together to sum the total ERR of each mode which is 
given by, 
𝐺 =  
(𝑆𝑖 + 𝑆𝑖−1)(𝛿𝑖 − 𝛿𝑖−1)
2
𝑛
1
 (7.2) 
So very small increment of load is used in bi-linear and exponential TSL simulations to 
improve the accuracy. 
7.2.2 Sample Geometries and Material Properties 
The sample used in this chapter is a DCB with total length of 810 mm. A pre-crack of 
10 mm is applied at one end while the other end is fixed. The width of DCB is set to 1 
mm and two total thickness of DCB are chosen as 2 mm and 5 mm. Thickness of each 
beam is varied according to different thickness ratio and total thickness. Material‟s 
Young‟s modulus is chosen as 1 × 109 N/m2 with a Poisson ratio of 0.3. The penalty 
stiffness 𝐾 of interface is varied from 1 × 108 N/m3 to 1 × 1010  N/m3 in different cases. 
In linear TSL cases, the onset stress is given by, 
𝑆𝑚𝑎𝑥 =  2𝐺𝑐𝐾 (7.3) 
In bi-linear and exponential TSL cases, linear increasing part of TSL is set to half of the 
total fracture energy, so the onset stress is given by, 
𝑆𝑚𝑎𝑥 =  𝐺𝑐𝐾 (7.4) 
So the onset stresses of all three TSL shapes can all be calculated and applied in FEM 
simulations. 
7.2.3 FEM Modelling 
Parts in models are built as 2D shell deformable planar for both DCB beams and 
interface. Out of plane thicknesses for both beams and interface are set to  1  mm. 
Element used on DCB beams are chosen as CPS4R which is a four nodes bi-linear plane 
stress quadrilateral element with reduced integration technique applied. Element used 
on interface is chosen as linear COH2D4 which is a four nodes two dimensional 
cohesive element.  
Meshing for both beams and interface in x direction are using a same size of 0.1 mm, to 
make all the nodes on edges of beams and interface are at the same location. Because in 
processing of constraints between beam surfaces and interface surfaces, same locations 
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of surface nodes can improve the accuracy of FEM simulations. Meshing of two beams 
in thickness direction are different. For upper beam, in order to get converged results, 
12 elements (24 elements for 𝑕 = 5 mm case) are used, so the meshing size of element 
is changed according to different thickness ratio. For lower beam, a fixed meshing size 
of 0.1 mm is used (0.2 mm for 𝑕 = 5 mm case), so the number of elements is changed 
according to different thickness ratio. When meshing is crated in Abaqus, some 
automatic modification is applied by the software itself, as the thicknesses of beams 
may not be able to be divided by the meshing size exactly, so Abaqus will modify the 
meshing size slightly to create a whole number of elements with even meshing size. 
There is only one element used for interface in thickness direction. The thickness of 
interface must be set as small as allowed to improve the accuracy.  
7.2.4 Simulation Loadings 
Total fracture energy of 200 N/m is set to both pure mode I and II tests in simulations. 
Loads are applied according to pure modes and increased by small step. With loads 
becomes bigger, modes ERRs approach to total fracture energy. When loads increase to 
the maximum value, Abaqus aborts simulations. At that moment, loads applied in FEM 
simulations are known and introduced into mode partition theory to calculate the 
analytical results. These applied loads may not produce exact 200 N/m of modes ERRs. 
so the modes ERRs are very close to 200 N/m, but not exact 200 N/m in both pureness 
tests and investigations in following sections. 
7.3 Investigation of Different Penalty Stiffness 
In the development of mode partition theory, penalty stiffnesses in normal and shear 
directions are assumed to be the same. Here in this section, different penalty stiffnesses 
in normal and shear directions are applied to investigate how it affects the pureness 
agreement. Two groups of investigations are completed under pure modes loading 
conditions respectively with only linear TSL shape is applied. 
7.3.1 Effect of Penalty Stiffness in Pure Mode I 
Two sets of pureness tests are chosen to be compared with different 𝑘𝑒𝑟 cases which are 
𝑕 = 2 mm with 𝛾 = 3 and 𝛾 = 5 cases. In this section of tests, penalty stiffness 𝐾𝑛  in 
normal direction is fixed and penalty stiffness 𝐾𝑠  in shear direction is varied from 
0.01𝐾𝑛  to 100𝐾𝑛 . Results for two cases are listed and compared in Tables 7-1 and 7-2. 
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Table 7-1: Effect on Mode I Pureness from Different 𝑘𝑒𝑟𝑠  with 𝛾 = 3 
𝑘𝑒𝑟𝑠  (1/m) 𝑘𝑒𝑟𝑛  (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.96 1.91 1.89 1.83 1.81 
M2 (Nm) -2.8372 -3.81155 -4.20294 -5.02812 -5.43 
0.01𝑘𝑒𝑟𝑛  
GI (N/m) 197.6688 198.3684 194.535 192.235 189.933 
GI/G 100 100 99.2 97.3 95.2 
0.1𝑘𝑒𝑟𝑛  
GI (N/m) 197.948 198.415 195.482 195.004 194.067 
GI/G 100 100 99.6 98.6 97.5 
1𝑘𝑒𝑟𝑛  
GI (N/m) 198.349 198.3973 198.995 198.088 199.346 
GI/G 100 100 100 100 100 
10𝑘𝑒𝑟𝑛  
GI (N/m) 191.171 190.014 189.802 188.452 186.646 
GI/G 96.5 95.9 95.3 94.5 92.7 
100𝑘𝑒𝑟𝑛  
GI (N/m) 160.111 160.584 161.027 191.426 162.449 
GI/G 81.4 81.3 81.1 81.5 81.9 
Analytical 
GI (N/m) 198.1303 198.2249 198.85 198.02 199.8421 
GI/G 100 100 100 100 100 
Table 7-2: Effect on Mode I Pureness from Different 𝑘𝑒𝑟𝑠  with 𝛾 = 5 
𝑘𝑒𝑟𝑠  (1/m) 𝑘𝑒𝑟𝑛  (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.095 1.07 1.055 1.016 1 
M2 (Nm) -1.86044 -3.78443 -4.58874 -6.28865 -7 
0.01𝑘𝑒𝑟𝑛  
GI (N/m) 198.666 198.441 196.685 189.445 181.642 
GI/G 100 99.3 98.2 95.4 92.1 
0.1𝑘𝑒𝑟𝑛  
GI (N/m) 198.782 197.644 196.482 191.589 187.847 
GI/G 100 99.5 98.8 97.5 94.9 
1𝑘𝑒𝑟𝑛  
GI (N/m) 198.927 199.715 198.631 198.574 199.415 
GI/G 100 100 100 100 100 
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10𝑘𝑒𝑟𝑛  
GI (N/m) 188.874 188.485 188.391 186.552 184.965 
GI/G 95.1 95.3 95.4 95.1 94.9 
100𝑘𝑒𝑟𝑛  
GI (N/m) 145.8632 146.582 147.524 153.485 158.417 
GI/G 74.4 75.9 77.3 18.8 80.1 
Analytical 
GI (N/m) 198.2884 198.5089 198.2338 197.6279 198.504 
GI/G 100 100 100 100 100 
7.3.2 Effect of Stiffness Penalty in Pure Mode II 
Two sets of pureness validation tests are chosen to be compared with different 𝑘𝑒𝑟 
cases which are 𝛾 = 3 and 𝛾 = 5 with 𝑕 = 2 mm tests. In tests, penalty stiffness 𝐾𝑠 in 
shear direction is fixed and penalty stiffness 𝐾𝑛  in normal direction is varied from 
0.01𝐾𝑠 to 100𝐾𝑠 . Results for two cases are listed and compared in Tables 7-3 and 7-4. 
Table 7-3: Effect on Mode II Pureness from Different 𝑘𝑒𝑟𝑛  with 𝛾 = 3 
𝑘𝑒𝑟𝑛  (1/m) 𝑘𝑒𝑟𝑠  (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.63 0.77 0.825 0.94 0.995 
M2 (Nm) 13.608 13.40051 13.29487 12.9695 12.84848 
0.01𝑘𝑒𝑟𝑠  
GII (N/m) 183.301 185.826 188.333 184.558 179.02 
GII/G 96.3 95.6 94.9 93.48 92.27 
0.1𝑘𝑒𝑟𝑠 
GII (N/m) 188.548 192.148 195.631 193.482 190.314 
GII/G 99.1 99.1 99.1 98.7 98.1 
1𝑘𝑒𝑟𝑠 
GII (N/m) 193.182 195.186 196.408 195.448 196.55 
GII/G 99.9 99.9 99.9 99.9 99.9 
10𝑘𝑒𝑟𝑠 
GII (N/m) 193.184 195.348 197.51 195.482 192.254 
GII/G 100 99.75 99.55 99.35 99.1 
100𝑘𝑒𝑟𝑠 
GII (N/m) 193.182 194.871 196.559 194.336 192.005 
GII/G 99.9 99.5 99.1 99.2 99.1 
Analytical 
GII (N/m) 196.21 197.0988 197.3705 196.3435 197.2714 
GII/G 100 100 100 100 100 
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Table 7-4: Effect on Mode II Pureness with Different 𝑘𝑒𝑟𝑛  with 𝛾 = 5 
𝑘𝑒𝑟𝑛  (1/m) 𝑘𝑒𝑟𝑠  (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.196 0.307 0.353 0.45 0.488 
M2 (Nm) 18.9875 18.76758 18.58427 18.07748 17.77165 
0.01𝑘𝑒𝑟𝑠  
GII (N/m) 181.756 181.552 181.091 179.994 178.264 
GII/G 94.9 94.2 93.3 92.6 91.8 
0.1𝑘𝑒𝑟𝑠 
GII (N/m) 188.6089 188.934 189.826 190.663 191.232 
GII/G 97.5 98.1 98.6 98.4 97.9 
1𝑘𝑒𝑟𝑠 
GII (N/m) 194.762 195.914 196.154 196.015 194.475 
GII/G 99.7 99.7 99.7 99.7 99.7 
10𝑘𝑒𝑟𝑠 
GII (N/m) 194.346 194.841 194.884 194.888 194.956 
GII/G 100 99.6 99.2 99.6 99.8 
100𝑘𝑒𝑟𝑠 
GII (N/m) 194.762 194.994 195.485 195.452 195.448 
GII/G 100 100 100 100 100 
Analytical 
GII (N/m) 197.459 198.8684 198.8277 198.8811 197.836 
GII/G 100 100 100 100 100 
7.3.3 Discussions 
Based on comparisons from two different cases, following summaries can be made. 
Firstly, when interface stiffness in normal direction and shear directions are the same, 
both mode I and II ERRs are showing excellent agreements between FEM simulations 
and analytical calculations. Purenesses in each mode tests are excellent as well. 
Secondly, in different mode tests, one same trend is observed. When the interface 
stiffness in shear direction is smaller than that in normal direction, mode I and II ERRs 
and their purenesses are showing excellent agreements with analytical calculations. 
When the interface stiffness in shear direction is tougher than that in normal direction, 
the agreements become less good. While with the interface stiffness in shear direction 
becomes tougher and tougher, agreements between FEM simulations and analytical 
calculations become worse and worse. In general, based on the investigation and 
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discussions above, softer interface stiffness in shear direction than that in normal 
direction will give excellent agreements when compared with analytical calculations in 
pure modes. 
7.4 Quantification of Soft and Hard Interface 
This mode partition theory is developed for non-rigid interface. Here in this section, soft 
and hard interface is quantified to give a capable range of interface for this mode 
partition theory. Quantifications of soft and hard interface consist of two parts. The first 
one is for pure mode I and the second one is for pure mode II. Two test cases are chosen 
for both pure mode I and II which are 𝑕 = 2  mm with 𝛾 = 3  and 𝛾 = 5 . Penalty 
stiffness in normal and shear direction is set the same and varied from 1 × 106  N/m3 to 
1 × 1012   N/m3  while material‟s Young‟s modulus is set to 1 × 109 N/m2 all the time. 
With different penalty stiffnesses, pure modes loads are calculated respectively and 
applied in Abaqus to complete the simulations with only linear TSL shape applied. 
7.4.1 Quantification of Soft and Hard Interface for Pure Mode I 
Quantification of soft and hard interface for pure mode I consists of two cases with two 
different thickness ratios. Results from FEM simulations are listed in Tables 7-5 and 7-6 
and compared with analytical calculation. 
Table 7-5: Pure Mode I Quantification with 𝑕 = 2 mm and 𝛾 = 3 
K (N/m
3
) 1 × 106 1 × 107 1 × 108 1 × 109 1 × 1010  1 × 1011  1 × 1012  
ker (1/m) 0.001 0.01 0.1 1 10 100 1000 
M1 (Nm) 2 1.982 1.96 1.89 1.81 1.66 1.46 
M2 (Nm) -2 -2.23467 -2.8372 -4.20294 -5.43 -7.00719 -8.80465 
Abaqus GI 
(N/m) 
184.9426 197.586 198.349 198.995 199.346 194.023 164.453 
GI/ G 99.68 99.88 100 100 100 100 100 
Analytical 
GI (N/m) 
199.111 197.3894 198.1303 198.85 199.8421 198.1146 199.6756 
GI/ G 100 100 100 100 100 100 100 
Error 7.12% 0.10% 0.11% 0.07% 0.25% 2.07% 17.64% 
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Table 7-6: Pure Mode I Quantification with 𝑕 = 2 mm and 𝛾 = 5 
K (N/m
3
) 1 × 106 1 × 107 1 × 108 1 × 109 1 × 1010  1 × 1011  1 × 1012  
ker (1/m) 0.001 0.01 0.1 1 10 100 1000 
M1 (Nm) 1.103 1.098 1.095 1.055 1 0.918 0.815 
M2 (Nm) -1.103 -1.37085 -1.86044 -4.58874 -7 -9.46125 -11.9397 
Abaqus GI 
(N/m) 
182.5356 196.4618 198.927 198.631 199.415 191.7205 160.3297 
GI/ G 99.53 99.72 100 100 100 100 100 
Analytical 
GI (N/m) 
198.6674 197.6875 198.2884 198.23 198.504 197.7927 199.5391 
GI/ G 100 100 100 100 100 100 100 
Error 8.12% 0.62% 0.32% 0.20% 0.46% 3.07% 19.65% 
7.4.1 Quantification of Soft and Hard Interface for Pure Mode II 
Quantification of soft and hard interface for pure mode II consists of two cases with two 
different thickness ratios as well. Results from FEM simulations are listed in Tables 7-7 
and 7-8 and compared with analytical calculation. 
Table 7-7: Pure Mode II Quantification with 𝑕 = 2 mm and 𝛾 = 3 
K (N/m
3
) 1 × 106 1 × 107 1 × 108 1 × 109 1 × 1010  1 × 1011  1 × 1012  
ker (1/m) 0.001 0.01 0.1 1 10 100 1000 
M1 (Nm) 0.51 0.548 0.63 0.825 0.995 1.22 1.46 
M2 (Nm) 13.77 13.80784 13.608 13.29487 12.84848 12.08764 10.87902 
Abaqus 
GII (N/m) 
11.8266 86.4311 193.182 196.408 196.55 178.818 127.701 
GII/ G 99.9 99.6 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 
196.6356 198.7918 196.21 197.3705 197.2714 198.3762 198.5336 
GII/ G 100 100 100 100 100 100 100 
Error 93.99% 56.52% 1.54% 0.49% 0.37% 9.86% 35.68% 
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Table 7-8: Pure Mode II Quantification with 𝑕 = 2 mm and 𝛾 = 5 
K (N/m
3
) 1 × 106 1 × 107 1 × 108 1 × 109 1 × 1010  1 × 1011  1 × 1012  
ker (1/m) 0.001 0.01 0.1 1 10 100 1000 
M1 (Nm) 0.1525 0.168 0.196 0.353 0.488 0.626 0.76 
M2 (Nm) 19.0625 19.0317 18.9875 18.58427 17.77165 16.58722 14.96194 
Abaqus 
GII (N/m) 
11.88744 86.23693 194.762 196.154 194.475 178.332 127.5522 
GII/ G 99.7 99.7 99.7 99.7 99.7 99.7 99.7 
Analytical 
GII (N/m) 
197.7944 197.5193 197.459 198.8277 197.836 197.8389 198.3088 
GII/ G 100 100 100 100 100 100 100 
Error 93.99% 56.34% 1.37% 1.34% 1.70% 9.860% 35.68% 
7.4.3 Discussions 
Based on comparisons from two different test cases, following summaries can be made. 
With the interface stiffness varied from soft to hard, a capable working range of mode 
partition theory is found out. In pure mode I test, when 𝑘𝑒𝑟 is in range between 0.01 and 
100, mode partition theory can predict the modes ERRs correctly. When interface 
stiffness is softer or tougher than this range, wrong amount of mode I ERR is predicted 
but the pureness is still excellent (99.5% or more). In mode II test, a smaller capable 
working range is observed. When 𝑘𝑒𝑟 is in range between 0.1 and 10, mode partition 
theory can predict the modes ERRs correctly. Same observation are achieved again 
when 𝑘𝑒𝑟  is out of the capable working range. Wrong amount of mode II ERR is 
predicted but the pureness is still excellent (99.7% or more). For a general case, a 
working range for mode partition theory is defined as 𝑘𝑒𝑟 between 0.1 and 10 and when 
it is out of this range, wrong amounts of modes ERRs may be predicted from mixed 
mode partition theory, but pureness in each mode will still be excellent. 
7.5 Pure Bending Moments Test 
Two groups of pure bending moments test with different total thickness are completed 
to validate the pureness. The first group of test is accomplished with total thickness of 2 
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mm while a total thickness of 5 mm is chosen for the second group of test. In different 
total thickness tests, five penalties stiffness 𝐾 are chosen between 1 × 108  N/m3 and 
1 × 1010  N/m3, and their corresponding 𝑘𝑒𝑟 are known as between 0.1 and 10. At the 
same time, thickness ratio 𝛾 between two beams is varied from 1 to 6. 
By using Equations 5.100 and 5.77, the bending moment pure modes 𝜃𝑀  and 𝛽𝑀 with 
different 𝛾 and 𝑘𝑒𝑟 can be calculated. Then two beam tip bending moments are applied 
according these two pure modes to achieve pure mode I and II respectively. All three 
kinds of TSL shapes are used to make the validation comprehensively. Also, analytical 
calculations results are calculated for comparison with FEM simulations with all three 
TSL shapes applied. 
7.5.1 Pure Bending Moments Test with h = 2 mm 
The first group of pure bending moments test is completed with total thickness being set 
to 2 mm. Pureness of both mode I and II are validated with six different thickness ratio 
combined with five different 𝑘𝑒𝑟 and three kinds of TSL shapes. 
7.5.1.1 Pureness Test of Pure Mode I 
Pureness of pure mode I is validated first. Results from Abaqus are listed in Tables 7-9 
to 7-14 and compared with analytical calculations results. 
Table 7-9: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 4.055638 4.055638 4.055638 4.055638 4.055638 
M2 (Nm) -4.05564 -4.05564 -4.05564 -4.05564 -4.05564 
Linear 
GI (N/m) 198.31 198.37 198.41 198.49 198.54 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 197.89 197.94 197.97 197.04 198.37 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.16 198.21 198.24 198.31 198.39 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.38 197.38 197.38 197.38 197.38 
GI/G 100 100 100 100 100 
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Table 7-10: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 2.84 2.78 2.77 2.71 2.67 
M2 (Nm) -3.66452 -4.05347 -4.21085 -4.5177 -4.6725 
Linear 
GI (N/m) 197.05 197.12 198.94 198.04 197.49 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 196.99 197.08 198.69 197.98 197.46 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 197.24 197.53 198.72 197.92 196.99 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 196.8099 196.8738 198.70 197.93 197.08 
GI/G 100 100 100 100 100 
Table 7-11: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.96 1.96 1.89 1.83 1.81 
M2 (Nm) -2.8372 -2.85784 -4.20294 -5.02812 -5.43 
Linear 
GI (N/m) 198.349 198.415 198.995 198.145 199.346 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.06 198.248 198.901 198.025 199.652 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.101 198.2163 198.904 198.104 199.714 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.1303 198.3118 198.85 198.022 199.8421 
GI/G 100 100 100 100 100 
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Table 7-12: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.425 1.39 1.37 1.33 1.3 
M2 (Nm) -2.24838 -3.73137 -4.33455 -5.65838 -6.175 
Linear 
GI (N/m) 197.58 197.899 197.064 199.1452 197.04 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 197.27 197.745 197.14 199.0452 197.05 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 197.59 197.145 197.24 199.0415 196.98 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.2677 197.4181 196.89 198.6835 196.4687 
GI/G 100 100 100 100 100 
Table 7-13: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.095 1.07 1.055 1.016 1 
M2 (Nm) -1.86044 -3.78443 -4.58874 -6.28865 -7 
Linear 
GI (N/m) 198.927 199.715 198.631 198.574 199.415 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.55 198.7945 198.451 197.048 198.748 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.415 198.8415 198.415 198.014 198.845 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.2884 198.5089 198.23 197.6279 198.504 
GI/G 100 100 100 100 100 
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Table 7-14: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.873 0.85 0.84 0.81 0.795 
M2 (Nm) -1.58561 -3.87282 -4.85784 -6.92856 -7.75125 
Linear 
GI (N/m) 199.415 197.784 198.016 198.451 198.784 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 199.014 197.145 197.785 197.894 198.352 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.897 197.0164 197.685 198.015 198.145 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.6711 196.8731 197.51 197.8767 197.8522 
GI/G 100 100 100 100 100 
7.5.1.2 Pureness Test of Pure Mode II 
Pureness of pure mode II is validated secondly. Results from Abaqus are listed in 
Tables 7-15 to 7-20 and compared with analytical calculations results. 
Table 7-15: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 4.69 4.69 4.69 4.69 4.69 
M2 (Nm) 4.69 4.69 4.69 4.69 4.69 
Linear 
GII (N/m) 198.03 198.08 198.11 198.15 198.18 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 197.74 197.79 197.81 198.86 198.89 
GII/G 100 100 100 100 100 
Exponential 
GII (N/m) 197.92 197.98 198.01 198.06 198.11 
GII/G 100 100 100 100 100 
Analytical 
GII (N/m) 197.97 197.97 197.97 197.97 197.97 
GII/G 100 100 100 100 100 
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Table 7-16: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.48 1.6 1.64 1.72 1.77 
M2 (Nm) 9.937143 9.843927 9.789438 9.595696 9.525818 
Linear 
GII (N/m) 194.542 196.8457 198.099 195.148 195.498 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 192.61 195.415 198.146 194.758 194.349 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 192.0362 195.745 198.014 194.482 194.125 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 196.5451 198.9029 199.0679 196.9447 197.4333 
GII/G 100 100 100 100 100 
Table 7-17: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.63 0.77 0.825 0.945 0.995 
M2 (Nm) 13.608 13.40051 13.29487 13.03849 12.84848 
Linear 
GII (N/m) 193.182 194.542 196.408 195.458 196.55 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 192.0589 193.486 195.6 194.524 195.14 
GII/G 99.8 99.8 99.8 99.8 99.8 
Exponential 
GII (N/m) 192.1485 193.652 195.48 194.148 195.42 
GII/G 99.8 99.8 99.8 99.8 99.8 
Analytical 
GII (N/m) 196.21 197.0987 197.3705 198.4378 197.2714 
GII/G 100 100 100 100 100 
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Table 7-18: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.33 0.457 0.51 0.62 0.666 
M2 (Nm) 16.55077 16.26895 16.15042 15.73053 15.51333 
Linear 
GII (N/m) 194.735 195.0142 195.784 195.015 195.014 
GII/G 99.8 99.8 99.8 99.8 99.8 
Bi-Linear 
GII (N/m) 193.7204 194.547 195.148 194.541 194.015 
GII/G 99.7 99.7 99.7 99.7 99.7 
Exponential 
GII (N/m) 193.674 197.415 195.012 194.521 193.984 
GII/G 99.7 99.7 99.7 99.7 99.7 
Analytical 
GII (N/m) 197.7508 197.4746 198.2913 198.0075 197.7896 
GII/G 100 100 100 100 100 
Table 7-19: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.196 0.307 0.353 0.45 0.488 
M2 (Nm) 18.9875 18.76758 18.58427 18.07748 17.77165 
Linear 
GII (N/m) 194.762 195.914 196.154 196.015 194.475 
GII/G 99.7 99.7 99.7 99.7 99.7 
Bi-Linear 
GII (N/m) 194.015 195.105 195.415 195.268 194.014 
GII/G 99.6 99.6 99.6 99.6 99.6 
Exponential 
GII (N/m) 193.948 195.004 195.305 195.0125 193.485 
GII/G 99.6 99.6 99.6 99.6 99.6 
Analytical 
GII (N/m) 197.459 198.8684 198.8277 198.8811 197.836 
GII/G 100 100 100 100 100 
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Table 7-20: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.127 0.221 0.261 0.345 0.377 
M2 (Nm) 21.11542 20.81838 20.62859 20.05888 19.69655 
Linear 
GII (N/m) 193.648 192.895 193.041 194.415 193.014 
GII/G 99.6 99.6 99.6 99.6 100 
Bi-Linear 
GII (N/m) 193.145 192.485 192.485 194.015 192.845 
GII/G 99.5 99.5 99.5 99.5 99.5 
Exponential 
GII (N/m) 193.048 192.48 192.634 193.984 192.748 
GII/G 99.5 99.5 99.5 99.5 99.5 
Analytical 
GII (N/m) 196.7269 196.7459 197.0477 197.5785 196.3946 
GII/G 100 100 100 100 100 
7.5.2 Pure Bending Moments Test with h = 5 mm 
The second group of pure bending moments test is completed with total thickness being 
set to 5 mm. Pureness of both mode I and II are validated with six different thickness 
ratio combined with five different 𝑘𝑒𝑟 and three kinds of TSL shapes. 
7.5.2.1 Pureness Test of Pure Mode I 
Pureness of pure mode I is validated first. Results from Abaqus are listed in Tables 7-21 
to 7-26 and compared with analytical calculations results. 
Table 7-21: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 16.1 16.1 16.1 16.1 16.1 
M2 (Nm) -16.1 -16.1 -16.1 -16.1 -16.1 
Linear 
GI (N/m) 199.227 199.3015 199.3145 199.3015 199.278 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 199.1465 199.157 199.201 199.301 199.4152 
GI/G 100 100 100 100 100 
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Exponential 
GI (N/m) 199.1475 199.149 199.192 199.201 199.315 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 199.0733 199.0733 199.0733 199.0733 199.0733 
GI/G 100 100 100 100 100 
Table 7-22: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 11.3 11.05 10.95 10.7 10.6 
M2 (Nm) -14.5806 -16.1118 -16.6458 -17.8374 -18.55 
Linear 
GI (N/m) 199.854 199.485 199.452 198.452 198.895 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 199.745 199.315 199.015 197.954 198.451 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 199.654 199.352 199.036 198.154 198.452 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 199.4101 199.0687 198.7236 197.4778 198.3294 
GI/G 100 100 100 100 100 
Table 7-23: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 7.76 7.55 7.45 7.2 7.1 
M2 (Nm) -11.233 -15.0666 -16.5671 -19.7828 -21.3 
Linear 
GI (N/m) 199.874 199.452 198.145 198.015 198.441 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 199.451 198.444 197.334 197.445 197.002 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 199.531 198.492 197.492 197.366 197.052 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.766 198.2275 197.7424 196.1806 196.8006 
GI/G 100 100 100 100 100 
Chapter 7 Pureness Validations 
199 
 
Table 7-24: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 5.64 5.5 5.42 5.26 5.15 
M2 (Nm) -8.89886 -14.7644 -17.1484 -22.3783 -24.4625 
Linear 
GI (N/m) 198.455 198.011 198.142 199.855 198.442 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.315 197.954 197.692 198.991 198.055 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.388 197.855 197.588 198.874 198.038 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.7719 197.8166 197.2245 198.8887 197.3336 
GI/G 100 100 100 100 100 
Table 7-25: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 4.32 4.23 4.17 4.02 3.95 
M2 (Nm) -7.33981 -14.9609 -18.1375 -24.8823 -27.65 
Linear 
GI (N/m) 198.412 199.482 199.366 199.394 199.422 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.024 199.085 199.044 199.015 199.091 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.169 198.952 199.091 198.785 198.779 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.5225 198.5515 198.2097 198.0126 198.2182 
GI/G 100 100 100 100 100 
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Table 7-26: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 3.45 3.36 3.33 3.2 3.15 
M2 (Nm) -6.26616 -15.309 -19.2579 -27.3721 -30.7125 
Linear 
GI (N/m) 199.085 197.593 199.541 198.421 199.822 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.552 196.482 199.033 198.014 198.877 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.632 196.882 199.075 198.033 198.966 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.5749 196.8825 198.6584 197.6535 198.796 
GI/G 100 100 100 100 100 
7.5.2.2 Pureness Test of Pure Mode II 
Pureness of pure mode II is validated secondly. Results from Abaqus are listed in 
Tables 7-27 to 7-32 and compared with analytical calculations results. 
Table 7-27: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 18.6 18.6 18.6 18.6 18.6 
M2 (Nm) 18.6 18.6 18.6 18.6 18.6 
Linear 
GII (N/m) 199.248 199.345 199.248 199.364 199.451 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 199.274 199.415 199.314 199.452 199.5452 
GII/G 100 100 100 100 100 
Exponential 
GII (N/m) 199.345 199.315 199.285 199.361 199.345 
GII/G 100 100 100 100 100 
Analytical 
GII (N/m) 199.273 199.273 199.273 199.273 199.273 
GII/G 100 100 100 100 100 
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Table 7-28: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 5.85 6.31 6.45 6.8 7 
M2 (Nm) 39.27857 38.82199 38.50115 37.93647 37.67273 
Linear 
GII (N/m) 194.452 196.423 195.422 195.125 195.455 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 193.441 195.861 194.222 194.111 194.741 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 193.654 195.632 194.364 194.236 194.853 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 196.5307 197.9884 197.0666 197.0086 197.6268 
GII/G 100 100 100 100 100 
Table 7-29: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 2.5 3.05 3.26 3.73 3.94 
M2 (Nm) 54 53.07994 52.53488 51.46409 51.00652 
Linear 
GII (N/m) 195.489 195.774 195.444 196.008 196.555 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 195.003 195.033 194.995 195.489 196.118 
GII/G 99.8 99.8 99.8 99.8 99.8 
Exponential 
GII (N/m) 194.985 195.048 195.078 195.593 196.145 
GII/G 99.8 99.8 99.8 99.8 99.8 
Analytical 
GII (N/m) 197.748 197.9165 197.2375 197.8602 198.972 
GII/G 100 100 100 100 100 
Chapter 7 Pureness Validations 
202 
 
Table 7-30: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.305 1.805 2.01 2.45 2.63 
M2 (Nm) 65.45077 64.25702 63.65165 62.16095 61.26134 
Linear 
GII (N/m) 196.011 195.144 195.449 196.045 195.963 
GII/G 99.8 99.8 99.8 99.8 99.8 
Bi-Linear 
GII (N/m) 195.452 194.459 194.966 195.482 195.118 
GII/G 99.7 99.7 99.7 99.7 99.7 
Exponential 
GII (N/m) 195.364 194.522 194.855 195.852 195.249 
GII/G 99.7 99.7 99.7 99.7 99.7 
Analytical 
GII (N/m) 197.9207 197.1574 197.1221 197.8839 197.3997 
GII/G 100 100 100 100 100 
Table 7-31: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.775 1.21 1.39 1.77 1.93 
M2 (Nm) 75.07813 73.96994 73.17886 71.10475 70.28543 
Linear 
GII (N/m) 195.824 195.441 195.122 194.855 196.022 
GII/G 99.7 99.7 99.7 99.7 99.7 
Bi-Linear 
GII (N/m) 195.452 194.663 194.882 194.621 195.336 
GII/G 99.6 99.6 99.6 99.6 99.6 
Exponential 
GII (N/m) 195.144 194.522 194.815 194.523 195.482 
GII/G 99.6 99.6 99.6 99.6 99.6 
Analytical 
GII (N/m) 197.5824 197.7151 197.3045 196.9223 198.0433 
GII/G 100 100 100 100 100 
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Table 7-32: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.503 0.875 1.035 1.36 1.5 
M2 (Nm) 83.63037 82.4257 81.80303 79.0727 78.36823 
Linear 
GII (N/m) 195.415 195.229 195.652 194.155 196.158 
GII/G 99.6 99.6 99.6 99.6 99.6 
Bi-Linear 
GII (N/m) 195.022 194.522 195.048 193.691 195.761 
GII/G 99.5 99.5 99.5 99.5 99.5 
Exponential 
GII (N/m) 194.856 194.366 195.149 193..645 195.652 
GII/G 99.5 99.5 99.5 99.5 99.5 
Analytical 
GII (N/m) 197.5024 197.3864 198.3129 196.4985 198.98 
GII/G 100 100 100 100 100 
7.5.3 Discussions 
Based on the comparisons from two different total thickness test cases, following 
summaries can be concluded.  
Firstly, FEM simulations results from two different total thickness test cases are 
showing excellent pureness of each mode. In pure mode I tests, the pureness of mode I 
ERRs are 100% which are exactly the same as analytical calculations predicted. While 
in pure mode II test, the purenesses of mode II ERRs is not as good as those in pure 
mode I test, but they are all higher than 99.5%, which can be considered as pure mode II. 
So the pureness of mode II can also be concluded as excellent.  
Secondly, in pure mode I tests, both pureness of mode I ERRs and the total ERRs are 
showing great agreement between FEM simulations and analytical calculations. While 
mode II ERRs in pure mode II test are slightly smaller than analytical calculations. This 
is because the pureness of mode II ERRs from FEM simulations is lower than analytical 
calculation prediction which is 100%, while the total ERRs from FEM simulations and 
analytical calculations are showing great agreements. With total ERRs from FEM 
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simulations and analytical calculations are the same, lower pureness (partition) will 
leads to smaller mode II ERRs.  
Thirdly, three different TSL shapes are applied in tests and results from all three TSL 
shapes are showing excellent agreements with each other. This can be concluded that in 
pure bending moment loading conditions, TSL shapes will not affect the pureness of 
pure modes, no matter it is linear TSL, bi-linear or exponential. 
In general, after a set of comprehensive test is accomplished with two total thicknesses, 
six thickness ratios, five interface stiffness and three different TSL shapes, pureness of 
two bending moment pure modes are excellent under pure bending moment loading 
conditions. 
7.6 Bending Moment Combined with Axial Force Test 
Pureness validation in this section consists of two groups of tests with different total 
thickness as well. Bending moment and axial force are applied on upper beam 
according to axial force pure modes. The first group of test is completed with total 
thickness of  2 mm while a total thickness of  5 mm is chosen for the second group of 
test. In different total thickness tests, five penalty stiffnesses 𝐾  are chosen between 
1 × 108 N/m3 and 1 × 1010  N/m3, and their corresponding 𝑘𝑒𝑟 are known as between 
0.1 and 10. At the same time, thickness ratio 𝛾 between two beams is varied from 1 to 6. 
By using Equations 5.100 and 5.77, the axial force pure modes 𝜃𝑁  and 𝛽𝑁 with different 
𝛾  and 𝑘𝑒𝑟  can be calculated. Then axial force is applied according these two pure 
modes to achieve pure mode I and II respectively. All three kinds of TSL shapes are 
used to make the validation comprehensively. Also, analytical calculations results are 
also calculated for comparison with FEM simulations. 
7.6.1 Bending Moment Combined with Axial Force Test with h = 2 mm 
The first group test is completed with total thickness being set to 2 mm. Pureness of 
mode I and II are validated with six different thickness ratio combined with five 
different 𝑘𝑒𝑟 and three kinds of TSL shapes. 
7.6.1.1 Pureness Test of Pure Mode I 
Pureness of pure mode I is validated first. Results from Abaqus are listed in Tables 7-33 
to 7-38 and compared with analytical calculations results. 
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Table 7-33: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 8.1 8.1 8.1 8.1 8.1 
N1 (N) -48600.1 -48600.1 -48600.1 -48600.1 -48600.1 
Linear 
GI (N/m) 195.938 196.015 196.183 196.248 196.385 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 195.841 195.842 195.829 196.059 195.814 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 195.829 195.792 195.991 196.004 195.744 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 196.83 196.83 196.83 196.83 196.83 
GI/G 100 100 100 100 100 
Table 7-34: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 3.31 3.29 3.29 3.28 3.26 
N1 (N) -12412.5 -13694.3 -14184.2 -15271.8 -15798.5 
Linear 
GI (N/m) 198.449 197.855 198.001 198.641 197.559 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.652 197.642 197.997 198.994 197.993 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.841 197.823 198.105 198.981 198.005 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.237 197.271 197.936 198.569 197.334 
GI/G 100 100 100 100 100 
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Table 7-35: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 2.06 2.05 2.04 2.02 2 
N1 (N) -5031.5 -6772.23 -7451.2 -8955.61 -9600 
Linear 
GI (N/m) 197.224 198.004 197.532 199.077 197.469 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 196.915 197.852 197.565 198.452 198.237 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 196.928 197.951 197.574 198.411 197.895 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.1564 197.999 197.7527 198.764 197.642 
GI/G 100 100 100 100 100 
Table 7-36: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.456 1.45 1.444 1.415 1.4 
N1 (N) -2627.37 -4377.82 -5401.71 -6614.96 -7254.55 
Linear 
GI (N/m) 196.144 197.814 198.115 197.728 197.551 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 196.554 197.962 198.697 197.694 197.644 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 196.442 197.852 198.743 197.355 197.618 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 196.153 197.881 198.612 197.729 197.459 
GI/G 100 100 100 100 100 
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Table 7-37: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 1.11 1.1 1.09 1.068 1.051 
N1 (N) -1607.59 -3268.93 -3958.46 -5442.01 -6019.36 
Linear 
GI (N/m) 198.963 198.751 197.882 198.652 196.561 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.572 198.552 198.382 198.719 198.811 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.452 198.411 198.415 198.263 198.718 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.33 198.41 197.6133 198.255 196.629 
GI/G 100 100 100 100 100 
Table 7-38: Mode I Pureness Validation with 𝑕 = 2 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.88 0.87 0.86 0.84 0.83 
N1 (N) -1078.68 -2641.95 -3296.48 -4703.64 -5269.53 
Linear 
GI (N/m) 198.666 197.622 196.455 196.822 197.589 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.781 197.943 198.415 197.123 197.844 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.852 197.991 197.863 197.159 197.955 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.517 197.813 196.375 196.902 197.431 
GI/G 100 100 100 100 100 
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7.6.1.2 Pureness Test of Pure Mode II 
Pureness of pure mode II is validated secondly. Results from Abaqus are listed in 
Tables 7-39 to 7-44 and compared with analytical calculations results. 
Table 7-39: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.000013 0.000013 0.000013 0.000013 0.000013 
N1 (N) 56230.37 56230.37 56230.37 56230.37 56230.37 
Linear 
GII (N/m) 195.415 195.944 196.541 196.815 197.122 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 194.682 195.149 195.651 195.812 196.115 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 194.672 195.142 195.601 195.784 196.192 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 197.6161 197.6161 197.6161 197.6161 197.6161 
GII/G 100 100 100 100 100 
Table 7-40: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.239 0.369 0.415 0.52 0.58 
N1 (N) 33699 33177.48 32934.59 32352 32190 
Linear 
GII (N/m) 197.411 197.455 196.452 195.841 197.011 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 196.562 196.115 195.142 195.022 196.596 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 196.456 196.123 195.366 195.036 196.413 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 198.438 198.355 197.807 196.538 197.929 
GII/G 100 100 100 100 100 
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Table 7-41: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.1265 0.274 0.333 0.46 0.52 
N1 (N) 24288 23850.56 23663.93 23074.54 22880 
Linear 
GII (N/m) 196.741 197.501 197.571 196.411 197.752 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 196.105 196.111 195.856 195.441 194.1344 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 196.152 196.201 195.782 195.711 194.113 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 197.776 197.553 197.8486 196.644 197.9328 
GII/G 100 100 100 100 100 
Table 7-42: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.071 0.203 0.257 0.375 0.424 
N1 (N) 19288.33 19084.2 18878.55 18473.1 18196.67 
Linear 
GII (N/m) 194.661 196.941 196.449 198.009 197.116 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 194.063 196.011 195.268 197.522 196.403 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 194.052 196.032 195.367 197.633 196.591 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 195.573 197.869 197.292 198.844 198.159 
GII/G 100 100 100 100 100 
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Table 7-43: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.044 0.156 0.204 0.305 0.345 
N1 (N) 16368 16126.35 16031.21 15599.5 15318 
Linear 
GII (N/m) 195.114 196.102 197.412 197.441 196.741 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 194.152 195.452 195.931 195.227 193.924 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 194.326 195.522 195.441 195.362 193.414 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 196.5645 196.695 198.194 198.386 196.8911 
GII/G 100 100 100 100 100 
Table 7-44: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.0293 0.125 0.166 0.252 0.287 
N1 (N) 14398.02 14211.42 14081.55 13643.89 13460.3 
Linear 
GII (N/m) 196.412 196.974 197.631 196.552 197.022 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 195.633 196.441 197.092 195.781 196.351 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 195.692 196.449 196.976 195.496 196.386 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 197.489 197.952 198.247 197.367 198.03 
GII/G 100 100 100 100 100 
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7.6.2 Bending Moment Combined with Axial Force Test with h = 5 mm 
The second group of bending moments combined with axial force test is finished with 
total thickness being set to 5 mm. Pureness of both mode I and II are validated with six 
different thickness ratio combined with five different 𝑘𝑒𝑟 and three kinds of TSL shapes. 
7.6.2.1 Pureness Test of Pure Mode I 
Pureness of pure mode I is validated first. Results from Abaqus are listed in Tables 7-45 
to 7-50 and compared with analytical calculations results. 
Table 7-45: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 32 32 32 32 32 
N1 (N) -192000 -192000 -192000 -192000 -192000 
Linear 
GI (N/m) 195.785 195.841 195.952 196.015 196.155 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 195.624 195.784 195.752 195.694 196.001 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 195.852 195.781 195.774 195.745 195.823 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 196.608 196.608 196.608 196.608 196.608 
GI/G 100 100 100 100 100 
Table 7-46: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 13.1 13 13 12.9 12.9 
N1 (N) -19650 -21644.4 -22418.8 -24025.2 -25006.2 
Linear 
GI (N/m) 198.852 197.221 197.777 196.688 197.999 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.711 197.121 197.689 196.502 197.782 
GI/G 100 100 100 100 100 
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Exponential 
GI (N/m) 198.659 197.129 197.715 196.547 197.651 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.724 197.124 197.788 196.572 197.754 
GI/G 100 100 100 100 100 
Table 7-47: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 8.15 8.1 8.05 7.95 7.9 
N1 (N) -7962.48 -10703.4 -11761.2 -14098.4 -15168 
Linear 
GI (N/m) 197.893 197.915 197.295 197.444 197.551 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 197.93 197.841 196.75 197.391 196.95 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 197.504 197.792 196.891 197.215 197.044 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.501 197.835 197.076 197.038 197.355 
GI/G 100 100 100 100 100 
Table 7-48: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 5.78 5.73 5.68 5.6 5.55 
N1 (N) -4172.03 -6919.98 -8027.07 -10471.7 -11503.6 
Linear 
GI (N/m) 198.011 197.985 197.12 198.501 198.788 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.114 197.941 197.148 198.419 198.801 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.085 197.936 197.125 198.483 198.715 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 197.837 197.769 196.674 198.204 198.604 
GI/G 100 100 100 100 100 
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Table 7-49: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 4.39 4.35 4.3 4.21 4.16 
N1 (N) -2543.17 -5170.85 -6246.38 -8580.84 -9530.18 
Linear 
GI (N/m) 198.631 198.774 197.011 197.445 197.624 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.645 198.881 197.004 197.586 197.522 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 198.622 198.974 196.984 197.612 197.492 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.542 198.58 196.825 197.163 197.155 
GI/G 100 100 100 100 100 
Table 7-50: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 3.48 3.44 3.4 3.33 3.29 
N1 (N) -1706.27 -4178.54 -5213.04 -7458.63 -8355.07 
Linear 
GI (N/m) 198.989 198.115 196.881 198.441 198.885 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 198.971 198.109 196.784 198.394 198.749 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 199.015 198.008 196.782 198.403 198.719 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.688 197.931 196.439 198.043 198.532 
GI/G 100 100 100 100 100 
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7.6.2.2 Pureness Test of Pure Mode II 
Pureness of pure mode II is validated secondly. Results from Abaqus are listed in 
Tables 7-51 to 7-56 and compared with analytical calculation results. 
Table 7-51: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.000051 0.000051 0.000051 0.000051 0.000051 
N1 (N) 220596 220596 220596 220596 220596 
Linear 
GII (N/m) 193.841 193.984 194.012 194.038 194.167 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 193.045 193.059 193.075 193.089 193.115 
GII/G 100 100 100 100 100 
Exponential 
GII (N/m) 193.048 193.061 193.081 193.091 193.155 
GII/G 100 100 100 100 100 
Analytical 
GII (N/m) 194.651 194.651 194.651 194.651 194.651 
GII/G 100 100 100 100 100 
Table 7-52: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.94 1.45 1.64 2.06 2.29 
N1 (N) 53016 52148.89 52060.47 51265.48 50838 
Linear 
GII (N/m) 195.441 195.011 196.91 196.501 196.251 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 195.126 194.985 196.442 196.002 196.015 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 195.152 194.855 196.482 196.182 196.082 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 196.456 196.023 197.703 197.403 197.472 
GII/G 100 100 100 100 100 
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Table 7-53: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.5 1.085 1.31 1.82 2.05 
N1 (N) 38400 37777.9 37237 36517.98 36080 
Linear 
GII (N/m) 196.418 196.841 195.015 195.891 195.514 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 196.044 196.255 194.96 195.482 194.67 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 196.025 196.348 194.891 195.49 194.771 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 197.748 198.254 195.959 197.011 196.879 
GII/G 100 100 100 100 100 
Table 7-54: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.282 0.8 1.015 1.48 1.67 
N1 (N) 30644 30083.47 19823.7 29162.87 28668.33 
Linear 
GII (N/m) 196.041 195.148 195.441 196.553 195.226 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 195.415 194.855 195.014 195.062 195.011 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 195.581 194.798 195.062 195.077 195.075 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 197.456 196.673 196.951 198.223 196.741 
GII/G 100 100 100 100 100 
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Table 7-55: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.174 0.62 0.805 1.2 1.362 
N1 (N) 25891.2 25636.76 25304.16 24550.03 24189.12 
Linear 
GII (N/m) 195.411 197.288 195.224 195.011 194.997 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 195.014 196.852 194.891 194.518 194.485 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 195.031 196.749 194.741 194.496 194.501 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 196.733 198.842 197.516 196.541 196.391 
GII/G 100 100 100 100 100 
Table 7-56: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
M1 (Nm) 0.116 0.495 0.655 1 1.13 
N1 (N) 22800.96 22510.89 22225.09 21656.96 21198.8 
Linear 
GII (N/m) 196.351 196.741 195.111 197.011 195.001 
GII/G 99.9 99.9 99.9 99.9 99.9 
Bi-Linear 
GII (N/m) 195.744 196.448 194.744 196.448 194.559 
GII/G 99.9 99.9 99.9 99.9 99.9 
Exponential 
GII (N/m) 195.709 196.548 194.884 196.509 194.485 
GII/G 99.9 99.9 99.9 99.9 99.9 
Analytical 
GII (N/m) 198.109 198.669 197.539 198.909 196.474 
GII/G 100 100 100 100 100 
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7.6.3 Discussions 
Based on comparisons from two different total thickness test cases, following 
summaries can be concluded.  
Firstly, FEM simulations results from two different total thickness test cases are 
showing excellent pureness of mode I and II. Excellent agreements between FEM 
simulations and analytical calculations are achieved in both mode I and II pureness tests. 
In pure mode I tests, the pureness of mode I ERRs are 100% which are exactly the same 
as analytical calculations predicted. While in pure mode II test, the purenesses of mode 
II ERRs are better than those in pure bending moments test. Purenesses are all higher 
than 99.9% which can be considered as pure mode II. So the pureness of mode II can 
also be concluded as excellent. 
Secondly, in pure mode I tests, both pureness of mode I ERRs and the total ERRs are 
showing great agreement between FEM simulations and analytical calculations. In pure 
mode II tests, pureness of mode II ERR are better than those in pure bending moments 
tests which are all higher than 99.9% again, which can be concluded as pure mode II. 
Total ERRs are showing good agreement between FEM simulations and analytical 
calculations as well compared to pure bending moment validations. 
Thirdly, three different TSL shapes are applied in the FEM simulations with Abaqus 
and results from all three TSL shapes are showing excellent agreements with each other. 
This can be concluded that in bending moment combined with axial force loading 
conditions, TSL shapes will not affect the pureness of pure modes, no matter it is linear 
TSL, bi-linear, or exponential. 
In general, after a set of comprehensive test is accomplished with two total thicknesses, 
six thickness ratios, five interface stiffness and three different TSL shapes, pureness of 
two axial force pure modes are excellent under bending moment combined with axial 
force loading conditions. 
7.7 Pure Shear Forces Test 
Two groups of pure shear forces test are completed with different total thickness to 
validate the pureness. Two groups of validations are completed with total thickness 
being set to 2 mm and 5 mm. In different total thickness tests, five stiffness penalties 𝐾 
are chosen between 1 × 108 N/m3 and 1 × 1010  N/m3, and their corresponding 𝑘𝑒𝑟 are 
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known as between 0.1 and 10. At the same time, thickness ratio 𝛾 between two beams is 
varied from 1 to 6.  
By using Equations 5.100 and 5.77, the bending moment pure modes 𝜃𝑀  and 𝛽𝑀 with 
different 𝛾 and 𝑘𝑒𝑟 can be calculated. Then two shear forces are applied on the beam tip 
according these two bending moment pure modes. All three kinds of TSL shapes are 
used in the FEM simulations to make the validation comprehensively. Also, analytical 
calculations results are also calculated for comparison with FEM simulations. 
7.7.1 Pure Shear Forces Test with h = 2 mm 
The first group of pure shear forces test is completed with total thickness being set to 2 
mm. Pureness of both mode I and II are validated with six different thickness ratios 
combined with five different 𝑘𝑒𝑟 and three kinds of TSL shapes. 
7.7.1.1 Pureness Test of Pure Mode I 
Pureness of pure mode I is validated first. Results from Abaqus are listed in Tables 7-57 
to 7-62 and compared with analytical calculations results. 
Table 7-57: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.246 0.28 0.297 0.33 0.333 
P2 (N) -0.246 -0.28 -0.297 -0.33 -0.333 
Linear 
GI (N/m) 196.2163 196.685 197.14 195.483 194.322 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 199.3144 196.822 198.31 199.592 199.42 
GI/G 100 100 100 100 100 
Exponential 
GI (N/m) 199.382 196.792 198.338 199.555 199.403 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 196.188 196.846 198.242 199.617 199.357 
GI/G 100 100 100 100 100 
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Table 7-58: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.179 0.198 0.206 0.22 0.222 
P2 (N) -0.23097 -0.2887 -31315 -0.37008 -0.3885 
Linear 
GI (N/m) 194.001 195.844 195.223 195.771 196.115 
GI/G 99.1 99.2 99.3 99.6 99.7 
Bi-Linear 
GI (N/m) 194.223 196.821 195.169 195.443 197.552 
GI/G 99.2 99.3 99.3 99.6 99.8 
Exponential 
GI (N/m) 194.301 196.756 195.269 195.396 197.777 
GI/G 99.2 99.3 99.3 99.6 99.8 
Analytical 
GI (N/m) 194.025 195.787 194.716 195.401 196.444 
GI/G 99.1 99.1 99.1 99.7 99.8 
Table 7-59: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.132 0.14 0.145 0.153 0.153 
P2 (N) -0.19108 -0.27938 -0.32245 -0.42038 -0.459 
Linear 
GI (N/m) 193.2971 193.552 196.54 195.448 195.449 
GI/G 98.9 99.2 98.2 99.1 100 
Bi-Linear 
GI (N/m) 197.05 194.533 197.168 197.185 198.161 
GI/G 99.1 99.4 98.4 99.4 99.9 
Exponential 
GI (N/m) 197.008 194.663 197.401 197.382 198.208 
GI/G 99.1 99.4 98.4 99.4 99.9 
Analytical 
GI (N/m) 196.878 194.589 195.984 195.181 199.041 
GI/G 98.9 98.9 98.4 99.2 99.5 
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Table 7-60: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.102 0.105 0.11 0.113 0.112 
P2 (N) -0.16094 -0.28187 -0.34803 -0.48075 -0.532 
Linear 
GI (N/m) 197.411 192.145 198.521 195.984 196.774 
GI/G 98.5 98.5 98.7 98.7 98.9 
Bi-Linear 
GI (N/m) 198.441 193.225 198.555 196.882 198.045 
GI/G 99 98.9 98.9 99 99.2 
Exponential 
GI (N/m) 198.395 192.308 198.694 196.813 198.428 
GI/G 99 98.9 98.9 99 99.2 
Analytical 
GI (N/m) 198.3467 192.507 198.458 196.634 197.835 
GI/G 98.9 98.8 99 99.1 99.3 
Table 7-61: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.081 0.83 0.085 0.088 0.087 
P2 (N) -0.13762 -0.29356 -0.36971 -0.54469 -0.609 
Linear 
GI (N/m) 196.715 193.359 196.306 197.516 197.829 
GI/G 99.5 99.2 98.4 99.2 99.9 
Bi-Linear 
GI (N/m) 194.652 194.553 199.524 197.691 197.4281 
GI/G 99.5 99.5 99.1 99.3 99.9 
Exponential 
GI (N/m) 194.559 194.492 199.351 197.553 197.366 
GI/G 99.5 99.5 99.1 99.3 99.9 
Analytical 
GI (N/m) 197.416 194.85 195.811 197.93 198.994 
GI/G 98.9 98.5 98.4 98.5 99.1 
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Table 7-62: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.066 0.068 0.069 0.07 0.069 
P2 (N) -0.11987 -0.30983 -0.39904 -0.59876 -0.67275 
Linear 
GI (N/m) 194.882 196.882 196.881 194.261 194.631 
GI/G 99.1 98.5 98.4 98.2 99 
Bi-Linear 
GI (N/m) 194.692 196.066 197.624 193.115 193.942 
GI/G 99.2 98.8 98.5 98.3 99.1 
Exponential 
GI (N/m) 193.582 196.241 197.631 193.099 193.893 
GI/G 99.2 98.8 98.5 98.3 99.1 
Analytical 
GI (N/m) 194.81 196.449 196.981 193.208 194.169 
GI/G 99.2 98.8 98.6 98.4 99 
7.7.1.2 Pureness Test of Pure Mode II 
Pureness of pure mode II is validated secondly. Results from Abaqus are listed in 
Tables 7-63 to 7-68 and compared with analytical calculations results. 
Table 7-63: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.103 0.182 0.221 0.312 0.345 
P2 (N) 0.103 0.182 0.221 0.312 0.345 
Linear 
GII (N/m) 195.687 195.991 196.6 195.004 193.247 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 197.415 198.482 198.105 198.492 199.52 
GII/G 100 100 100 100 100 
Exponential 
GII (N/m) 197.447 198.501 198.099 198.439 199.557 
GII/G 100 100 100 100 100 
Analytical 
GII (N/m) 195.663 197.922 196.808 197.533 196.92 
GII/G 100 100 100 100 100 
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Table 7-64: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.036 0.059 0.074 0.112 0.128 
P2 (N) 0.205457 0.362995 0.441719 0.624736 0.688873 
Linear 
GII (N/m) 195.082 196.821 197.285 196.821 196.045 
GII/G 99.7 99.7 99.5 99.8 99.6 
Bi-Linear 
GII (N/m) 194.552 196.441 197.631 195.1483 196.882 
GII/G 99.5 99.5 99.4 99.7 99.6 
Exponential 
GII (N/m) 194.601 196.258 197.525 195.299 196.482 
GII/G 99.5 99.5 99.4 99.7 99.6 
Analytical 
GII (N/m) 194.999 197.892 196.843 196.477 195.6825 
GII/G 99.7 99.6 99.6 99.7 99.6 
Table 7-65: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.0125 0.0275 0.0365 0.061 0.072 
P2 (N) 0.27 0.47859 0.588197 0.841638 0.929739 
Linear 
GII (N/m) 195.39 194.994 197.34 198.348 196.111 
GII/G 99.4 99.4 99.3 99.3 99.3 
Bi-Linear 
GII (N/m) 195.142 194.581 197.416 197.881 197.778 
GII/G 99.3 99.3 99.2 99.2 99.2 
Exponential 
GII (N/m) 195.222 194.593 197.385 197.789 197.691 
GII/G 99.3 99.3 99.2 99.2 99.2 
Analytical 
GII (N/m) 195.43 194.851 196.089 198.273 198.991 
GII/G 99.5 99.3 99.3 99.5 99.5 
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Table 7-66: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.0065 0.0163 0.0225 0.0399 0.048 
P2 (N) 0.326 0.580271 0.712519 1.012335 1.118078 
Linear 
GII (N/m) 196.841 196.346 196.782 197.666 197.692 
GII/G 99.4 99.4 99.3 99.5 99.5 
Bi-Linear 
GII (N/m) 196.254 196.482 196.888 197.592 196.841 
GII/G 99.2 99.2 99.2 99.3 99.3 
Exponential 
GII (N/m) 196.364 196.394 196.981 197.492 198.361 
GII/G 99.2 99.2 99.2 99.3 99.3 
Analytical 
GII (N/m) 196.969 196.26 197.088 197.626 197.615 
GII/G 99.4 99.3 99.3 99.4 99.3 
Table 7-67: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.0039 0.011 0.0157 0.029 0.0354 
P2 (N) 0.377813 0.672454 0.826553 1.164993 1.289173 
Linear 
GII (N/m) 196.048 196.384 197.698 196.452 194.264 
GII/G 99.4 99.4 99.4 99.5 99.8 
Bi-Linear 
GII (N/m) 196.167 196.052 197.209 196.155 196.3699 
GII/G 99.1 99.3 99.1 99.4 99.4 
Exponential 
GII (N/m) 196.201 196.031 197.351 195.224 196.301 
GII/G 99.1 99.3 99.1 99.4 99.4 
Analytical 
GII (N/m) 197.015 196.315 197.881 196.746 198.272 
GII/G 99.4 99.2 99.3 99.4 99.3 
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Table 7-68: Mode II Pureness Validation with 𝑕 = 2 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.00257 0.0081 0.0118 0.0225 0.0275 
P2 (N) 0.427296 0.763027 932634 1.308188 1.436751 
Linear 
GII (N/m) 196.382 197.559 197.752 196.893 196.852 
GII/G 99.5 99.4 99.4 99.4 99.5 
Bi-Linear 
GII (N/m) 197.826 198.634 198.426 197.663 197.421 
GII/G 99.5 99.3 99.4 99.3 99.4 
Exponential 
GII (N/m) 197.168 198.485 198.634 197.485 197.553 
GII/G 99.5 99.3 99.4 99.3 99.4 
Analytical 
GII (N/m) 196.349 197.825 197.861 196.922 196.412 
GII/G 99.4 99.2 99.3 99.3 99.3 
7.7.2 Pure Shear Forces Test with h = 5 mm 
The second group of pure shear forces test is completed with total thickness being set to 
5 mm. Pureness of both mode I and II are validated with six different thickness ratio 
combined with five different 𝑘𝑒𝑟 and three kinds of TSL shapes. 
7.7.2.1 Pureness Test of Pure Mode I 
Pureness of pure mode I is validated first. Results from Abaqus are listed in Tables 7-69 
to 7-74 and compared with analytical calculations results. 
Table 7-69: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.705 0.845 0.92 1.07 1.08 
P2 (N) -0.705 -0.845 -0.92 -1.07 -1.08 
Linear 
GI (N/m) 197.7204 196.994 195.1485 195.824 192.249 
GI/G 100 100 100 100 100 
Bi-Linear 
GI (N/m) 199.548 197.119 196.482 197.684 196.785 
GI/G 100 100 100 100 100 
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Exponential 
GI (N/m) 199.442 197.055 196.428 197.622 196.805 
GI/G 100 100 100 100 100 
Analytical 
GI (N/m) 198.897 197.067 197.947 197.894 197.421 
GI/G 100 100 100 100 100 
Table 7-70: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.52 0.605 0.65 0.735 0.74 
P2 (N) -0.67097 -0.88214 -0.9881 -1.22528 -1.295 
Linear 
GI (N/m) 194.852 195.444 194.651 196.114 198.452 
GI/G 98.7 98.7 98.7 99.3 99.4 
Bi-Linear 
GI (N/m) 195.614 195.662 195.621 196.542 199.025 
GI/G 98.8 98.8 98.7 99.5 99.6 
Exponential 
GI (N/m) 195.634 195.701 195.492 196.442 199.064 
GI/G 98.8 98.8 98.7 99.5 99.6 
Analytical 
GI (N/m) 194.762 195.014 194.716 196.127 199.773 
GI/G 98.8 98.7 98.6 99.5 99.7 
Table 7-71: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.394 0.441 0.465 0.51 0.51 
P2 (N) -0.57034 -0.88005 -1.03406 -1.40128 -1.53 
Linear 
GI (N/m) 192.452 194.522 193.692 192.831 194.218 
GI/G 97.5 97.9 97.8 98.3 98.7 
Bi-Linear 
GI (N/m) 193.482 195.631 194.115 193.552 196.744 
GI/G 97.7 98 97.9 98.5 98.9 
Exponential 
GI (N/m) 193.452 195.453 194.251 193.441 196.694 
GI/G 97.7 98 97.9 98.5 98.9 
Analytical 
GI (N/m) 194.647 194.876 193.679 193.038 196.798 
GI/G 97.9 98.1 98.1 98.7 99.2 
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Table 7-72: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.31 0.335 0.351 0.38 0.38 
P2 (N) -0.48912 -0.89929 -1.11053 -1.61668 -1.805 
Linear 
GI (N/m) 193.669 192.774 193.115 192.882 196.482 
GI/G 98.2 98.1 98 97.9 98.3 
Bi-Linear 
GI (N/m) 193.485 192.694 193.681 193.654 197.552 
GI/G 98.3 98.3 98.1 98 98.5 
Exponential 
GI (N/m) 193.694 192.458 193.954 193.452 197.255 
GI/G 98.3 98.3 98.1 98 98.5 
Analytical 
GI (N/m) 193.713 192.791 193.221 193.496 198.561 
GI/G 98.2 98.1 97.8 98 98.7 
Table 7-73: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.252 0.268 0.379 0.293 0.293 
P2 (N) -0.42816 -0.94788 -1.21351 -1.81356 -2.051 
Linear 
GI (N/m) 192.005 194.852 195.148 190.331 192.845 
GI/G 98.2 97.8 97.6 98 98.3 
Bi-Linear 
GI (N/m) 192.684 195.115 195.624 190.552 194.336 
GI/G 98.3 98 97.8 98.2 98.3 
Exponential 
GI (N/m) 192.485 195.621 195.364 190.671 194.552 
GI/G 98.3 98 97.8 98.2 98.3 
Analytical 
GI (N/m) 192.486 195.118 195.138 190.64 194.47 
GI/G 98.4 98.1 97.9 98.2 98.4 
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Table 7-74: Mode I Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.213 0.22 0.229 0.239 0.239 
P2 (N) -0.38687 -1.00238 -1.32434 -2.04435 -2.33025 
Linear 
GI (N/m) 197.582 192.751 194.255 192.684 198.555 
GI/G 98.7 98 98 98.1 98.2 
Bi-Linear 
GI (N/m) 197.152 192.685 194.552 192.854 198.593 
GI/G 98.8 98.1 98.2 98.3 98.2 
Exponential 
GI (N/m) 197.352 192.684 194.631 192.853 198.455 
GI/G 98.8 98.1 98.2 98.3 98.2 
Analytical 
GI (N/m) 197.202 192.836 194.138 192.59 198.223 
GI/G 98.8 98.2 98.1 98.2 98.2 
7.7.2.2 Pureness Test of Pure Mode II 
Pureness of pure mode II is validated secondly. Results from Abaqus are listed in 
Tables 7-75 to 7-80 and compared with analytical calculations results. 
Table 7-75: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 1 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.282 0.531 0.67 1.03 1.18 
P2 (N) 0.282 0.531 0.67 1.03 1.18 
Linear 
GII (N/m) 196.852 195.821 196.552 195.841 193.118 
GII/G 100 100 100 100 100 
Bi-Linear 
GII (N/m) 198.501 196.315 196.664 197.634 197.589 
GII/G 100 100 100 100 100 
Exponential 
GII (N/m) 198.452 196.115 196.593 197.652 197.664 
GII/G 100 100 100 100 100 
Analytical 
GII (N/m) 198.479 196.003 196.557 197.637 197.968 
GII/G 100 100 100 100 100 
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Table 7-76: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 2 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.083 0.173 0.224 0.366 0.435 
P2 (N) 0.557286 1.064375 1.337094 2.041875 2.341091 
Linear 
GII (N/m) 196.041 198.742 196.415 194.25 195.841 
GII/G 99.4 99.1 99.2 99 98.6 
Bi-Linear 
GII (N/m) 195.842 198.453 196.482 195.441 195.782 
GII/G 99.2 99 99 98.9 98.5 
Exponential 
GII (N/m) 195.863 198.663 196.552 195.931 195.669 
GII/G 99.2 99 99 98.9 98.5 
Analytical 
GII (N/m) 196.216 198.902 196.305 194.145 195.869 
GII/G 99.4 99.1 99 98.8 98.4 
Table 7-77: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 3 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.034 0.08 0.11 0.196 0.24 
P2 (N) 0.7344 1.392261 1.772649 2.704279 3.09913 
Linear 
GII (N/m) 197.582 193.641 195.226 191.226 194.823 
GII/G 99.1 98.6 98.8 98.6 98.6 
Bi-Linear 
GII (N/m) 197.663 193.522 195.482 192.591 194.881 
GII/G 98.9 98.4 98.6 98.3 98.5 
Exponential 
GII (N/m) 197.651 193.784 195.441 192.485 194.614 
GII/G 98.9 98.4 98.6 98.3 98.5 
Analytical 
GII (N/m) 197.621 193.578 195.149 191.267 194.597 
GII/G 99 98.5 98.4 98.1 98.4 
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Table 7-78: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 4 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.0175 0.047 0.068 0.13 0.16 
P2 (N) 0.877692 1.673174 2.153389 3.298336 3.726926 
Linear 
GII (N/m) 194.852 191.885 197.552 194.552 193.258 
GII/G 98.9 98.6 98.4 97.9 98 
Bi-Linear 
GII (N/m) 194.985 191.485 197.863 194.666 193.648 
GII/G 98.6 98.2 98 97.5 97.6 
Exponential 
GII (N/m) 194.685 191.596 197.695 194.339 193.691 
GII/G 98.6 98.2 98 97.5 97.6 
Analytical 
GII (N/m) 194.952 191.573 197.054 194.995 193.269 
GII/G 98.9 98.4 98.2 97.7 97.9 
Table 7-79: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 5 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.0105 0.032 0.047 0.095 0.1148 
P2 (N) 1.017188 1.95623 2.474393 3.816357 4.297244 
Linear 
GII (N/m) 194.005 194.284 193.485 195.485 194.521 
GII/G 98.7 98.3 98.2 97.8 97.6 
Bi-Linear 
GII (N/m) 194.154 194.624 193.658 195.663 195.663 
GII/G 98.2 97.9 97.8 97.5 97.7 
Exponential 
GII (N/m) 194.226 194.458 193.48 195.485 195.485 
GII/G 98.2 97.9 97.8 97.5 97.7 
Analytical 
GII (N/m) 194.45 194.609 193.704 195.74 194.523 
GII/G 98.9 98.3 98.2 97.9 98.1 
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Table 7-80: Mode II Pureness Validation with 𝑕 = 5 mm and 𝛾 = 6 
ker (1/m) 0.1 0.5 1 5 10 
Loads 
P1 (N) 0.007 0.0235 0.0355 0.073 0.092 
P2 (N) 1.163842 2.213719 2.805804 4.244344 4.806585 
Linear 
GII (N/m) 197.584 194.852 194.895 192.663 195.644 
GII/G 98.8 98.6 98.3 98.3 98.1 
Bi-Linear 
GII (N/m) 197.051 195.052 195.159 193.102 196.284 
GII/G 98.7 98.5 98.2 98.3 98 
Exponential 
GII (N/m) 197.059 195.064 195.128 193.106 196.248 
GII/G 98.7 98.5 98.2 98.3 98 
Analytical 
GII (N/m) 197.573 194.409 194.943 192.524 195.349 
GII/G 98.9 98.4 98.2 98.1 98.2 
7.7.3 Discussions 
Based on comparisons from two different total thickness test cases, following 
summaries can be concluded.  
Firstly, shear force are applied on beam tip according to bending moment pure modes, 
so purenesses of mode I and II ERRs are not expected as high as those in last two parts 
of test. This can be observed from all comparisons. Except for 𝛾 = 1 cases, pureness of 
mode I and II ERRs are all 100%. And with the thickness ratio becomes bigger and 
bigger, the pureness in each mode test becomes smaller and smaller. But the pureness is 
still quite high which are all higher then 98.1. 
Secondly, in both pure mode I and II test with two different total thicknesses, mode I 
and II ERRs and their partitions are all showing excellent agreements between FEM 
simulations and analytical calculations. 
Thirdly, three different TSL shapes are applied in tests and results from all three TSL 
shapes are showing excellent agreements with each other. This can be concluded that in 
pure shear force loading conditions, TSL shapes will not affect the pureness of pure 
modes, no matter it is linear TSL, bi-linear, or exponential. 
In general, after a set of comprehensive test is carried out, which is accomplished with 
two different total thicknesses, six thickness ratio, five interface stiffness and three 
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different TSL shapes, good pureness of two modes can still be achieved under pure 
shear force loading conditions but the pureness is much lower than those with pure 
bending moment loading conditions. The reason for that is bending moment pure modes 
are applied between beam tip shear forces. According to mode partition theory, 100% 
pureness is not expected to be achieved but lower pureness is predicted analytically. 
FEM simulation results have validated the analytical prediction as excellent agreement 
between them is achieved. 
7.8 Stresses and Separations in Interface Elements 
In this section, stresses and separations in normal and shear directions at crack tip are 
recorded to investigate how pure mode I and II are achieved. There are two cases 
recorded here which are 𝑕 = 2  mm with 𝛾 = 3  and 𝛾 = 5  tests. In both case, pure 
modes bending moments are applied to achieve pure modes. Simulations are completed 
with only linear TSL applied in this section. Stresses and separations between two 
nodes in the first 20 interface elements (from crack tip towards to the fixed end) are 
recorded and listed here in Tables 7-81 to 7-84. 
7.8.1 Stresses and Separations in Interface Elements for Pure Mode I 
Stresses and separations in both normal and shear directions in two cases are listed and 
presented here to investigate how pure mode I is achieved. 
 
Figure 7-2: Stress and Separation in Pure Mode I with 𝑕 = 2 mm and 𝛾 = 3 
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Table 7-81: Stress and Separation in Pure Mode I with 𝑕 = 2 mm and 𝛾 = 3 
Element 1 2 3 4 5 6 
𝛿𝑠 (10
-5
m) 6.09 5.69 5.30 4.90 4.51 4.12 
𝛿𝑛  (10
-3
m) 1.99 1.90 1.82 1.73 1.65 1.57 
𝜏 (N/m2) 6090 5890 5490 5090 4680 4290 
𝜍 (N/m2) 199000 190000 182000 173000 165000 157000 
7 8 9 10 11 12 13 
3.73 3.35 2.96 2.58 2.20 1.83 1.46 
1.49 1.42 1.34 1.27 1.20 1.13 1.07 
3890 3490 3100 2710 2320 1940 1560 
149000 142000 134000 127000 120000 113000 107000 
14 15 16 17 18 19 20 
1.09 0.728 0.369 0.0146 -0.335 -0.68 -1.02 
1.00 0.938 0.877 0.818 0.761 0.705 0.651 
1190 816 449 86.64 -271 -623 -971 
100000 93800 87700 81800 76100 70500 65100 
 
Figure 7-3: Stress and Separation in Pure Mode I with 𝑕 = 2 mm and 𝛾 = 5 
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Table 7-82: Stress and Separation in Pure Mode I with 𝑕 = 2 mm and 𝛾 = 5 
Element 1 2 3 4 5 6 
𝛿𝑠 (10
-5
m) -1.28 -1.75 -2.22 -2.68 -3.14 -3.58 
𝛿𝑛  (10
-4
m) 6.30 5.65 5.03 4.45 3.91 3.40 
𝜏 (N/m2) -17800 -20200 -25000 -29800 -34500 -39100 
𝜍 (N/m2) 630000 565000 503000 445000 391000 339000 
7 8 9 10 11 12 13 
-4.01 -4.43 -4.84 -5.23 -5.60 -5.96 -6.29 
2.92 2.47 2.06 1.68 1.33 1.01 7.11 
-43600 -47900 -52100 -56100 -60000 -63700 -67200 
292000 247000 206000 168000 133000 101000 71100 
14 15 16 17 18 19 20 
-6.61 -6.91 -7.19 -7.46 -7.70 -7.92 -8.13 
4.42 0.198 -0.022 -0.222 -0.396 -0.552 -0.69 
-70500 -73600 -76500 -79200 -81800 -84100 -86200 
44200 19800 -2240 -22000 -39600 -55300 -69000 
7.8.2 Stresses and Separations in Interface Elements for Pure Mode II 
Stresses and separations in both normal and shear directions in two cases are listed and 
presented here to investigate how pure mode II is achieved. 
 
Figure 7-4: Stress and Separation in Pure Mode II with 𝑕 = 2 mm and 𝛾 = 3 
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Table 7-83: Stress and Separation in Pure Mode II with 𝑕 = 2 mm and 𝛾 = 3 
Element 1 2 3 4 5 6 
𝛿𝑠 (10
-3
m) 1.94 1.93 1.93 1.92 1.91 1.91 
𝛿𝑛  (10
-5
m) 13.8 12.9 11.9 11.0 10.0 9.20 
𝜏 (N/m2) 197000 196000 196000 195000 195000 194000 
𝜍 (N/m2) 13800 12800 11900 10900 10100 9190 
7 8 9 10 11 12 13 
1.90 1.90 1.89 1.89 1.88 1.88 1.87 
8.40 7.60 6.80 6.00 5.40 4.70 3.90 
194000 193000 193000 192000 191000 191000 190000 
8360 7560 6790 6050 5330 4640 3980 
14 15 16 17 18 19 20 
1.87 1.86 1.86 1.85 1.85 1.84 1.84 
3.40 2.70 2.20 1.50 1.10 0.500 0.100 
190000 189000 189000 188000 188000 187000 187000 
3340 2730 2150 1580 1050 532.735 41.4719 
 
Figure 7-5: Stress and Separation in Pure Mode II with 𝑕 = 2 mm and 𝛾 = 5 
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Table 7-84: Stress and Separation in Pure Mode II with 𝑕 = 2 mm and 𝛾 = 5 
Element 1 2 3 4 5 6 
𝛿𝑠 (10
-4
m) 1.72 1.65 1.59 1.53 1.48 1.42 
𝛿𝑛  (10
-6
m) 9.00 4.00 -1.00 -5.00 -7.00 -9.00 
𝜏 (N/m2) 1970000 1940000 1870000 1810000 1760000 1700000 
𝜍 (N/m2) 93500 37600 -8320 -45000 -73600 -94900 
7 8 9 10 11 12 13 
1.38 1.33 1.28 1.24 1.20 1.16 1.12 
-11.0 -12.0 -12.0 -13.0 -12.0 -12.0 -12.0 
1650000 1610000 1560000 1520000 1470000 1430000 1400000 
-110000 -120000 -125000 -126000 -125000 -121000 -114000 
14 15 16 17 18 19 20 
1.08 1.05 1.02 9.84 9.53 9.23 8.94 
-11.0 -10.0 -9.00 -8.00 -7.00 -6.00 -5.00 
1360000 1320000 1290000 1260000 1230000 1190000 1170000 
-107000 -98000 -88400 -78500 -68300 -58200 -48300 
7.8.3 Discussions 
Based on comparisons from two different test cases, following summaries can be made. 
In pure mode I test, shear stress and its corresponding separation is not absolutely zero 
but can be considered as zero when compared to normal stress and its corresponding 
separation. As known, ERRs are calculated by means of the CCT which is known from 
Equation 6.11. So the mode I ERR is much bigger than mode II ERRs and it can be 
considered as pure mode I case. Same situation is observed in pure mode II test. Shear 
stress and its corresponding separation are much bigger than normal stress and its 
corresponding separation, so pure mode II can be achieved.  
So in general, pure modes are achieved because of much bigger directional stress and its 
corresponding separation compared to those in the other direction. 
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7.9 Crack Tip Shear Force Test 
In this section, shear forces are not applied on the beam tip but applied on the crack tip 
instead. According to Equations 5.81 and 5.90,  when the crack tip loading forces 
satisfy following relations, pure mode I and pure mode II can be achieved respectively 
and the relations are given by, 
𝑃2𝐵 = 𝜃𝑃(𝛾)𝑃1𝐵  (7.5) 
𝑃2𝐵 = 𝛽𝑃(𝛾)𝑃1𝐵  (7.6) 
Shear forces are applied on the crack tip to validate the pureness of these two crack tip 
shear force pure modes. And when loads are applied on crack tip, mode I and II ERRs 
are known from Equations 5.81 and 5.94 respectively.  
Pure mode I is tested first with two thickness ratios selected. Then pure mode II is tested 
with two thickness ratios selected as well. Before shear forces are applied on the crack 
tip to validate the purenesses of these two crack tip shear force pure modes, two shear 
forces are applied on the DCB beam tips (according to these two crack tip shear force 
pure modes as well) to find out the maximum allowed shear force until total failure 
occurs at the crack tip. Then shear forces are applied on crack tip according to these two 
crack tip shear force pure modes and increased by small steps until total failure occurs 
at the crack tip. Here, total failure refers to the stresses in the first cohesive element at 
the crack tip have gone through the onset point of TSL and reduced to 0, and the whole 
cohesive element is broken. 
Mode I and II ERRs are outputted from FEM simulations and compared with analytical 
calculations. In tables, analytical calculation results are represented as 'Analy' and the 
Abaqus FEM simulations results are represented as 'Abaqus'. Bi-linear TSL is applied in 
Abaqus simulations. And half of the TSL is set to be in linear increasing part with total 
fracture energy set to 200 N/m. 
7.9.1 Mode I Pureness Test with Crack Tip Shear Forces 
Two crack tip shear forces which satisfy Equation 7.5  are applied on crack tip to 
achieve pure mode I. Thickness ratios are selected as 𝛾 = 3  and 𝛾 = 5  with total 
thickness 𝑕 = 2 mm. ERRs outputted from Abaqus are listed in Tables 7-85 and 7-86 
and compared with analytical calculations. 
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Table 7-85: Mode I Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 3 
Steps 0 1 2 3 4 5 6 7 
P1 (N) 0 0.0264 0.0528 0.0792 0.1056 0.132 0.1584 0.1848 
P2 (N) 0 -0.0291 -0.0582 -0.08722 -0.11629 -0.14536 -0.17443 -0.2035 
Analy GI 
(N/m) 
0 0.2306 0.9225 2.0756 3.6899 5.7655 8.3023 11.3004 
Abaqus 
GI (N/m) 
0 0.2297 0.9190 2.0677 3.6760 5.7437 8.2709 11.2576 
8 9 10 11 12 13 14 15 16 
0.2112 0.2376 0.264 0.2904 0.3168 0.3432 0.3696 0.396 0.4224 
-0.23257 -0.26165 -0.29072 -0.31979 -0.34886 -0.37793 -0.407 -0.43608 -0.46515 
14.7596 18.6802 23.0619 27.9049 33.2092 38.9747 45.2014 51.8893 59.0385 
14.7039 18.6095 22.9748 27.7995 33.0837 38.8275 45.0306 51.6932 58.8154 
17 18 19 20 21 22 23 24 25 
0.4488 0.4752 0.5016 0.528 0.5544 0.5808 0.6072 0.6336 0.66 
-0.49422 -0.52329 -0.55236 -0.58143 -0.61051 -0.63958 -0.66865 -0.69772 -0.72679 
66.6490 74.7207 83.2536 92.2477 101.7031 111.6197 121.9976 132.8367 144.1371 
66.3970 74.4382 82.9389 91.8990 105.9156 122.3285 142.7933 166.1670 192.3313 
 
Figure 7-6: Mode I Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 3 
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Table 7-86: Mode I Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 5 
Steps 0 1 2 3 4 5 6 7 
P1 (N) 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 
P2 (N) 0 -0.0239 -0.0477 -0.0716 -0.0955 -0.1193 -0.1432 -0.1670 
Analy GI 
(N/m) 
0 0.2368 0.9474 2.1315 3.7894 5.9210 8.5262 11.6051 
Abaqus 
GI (N/m) 
0 0.2359 0.9438 2.1235 3.7751 5.8986 8.4940 11.5612 
8 9 10 11 12 13 14 15 16 
0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 
-0.1909 -0.2148 -0.2386 -0.2625 -0.2864 -0.3102 -0.3341 -0.3579 -0.3818 
15.1577 19.1839 23.6838 28.6574 34.1047 40.0257 46.4203 53.2886 60.6306 
15.1004 19.1114 23.5943 28.5491 33.9758 39.8745 46.2449 53.0872 60.4014 
17 18 19 20 21 22 23 24 25 
0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 
-0.40567 -0.42953 -0.45339 -0.47726 -0.50112 -0.52498 -0.54884 -0.57271 -0.59657 
68.4463 76.7356 85.4986 94.7353 104.4457 114.6297 125.2874 136.4188 148.0239 
68.1875 76.4455 85.1754 94.3772 108.7718 125.6273 146.6439 170.6479 197.5178 
 
Figure 7-7: Mode I Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 5 
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7.9.2 Mode II Pureness Test with Crack Tip Force 
Two crack tip shear forces are applied on crack tip to achieve pure mode II. Thickness 
ratios are selected as 3  and 5  with total thickness 𝑕 = 2  mm. ERRs outputted from 
Abaqus are listed in Tables 7-87 and 7-88 and compared with analytical calculations. 
Table 7-87: Mode II Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 3 
Steps 0 1 2 3 4 5 6 7 
P1 (N) 0 0.006 0.012 0.018 0.024 0.03 0.036 0.042 
P2 (N) 0 0.0311 0.0621 0.0932 0.1243 0.1553 0.1864 0.2174 
Analy GI 
(N/m) 
0 0.2179 0.8718 1.9615 3.4872 5.4487 7.8461 10.6795 
Abaqus 
GI (N/m) 
0 0.2171 0.8685 1.9541 3.4740 5.4281 7.8165 10.6391 
8 9 10 11 12 13 14 15 16 
0.048 0.054 0.06 0.066 0.072 0.078 0.084 0.09 0.096 
0.2485 0.2796 0.3106 0.3417 0.3728 0.4038 0.4349 0.4660 0.4970 
13.9487 17.6538 21.7949 26.3718 31.3846 36.8333 42.7179 49.0384 55.7948 
13.8960 17.5871 21.7125 26.2721 31.2660 36.6942 42.5565 48.8531 55.5839 
17 18 19 20 21 22 23 24 25 
0.102 0.108 0.114 0.12 0.126 0.132 0.138 0.144 0.15 
0.5281 0.5591 0.5902 0.6213 0.6523 0.6834 0.7145 0.7455 0.7766 
62.9871 70.6153 78.6794 87.1794 96.1153 105.4871 115.2948 125.5384 136.2178 
62.7490 70.3484 78.3820 86.8499 95.7520 109.1791 129.1302 157.0374 198.8781 
 
Figure 7-8: Mode II Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 3 
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Table 7-88: Mode II Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 5 
Steps 0 1 2 3 4 5 6 7 
P1 (N) 0 0.004 0.008 0.012 0.016 0.020 0.024 0.028 
P2 (N) 0 0.0465 0.0929 0.1394 0.1859 0.2324 0.2788 0.3253 
Analy GI 
(N/m) 
0 0.2234 0.8934 2.0102 3.5736 5.5838 8.0407 10.9443 
Abaqus 
GI (N/m) 
0 0.2225 0.8900 2.0026 3.5601 5.5627 8.0103 10.9029 
8 9 10 11 12 13 14 15 16 
0.032 0.036 0.040 0.044 0.048 0.052 0.056 0.060 0.064 
0.3718 0.4182 0.4647 0.5112 0.5577 0.6041 0.6506 0.6971 0.7435 
14.2946 18.0916 22.3352 27.0257 32.1628 37.7466 43.7771 50.2543 57.1782 
14.2406 18.0231 22.2508 26.9235 32.0412 37.6040 43.6116 50.0643 56.9621 
17 18 19 20 21 22 23 24 25 
0.068 0.072 0.076 0.08 0.084 0.088 0.092 0.096 0.1 
0.7900 0.8365 0.8830 0.9294 0.9759 1.0224 1.0689 1.1153 1.1618 
64.5489 72.3662 80.6302 89.3410 98.4984 108.1026 118.1534 128.6510 139.5953 
64.3049 72.0927 80.3255 89.0033 98.1261 111.8862 132.3319 160.9311 199.6212 
 
Figure 7-9: Mode II Crack Tip Forces Pureness Test with 𝑕 = 2 mm and 𝛾 = 5 
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7.9.3 Discussions 
Based on comparisons from two different test cases, following summaries can be made. 
In both mode I and II tests, there are two columns which are red marked and bolded in 
each group of results. The first column represents the maximum shear forces allowed to 
be applied on DCB beam tips until total failure occurs at the crack tip. The second 
column is the maximum shear forces allowed to be applied on crack tip until excellent 
agreement between analytical calculations and FEM simulations cannot be achieved. 
From all tables and figures, it can be seen that, analytical calculation gives exact same 
results with FEM simulations before ERRs reach 100 (second column). This means, 
when simulations process is under linear increasing part of TSL, excellent predictions 
can be achieved by analytical calculations for crack tip shear force loading. And after 
that, difference between FEM simulations and analytical calculation becomes bigger 
and bigger with loads become bigger and bigger. This means, when simulations process 
is under linear softening part of TSL, correct predictions cannot be achieved by 
analytical calculations. The reason for this is when simulations process is under liner 
softening part of TSL, four parameters cannot be correctly predicted by empirical 
formulas. But normally, shear forces are applied on the beam tip rather than on crack tip. 
The maximum allowed beam tip load is always smaller than the maximum allowed 
crack tip load, so shear force loading part calculation of mode partition theory is always 
working in the linear increasing part of TSL and excellent agreement between FEM 
simulation and analytical calculations predictions can be achieved. 
7.10 Conclusions 
A set of comprehensive mode pureness test and related investigations have been 
accomplished in this chapter. Results from FEM simulations are compared with 
analytical calculations. Based on these comparisons, conclusions can be withdrawn. 
Firstly, when the interface stiffness in normal direction and shear directions are the 
same, both mode I and II ERRs are showing excellent agreements between FEM 
simulations and analytical calculations. Purenesses in each mode test are excellent as 
well. In different mode tests, one same trend is observed. When the interface stiffness in 
shear direction is softer than that in normal direction, mode I and II ERRs are showing 
excellent agreements between FEM simulations and analytical calculations. When the 
interface stiffness in shear direction is tougher than that in normal direction, the 
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agreements becomes less good. And with the interface stiffness in shear direction 
becomes tougher and tougher, agreements become worse. In general, softer interface 
stiffness in shear direction than that in normal direction will give excellent agreements 
and this is the practical case as the ratio between shear modulus and Young‟s modulus 
is usually around 0.25. 
Secondly, with the interface stiffness is varied from soft to hard, a capable working 
range of mode partition theory is found out. For a general case, a working range for 
mode partition theory is defined as 𝑘𝑒𝑟 between 0.1 and 10 and when it is out of this 
range, wrong amounts of modes ERRs may be predicted from mixed mode partition 
theory, but pureness in each mode will still be excellent. In pure mode I test, when 𝑘𝑒𝑟 
is in range between 0.01 and 100, mode partition theory can predict the modes ERRs 
correctly. When interface stiffness is softer or tougher than this range wrong amount of 
mode I ERR is predicted but the pureness is still excellent (99.5% or more). In mode II 
test, a smaller capable working range is observed. When 𝑘𝑒𝑟 is in range between 0.1 
and 10, mode partition theory can predict the modes ERRs correctly. Same observation 
are achieved again when 𝑘𝑒𝑟 is out of the capable working range. Wrong amount of 
mode II ERR is predicted but the pureness is still excellent (99.7% or more).  
Thirdly, by applying the loads according to the pure modes which are calculated from 
mode partition theory, pure mode I and II can be correctly produced. Within pure 
bending moment and bending moment combined with axial force loading conditions 
tests, pureness of each mode are excellent and results from FEM simulation and 
analytical calculations are showing excellent agreements. In pure shear force loading 
conditions tests, mode I and II ERRs are not expected to be 100% according to mode 
partition theory. But results from FEM simulations have validated the prediction from 
mode partition theory as excellent agreement has been achieved again. 
Fourthly, in pureness tests with all different kinds of loading conditions, three different 
kinds of TSL shapes are applied. In pure mode I or II tests, numerical results from all 
three different kinds of TSL shapes are the same to each other and showing excellent 
agreement with analytical calculations. This can prove that the TSL shapes do not affect 
the pureness of pure modes. No matter what kind of interface degrade is, the pure 
modes remain pure. This is strong evident that the mode mixity should also remain 
constant in mixed mode as the interface degrade. But as discussed in Section 4.5, when 
FEM simulation is under mixed mode loads within Abaqus, the mode mixity decrease 
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after the stress reaches the maximum value. Considering the observations and 
conclusions from Sections 4.5, 7.5, 7.6 and 7.7, these may provide a particular and more 
accurate method to finish the FEM simulations under mixed mode loads within Abaqus 
which is the load de-composed method. As discussed in Section 5.3, mixed mode load 
can be de-composed into two groups of pure mode loads, and these two groups of pure 
mode load are applied in the FEM simulation within Abaqus respectively to validate the 
mixed mode partition. This loads de-composed method is applied in the mixed mode 
load validation (Chapter 8). More detailed information can be found in Section 8.4. 
Fifthly, in pure mode test, pure modes are achieved because of much bigger directional 
stress and its corresponding separation compared to those in the other direction. In pure 
mode I test, shear stress and its corresponding separation are not absolutely zero but can 
be considered as zero compared to normal stress and its corresponding separation. As 
known, the ERRs is calculated by means of the CCT, so the mode I ERR is much bigger 
than mode II ERRs and it can be considered as pure mode I case. Same situation is 
observed in pure mode II test. Shear stress and its corresponding separation are much 
bigger than normal stress and its corresponding separation, so pure mode II can be 
achieved. 
Finally, in crack tip shear force tests, analytical calculation gives exact same results 
with FEM simulations before the onset point of TSL is reached. When the crack tip 
loading is bigger than this value, agreement between analytical calculations and FEM 
simulations becomes worse which means this mode partition theory cannot predict the 
correct results. But normally, loads are applied on the beam tip rather than on crack tip 
and the maximum allowed beam tip load is always smaller than this onset value of crack 
tip load, so mode partition theory is always working in the correct range and great 
predictions can be achieved. 
In general, this mode partition theory can correctly produce pure mode I and mode II, 
and the pureness of each mode are excellent. Accurate pure mode predictions can be 
achieved from this mode partition theory. 
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Chapter 8 Mixed Mode Partitioning Validation 
8.1 Introduction 
A new mixed mode partition theory for non-rigid interface DCB has been developed in 
Chapter 5 with full details. Pure modes can be achieved according to mode partition 
theory. In Chapter 7, the pureness of these pure modes has been validated. In this 
chapter, modes ERRs from analytical calculations in mixed mode are validated with 
FEM simulations. It has been validated that different TSL shapes will produce same 
modes ERRs in pure modes cases. But as discussed in Section 4.5, TSL shapes will 
affect modes ERRs in mixed mode. So validations of mixed mode partition in this 
chapter are accomplished in two parts which are linear and bi-linear TSL tests 
respectively. In each part of validation, pure bending moment and pure shear force 
loading conditions are applied respectively. As discussed in Section 4.5, FEM 
simulations can produce correct results when simulation is under mixed mode loading 
condition with a linear TSL used, so loads are applied directly in linear TSL validations. 
Results from simulations are recorded and compared with analytical calculations. Mode 
partition theory is tested under both pure bending moments and beam tip shear force 
loading conditions. In pure bending moment validations, two kinds of approximation 
methods are all tested. Because FEM simulation software cannot produce correct results 
when simulation is under mixed mode loading condition with a bi-linear TSL used, 
loading de-compose method is applied to divide the mixed mode loading into pairs of 
pure mode loading parts. Then pure mode loadings are applied respectively in FEM 
simulations to output the mode I and II ERRs. At last, mode I and II ERRs are 
compared with analytical calculations. Detailed information of loads de-compose 
method is given in Section 5.3. For those shear force loading cases in this chapter, four 
parameters are all calculated from empirical formulas and none numerical simulations 
are applied to achieve them. Based on these four parameters, ERRs from shear force 
parts are calculated. 
8.2 FEM Simulations Information 
All mixed mode partition validations are competed by FEM simulations using 
SIMULIA‟s Abaqus. Two different TSL shapes are applied in two parts of validations 
Chapter 8 Mixed Mode Partition Validations 
246 
 
respectively which are introduced first here. Then sample geometries and properties are 
given. At last, FEM modelling information is given.  
8.2.1 TSL Shapes 
Two kinds of TSLs, linear and bi-linear shapes of TSL, are applied in two parts of 
validations to give a comprehensive comparison with analytical calculation results. Two 
kinds of TSL shapes are shown in Figure 8-1.  
 
Figure 8-1: Two Kinds of TSL Shapes 
The areas under TSL shapes curves represent the total fracture energy of effective 
mixed mode. For linear TSL tests, very big total fracture energy is chosen to make sure 
the simulation process is working within the linear increasing part of TSL all the time. 
And a total fracture energy of 1000 N/m is applied for bi-linear TSL tests with half of 
the TSL being set under linear increasing part. In linear TSL, the ERRs are calculated 
by means of the CCT which is given by, 
𝐺 =
𝑆𝑓𝛿𝑓
2
 (8.1) 
While in bi-linear TSL cases, the stress drops after it reaches the onset point, so it 
cannot be calculated by means of the CCT. ERR in each loading step is calculated 
respectively and added together to sum the total ERR which is given by, 
𝐺 =  
(𝑆𝑖 + 𝑆𝑖−1)(𝛿𝑖 − 𝛿𝑖−1)
2
𝑛
1
 (8.2) 
So a very small increment of loads is used in bi-linear TSL simulations to improve the 
accuracy.  
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8.2.2 Sample Geometries and Material Properties 
The sample used in this chapter is a DCB with total length of 810 mm. A pre-crack of 
10 mm is applied at one end and the other end is fixed. The width of DCB is set to 10 
mm and the total thickness of DCB is chosen and fixed as 2 mm. The thickness of each 
beam is varied according to different thickness ratio. Two material‟s Young‟s modulus 
are chosen as 1 × 109 N/m2 and 1 × 1011  N/m2 for linear TSL validations and bi-linear 
TSL validations respectively. So in linear TSL validations, penalty stiffness 𝐾  of 
interface is varied from 1 × 108 N/m3 to 1 × 1010  N/m3 in different cases to keep the 
𝑘𝑒𝑟  between 0.1 and 10. And in bi-linear TSL validations, penalty stiffness 𝐾  of 
interface is varied from 1 × 1010  N/m3 to 1 × 1012  N/m3 in different cases to keep the 
𝑘𝑒𝑟 between 0.1 and 10. With a total fracture energy is known, the onset stress can be 
calculated. In linear TSL validations, the onset stress is given by, 
𝑆𝑚𝑎𝑥 =  2𝐺𝑐𝐾 (8.3) 
In bi-linear TSL cases, linear increasing part of TSL is set to half of the total fracture 
energy, so the onset stress is given by, 
𝑆𝑚𝑎𝑥 =  𝐺𝑐𝐾 (8.4) 
So the onset stresses of two TSL shapes can all be calculated and applied in FEM 
simulations. There is one thing needed to be clarified here. In bi-linear TSL tests, all 
analytical calculations and maximum loads are based on total ERR equal to 1000. As 
discussed in Section 7.2.4, due to unknown reason, when modes ERRs are very close to 
the pre-set total fracture energy in FEM simulations, Abaqus will abort the simulations. 
So fracture energy is pre-set to 1005 N/m in Abaqus to make sure the modes ERRs can 
reach 1000 N/m and the maximum stresses are still calculated based on 1000 N/m. 
8.2.3 FEM Modelling 
Parts in models are built as 2D shell deformable planar for DCB and interface. Out of 
plain thicknesses are set to 10 mm. Element used on DCB beams are chosen as CPS4R 
which is a four nodes bi-linear plane stress quadrilateral element with RIT applied. 
Element used on interface is chosen as linear COH2D4 which is a four nodes two 
dimensional cohesive element. 
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Meshing for both beams and interface in x direction are using same size of 0.1 mm, to 
make all the nodes on edges of beams and interface are at the same location in x 
direction. As in processing constraints between beam surfaces and interface surfaces, 
same locations of surface nodes can improve the accuracy of FEM simulations. 
Meshing of two beams in thickness direction are different. For upper beam, in order to 
get converged results, 12 elements are used, so meshing size of element is changed 
according to different thickness ratio. For lower beam, a fixed meshing size of 0.1 mm 
is used, so the number of elements is always change according to different thickness 
ratio. When meshing is crated in Abaqus, some automatic modification is applied by the 
software itself, as the thicknesses of beams may not be able to be divided by the 
meshing size exactly, so Abaqus will modify the meshing size slightly to create a whole 
number of elements with even meshing size. In thickness direction, there is only one 
element used for interface. The thickness of interface must be set as small as allowed to 
improve the accuracy.  
8.3 Validation with Linear TSL 
In this section, linear TSL is chosen for mixed mode partition validations. Two kinds of 
loads are applied which are pure bending moment and pure beam tip shear force 
respectively. As discussed in Chapter 5, when there is only bending moments applied, 
only ERR of bending moment and axial force part 𝐺𝑀𝑁  is needed to be considered. So 
in pure bending moment validations, only the ERRs from bending moment and axial 
force part 𝐺𝑀𝑁  is calculated analytically and compared with FEM simulations results. 
While there is shear forces applied on beam tip, ERRs of both bending moment and 
axial force part 𝐺𝑀𝑁  and crack tip shear force part 𝐺𝑃  are needed to be considered. So 
in pure shear force validations, ERRs from these two parts are both calculated and 
compared with FEM simulations results. 
8.3.1 Validation with Pure Bending Moment 
Two kinds of interpolation formulas have been developed to approximate pure modes 
with any 𝑘𝑒𝑟 cases for pure bending moment loads in mode partition theory, which are 
two and four degrees polynomial formulas approximation methods respectively. All 
these two kinds of approximation formulas are applied in the validation of pure bending 
moment with two different thickness ratios which are  𝛾 > 1and 𝛾 < 1. In this section 
of tests, thickness ratio is varied from 1 to 6, and then varied from 1 to 1/6 to validate 
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the mode partition theory in the whole range of thickness ratio. In simulations, five 𝑘𝑒𝑟 
values are chosen which are 0.1, 0.5, 1, 5 and 10. Only one bending moment of 1 Nm is 
applied on upper beam. Modes ERRs from FEM simulations are recorded and compared 
with analytical calculations results. Analytical calculations based on two interpolation 
formulas are finished with five 𝑘𝑒𝑟 values as well. Results from FEM simulations and 
analytical calculation are presented here in Tables 8-1 to 8-4. 
Thinner Upper Beam Test Cases  
Table 8-1: Bending Moment Validations with Two Degree Method and  𝛾 > 1 
  Analytical ×104 Abaqus ×104 
𝛾 
ker 
(1/m) 
0.1 0.5 1 5 10 0.1 0.5 1 5 10 
1 
GI 
(N/m) 
3 3 3 3 3 3.0289 3.0285 3.0279 3.0242 3.0223 
GII 
(N/m) 
2.25 2.25 2.25 2.25 2.25 2.2238 2.2296 2.212 2.1374 2.0816 
G 
(N/m) 
5.25 5.25 5.25 5.25 5.25 5.2527 5.2581 5.2399 5.1616 5.1039 
2 
GI 
(N/m) 
17.168 16.671 16.451 16.228 15.706 17.466 16.982 16.712 15.894 15.45 
GII 
(N/m) 
2.332 2.829 3.049 3.272 3.794 2.369 2.834 3.007 3.717 4.028 
G 
(N/m) 
19.5 19.5 19.5 19.5 19.5 19.835 19.816 19.719 19.611 19.478 
3 
GI 
(N/m) 
45.3 43.749 42.986 42.177 40.168 45.115 44.088 43.475 41.466 40.289 
GII 
(N/m) 
1.95 3.501 4.264 5.073 7.082 2.514 3.469 4.007 5.675 6.576 
G 
(N/m) 
47.25 47.25 47.25 47.25 47.25 47.629 47.557 47.482 47.141 46.865 
4 
GI 
(N/m) 
91.311 88.345 86.71 84.903 80.207 90.832 89.116 88.039 84.319 82.029 
GII 
(N/m) 
1.689 4.655 6.29 8.097 12.793 2.938 4.482 5.411 8.46 10.206 
G 
(N/m) 
93 93 93 93 93 93.77 93.598 93.45 92.779 92.235 
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5 
GI 
(N/m) 
159.72 154.89 151.96 148.61 139.66 159.01 156.38 154.67 148.56 144.67 
GII 
(N/m) 
1.53 6.36 9.29 12.64 21.59 3.584 5.86 7.29 12.15 15.02 
G 
(N/m) 
161.25 161.25 161.25 161.25 161.25 162.59 162.24 161.96 160.71 159.69 
6 
GI 
(N/m) 
255.08 247.81 243.05 237.5 222.32 254.13 250.31 247.77 238.41 232.32 
GII 
(N/m) 
1.42 8.69 13.45 19.00 34.18 4.431 7.63 9.68 16.84 21.18 
G 
(N/m) 
256.5 256.5 256.5 256.5 256.5 258.56 257.94 257.45 255.25 253.5 
Table 8-2: Bending Moment Validations with Four Degree Method and  𝛾 > 1 
  Analytical ×104 Abaqus ×104 
𝛾 
ker 
(1/m) 
0.1 0.5 1 5 10 0.1 0.5 1 5 10 
1 
GI 
(N/m) 
3.000 3.000 3.000 3.000 3.000 3.0289 3.0285 3.0279 3.0242 3.0223 
GII 
(N/m) 
2.250 2.250 2.250 2.250 2.250 2.2238 2.2296 2.212 2.1374 2.0816 
G 
(N/m) 
5.250 5.250 5.250 5.250 5.250 5.2527 5.2581 5.2399 5.1616 5.1039 
2 
GI 
(N/m) 
17.168 16.645 16.451 16.262 15.706 17.466 16.982 16.712 15.894 15.45 
GII 
(N/m) 
2.332 2.855 3.049 3.238 3.794 2.369 2.834 3.007 3.717 4.028 
G 
(N/m) 
19.5 19.5 19.5 19.5 19.5 19.835 19.816 19.719 19.611 19.478 
3 
GI 
(N/m) 
45.3 43.699 42.986 42.256 40.168 45.115 44.088 43.475 41.466 40.289 
GII 
(N/m) 
1.95 3.551 4.264 4.994 7.082 2.514 3.469 4.007 5.675 6.576 
G 
(N/m) 
47.25 47.25 47.25 47.25 47.25 47.629 47.557 47.482 47.141 46.865 
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4 
GI 
(N/m) 
91.311 88.263 86.71 85.05 80.207 90.832 89.116 88.039 84.319 82.029 
GII 
(N/m) 
1.689 4.737 6.29 7.95 12.793 2.938 4.482 5.411 8.46 10.206 
G 
(N/m) 
93.00 93.00 93.00 93.00 93.00 93.77 93.598 93.45 92.779 92.235 
5 
GI 
(N/m) 
159.72 154.77 151.96 148.86 139.66 159.01 156.38 154.67 148.56 144.67 
GII 
(N/m) 
1.53 6.48 9.29 12.39 21.59 3.584 5.86 7.29 12.15 15.02 
G 
(N/m) 
161.25 161.25 161.25 161.25 161.25 162.59 162.24 161.96 160.71 159.69 
6 
GI 
(N/m) 
255.08 247.63 243.05 237.89 222.32 254.13 250.31 247.77 238.41 232.32 
GII 
(N/m) 
1.42 8.87 13.45 18.61 34.18 4.431 7.63 9.68 16.84 21.18 
G 
(N/m) 
256.5 256.5 256.5 256.5 256.5 258.56 257.94 257.45 255.25 253.5 
Thicker Upper Beam Test Cases  
Table 8-3: Bending Moment Validations with Two Degree Method and  𝛾 < 1 
  Analytical ×10 Abaqus ×10 
𝛾 
ker 
(1/m) 
0.1 0.5 1 5 10 0.1 0.5 1 5 10 
1 
GI 
(N/m) 
3000 3000 3000 3000 3000 3028.9 3028.5 3027.9 3024.2 3022.3 
GII 
(N/m) 
2250 2250 2250 2250 2250 2223.8 2229.6 2212 2137.4 2081.6 
G 
(N/m) 
5250 5250 5250 5250 5250 5252.7 5258.1 5239.9 5161.6 5103.9 
1
2
 
GI 
(N/m) 
380.83 437.31 461.7 486.05 542.24 389.81 442.9 471.51 554.48 598 
GII 
(N/m) 
1400.5 1344.0 1319.6 1295.3 1239.1 1361.4 1323.8 1283.3 1150.9 1072.1 
G 
(N/m) 
1781.3 1781.3 1781.3 1781.3 1781.3 1751.2 1766.7 1754.8 1705.4 1670.1 
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1
3
 
GI 
(N/m) 
97.093 143.89 165.53 187.78 240.89 116.19 146.01 162.71 214.4 242.91 
GII 
(N/m) 
930.71 883.91 862.27 840.02 786.91 883.91 867.89 841.69 750.8 693.96 
G 
(N/m) 
1027.8 1027.8 1027.8 1027.8 1027.8 1000.1 1013.9 1004.4 965.2 936.87 
1
4
 
GI 
(N/m) 
36.301 69.782 86.465 104.16 147.83 51.82 69.817 80.277 113.95 133.48 
GII 
(N/m) 
678.54 645.06 628.38 610.68 567.01 642.26 633.07 614.52 547.4 503.86 
G 
(N/m) 
714.84 714.84 714.84 714.84 714.84 694.08 702.89 694.8 661.35 637.34 
1
5
 
GI 
(N/m) 
17.019 41.69 54.825 69.108 105.3 28.724 40.755 47.918 71.619 85.697 
GII 
(N/m) 
528.98 504.31 491.18 476.89 440.70 501.72 494.12 479.57 425.38 389.31 
G 
(N/m) 
546.00 546.00 546.00 546.00 546.00 530.44 534.87 527.49 497 475.01 
1
6
 
GI 
(N/m) 
9.227 28.213 38.904 50.772 81.449 18.164 26.791 32.031 49.907 60.559 
GII 
(N/m) 
431.74 412.76 402.07 390.20 359.52 411.37 404.21 392.25 346.83 316.06 
G 
(N/m) 
440.97 440.97 440.97 440.97 440.97 429.53 431 424.28 396.74 376.62 
Table 8-4: Bending Moment Validations with Four Degree Method and  𝛾 < 1 
  Analytical ×10 Abaqus ×10 
𝛾 
ker 
(1/m) 
0.1 0.5 1 5 10 0.1 0.5 1 5 10 
1 
GI 
(N/m) 
3000 3000 3000 3000 3000 3028.9 3028.5 3027.9 3024.2 3022.3 
GII 
(N/m) 
2250 2250 2250 2250 2250 2223.8 2229.6 2212 2137.4 2081.6 
G 
(N/m) 
5250 5250 5250 5250 5250 5252.7 5258.1 5239.9 5161.6 5103.9 
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1
2
 
GI 
(N/m) 
380.83 440.17 461.7 482.41 542.24 389.81 442.9 471.51 554.48 598 
GII 
(N/m) 
1400.5 1341.1 1319.6 1298.9 1239.1 1361.4 1323.8 1283.3 1150.9 1072.1 
G 
(N/m) 
1781.3 1781.3 1781.3 1781.3 1781.3 1751.2 1766.7 1754.8 1705.4 1670.1 
1
3
 
GI 
(N/m) 
97.093 145.34 165.53 185.64 240.89 116.19 146.01 162.71 214.4 242.91 
GII 
(N/m) 
930.71 882.46 862.27 842.16 786.91 883.91 867.89 841.69 750.8 693.96 
G 
(N/m) 
1027.8 1027.8 1027.8 1027.8 1027.8 1000.1 1013.9 1004.4 965.2 936.87 
1
4
 
GI 
(N/m) 
36.301 70.633 86.465 102.74 147.83 51.82 69.817 80.277 113.95 133.48 
GII 
(N/m) 
678.54 644.21 628.38 612.1 567.01 642.26 633.07 614.52 547.4 503.86 
G 
(N/m) 
714.84 714.84 714.84 714.84 714.84 694.08 702.89 694.8 661.35 637.34 
1
5
 
GI 
(N/m) 
17.019 42.259 54.825 68.072 105.3 28.724 40.755 47.918 71.619 85.697 
GII 
(N/m) 
528.98 503.74 491.18 477.93 440.70 501.72 494.12 479.57 425.38 389.31 
G 
(N/m) 
546.00 546.00 546.00 546.00 546.00 530.44 534.87 527.49 497 475.01 
1
6
 
GI 
(N/m) 
9.227 28.629 38.904 49.962 81.449 18.164 26.791 32.031 49.907 60.559 
GII 
(N/m) 
431.74 412.34 402.07 391.01 359.52 411.37 404.21 392.25 346.83 316.06 
G 
(N/m) 
440.97 440.97 440.97 440.97 440.97 429.53 431 424.28 396.74 376.62 
Analytical calculation results from  𝛾 > 1 cases are showing excellent agreements with 
FEM simulations with both two and four degrees approximation methods. Results from 
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two approximation methods are showing that 2 degrees approximation method produces 
better results.  
While in 𝛾 < 1 cases, agreements between FEM simulations and analytical calculations 
are not as good as those in 𝛾 > 1 cases. When 𝑘𝑒𝑟 is equal to 0.1, modes and total 
ERRs are showing great agreements between FEM simulations and analytical 
calculations with all different thickness ratio. But with 𝑘𝑒𝑟 becomes bigger, agreements 
become worse.  As shown in comparisons of bigger 𝑘𝑒𝑟 cases, modes ERRs from FEM 
simulations are much smaller than analytical predictions.  
At the same time, thickness ratio also has effect on modes ERRs. As shown in bigger 
𝑘𝑒𝑟  cases, with thickness ratio 𝛾  becomes smaller, the difference between FEM 
simulations and analytical calculations becomes bigger leading worse agreements. 
Reasons for this are not clear and it is needed to be investigated in future works.  
Same situations are observed from two approximations methods tests. And 2 degree 
approximation method still produces better results. So in all following test, only 2 
degrees approximations methods are applied in analytical calculations. 
8.3.2 Validation with Pure Beam Tip Shear Force 
Here in this section, mode partition theory with pure beam tip shear force loads is 
validated. When there are beam tip shear force applied, ERRs of both bending moment 
and axial force part 𝐺𝑀𝑁  and crack tip shear force part 𝐺𝑃  are needed to be considered. 
As discussed in last section, there are 2 approximation methods for pure bending 
moment calculation and the 2 degree polynomial formula gives the best results. So the 2 
degree polynomial formula is applied here for calculating the ERRs from effective 
bending moments. For calculating the ERRs from crack tip shear force parts there is 
only two degree polynomial formula and it is applied here.  
In this section of tests, thickness ratio is varied from 1 to 6, and then varied from 1 to 
1/6 to validate the mode partition theory in the whole range of thickness ratio. In 
simulations, five 𝑘𝑒𝑟 values are chosen which are 0.1, 0.5, 1, 5 and 10. Only one beam 
tip shear force of 10 N is applied on upper beam with upward direction. Mode I and II 
ERRs are recorded and compared with analytical calculations results. Results are 
presented here in Tables 8-5 and 8-6. 
 
Chapter 8 Mixed Mode Partition Validations 
255 
 
Table 8-5: Shear Force Validations with 𝛾 > 1 
  Analytical Abaqus 
𝛾 
ker 
(1/m) 
0.1 0.5 1 5 10 0.1 0.5 1 5 10 
1 
GI 
(N/m) 
810.48 617.69 561.85 460.26 449.45 813.69 617.94 560.89 468.38 440.52 
GII 
(N/m) 
3794.5 1469.1 1007.6 506.67 413.22 3757.6 1428.2 942.84 509.45 411.55 
G 
(N/m) 
4605.0 2086.8 1569.4 966.93 862.67 4571.3 2046.2 1503.7 977.83 852.07 
2 
GI 
(N/m) 
3758.1 2925.5 2647.2 2188.8 2055.5 3769.5 2905.0 2654.1 2207.4 2049.4 
GII 
(N/m) 
3175.7 1487.0 1086.5 676.12 624.42 3172.5 1483.2 1094.63 712.44 657.87 
G 
(N/m) 
6933.8 4412.5 3733.7 2864.9 2679.9 6942.0 4388.2 3748.7 2919.8 2707.3 
3 
GI 
(N/m) 
8913.7 7125.4 6490.5 5481.4 5183.2 8932.7 7104.7 6558.2 5550.5 5189.3 
GII 
(N/m) 
2543.5 1438.8 1163.4 959.7 943.5 2518.0 1403.9 1139.2 941.31 951.88 
G 
(N/m) 
11457 8564.2 7653.9 6441.1 6126.7 11451 8508.6 7697.4 6491.8 6141.2 
4 
GI 
(N/m) 
16585 13669 12498 10664 10135 16695 13624 12677 10908 10243 
GII 
(N/m) 
2522.1 1776.2 1560.5 1413.0 1527.8 2190.7 1413.5 1253.8 1239.0 1357.2 
G 
(N/m) 
19107 15445 14058 12077 11663 18886 15038 13931 12147 11600 
5 
GI 
(N/m) 
27444 22979 21123 17817 17076 27556 22939 21484 18724 17670 
GII 
(N/m) 
2582.3 2217.3 2012.8 1892.1 2132.1 2042.3 1516.2 1420.1 1628.2 1854.9 
G 
(N/m) 
30026 25196 23136 19709 19208 29598 24455 22904 20352 19525 
6 
GI 
(N/m) 
41875 35572 32811 27833 26673 41992 35499 33423 29425 27867 
GII 
(N/m) 
3200.3 2718.6 2545.7 2719.1 2930.8 2024.8 1672.7 1685.2 2146.9 2522.3 
G 
(N/m) 
45075 38291 35357 30552 29604 44017 37172 35108 31572 30389 
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Table 8-6: Shear Force Validations with 𝛾 < 1 
  Analytical Abaqus 
𝛾 
ker 
(1/m) 
0.1 0.5 1 5 10 0.1 0.5 1 5 10 
1 
GI 
(N/m) 
810.48 617.69 561.85 460.26 449.45 813.69 617.94 560.89 468.38 440.52 
GII 
(N/m) 
3794.5 1469.1 1007.6 506.67 413.22 3757.6 1428.2 942.84 509.45 411.55 
G 
(N/m) 
4605.0 2086.8 1569.4 966.93 862.67 4571.3 2046.2 1503.7 977.83 852.07 
1
2
 
GI 
(N/m) 
153.18 122.68 112.20 98.48 95.940 154.07 123.96 113.25 99.091 96.70 
GII 
(N/m) 
2737.0 1056.9 700.84 310.15 240.69 2699.1 1056.6 689.94 310.38 239.06 
G 
(N/m) 
2890.2 1179.6 813.04 408.63 336.63 2853.1 1180.6 803.19 409.47 335.75 
1
3
 
GI 
(N/m) 
56.209 47.472 43.568 39.410 38.864 59.167 49.970 45.861 41.484 40.909 
GII 
(N/m) 
1817.4 730.76 481.35 214.85 165.68 1789.8 718.80 475.29 209.93 161.61 
G 
(N/m) 
1873.6 778.23 524.92 254.26 204.55 1849.0 768.77 521.15 251.42 202.52 
1
4
 
GI 
(N/m) 
28.426 24.604 22.555 20.828 21.242 30.898 26.744 24.516 22.639 23.089 
GII 
(N/m) 
1325.2 534.58 347.20 155.68 120.37 1312.5 530.42 346.94 154.23 118.56 
G 
(N/m) 
1353.6 559.18 369.75 176.51 141.61 1343.4 557.17 371.45 176.87 141.65 
1
5
 
GI 
(N/m) 
17.122 14.959 13.786 12.983 13.226 19.024 16.621 15.318 14.426 14.696 
GII 
(N/m) 
990.05 400.57 267.56 122.26 93.435 982.24 398.90 263.19 119.15 91.031 
G 
(N/m) 
1007.2 415.53 281.35 135.24 106.66 1001.3 415.53 278.51 133.57 105.73 
1
6
 
GI 
(N/m) 
11.353 9.9018 9.2180 8.7604 9.2180 12.901 11.252 10.475 9.9550 10.475 
GII 
(N/m) 
799.58 320.16 215.61 98.074 76.134 793.41 319.69 212.40 95.949 74.001 
G 
(N/m) 
810.93 330.06 224.83 106.83 85.352 806.31 330.94 222.87 105.90 84.476 
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Generally speaking, results from two thickness ratio cases are both showing great 
agreement between FEM simulations and analytical calculations. With 𝑘𝑒𝑟 is chosen 
from 0.1 to 10, excellent predictions of modes ERRs can be achieved from mode 
partition theory. For those cases with thickness ratio 𝛾 > 1, the differences between 
analytical calculations and FEM simulation are very small when thickness ratio 𝛾 is 
small. With thickness ratio 𝛾 is increased, the difference between analytical calculations 
and FEM simulation becomes bigger slightly. But in general, agreement can still be 
considered as great because the biggest difference is smaller than 3%. For those cases 
with thickness ratio 𝛾 < 1 , same observations are found. When the thickness ratio 
becomes smaller, the difference between analytical calculations and FEM simulations 
becomes bigger slightly. But in general, agreement can still be considered as great and 
the differences are all smaller than 3% as well. So in general, in the whole range of 
thickness ratio, mode partition theory can produce excellent predictions of modes ERRs 
with different 𝑘𝑒𝑟 values under pure beam tip shear forces loads. 
8.3.3 Discussions 
A set of comprehensive test with linear TSL has been accomplished in this section. By 
comparing the FEM simulations results and analytical calculations results, some 
summaries can be concluded here. Firstly, in general, great agreements between FEM 
simulations and analytical calculations are observed with both pure bending moment 
and shear force loading validation. There is one exception that, in pure bending moment 
tests, when thickness ratio 𝛾 is smaller than 1 with big 𝑘𝑒𝑟, agreements are not as good 
as others. Reason for this is not clear, but expected to be software errors and needed to 
be investigated in future works. Secondly, there are two approximation methods for 
calculating the ERRs with pure bending moment loads and they are all validated in this 
section. All two approximation methods can produce great predictions and two degrees 
approximation method gives the best predictions. 
8.4 Validation with Bi-Linear TSL 
In this section, bi-linear TSL is chosen for the mixed mode partition validations. Pure 
bending moment and pure beam tip shear force are applied respectively.  
As discussed in Section 7.10, no matter what kind of interface degrade is, the pure 
modes remain pure. This is strong evident that the mode mixity should also remain 
constant in mixed mode as the interface degrade. But as discussed in Section 4.5, when 
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FEM simulation is under mixed mode loads within Abaqus, the mode mixity decrease 
after the stress reaches the maximum value. Considering the observations and 
conclusions from Sections 4.5, 7.5, 7.6 and 7.7, these may provide a particular and more 
accurate method to finish the FEM simulations under mixed mode loads within Abaqus 
which is the load de-composed method. As discussed in Section 5.3, mixed mode load 
can be de-composed into two groups of pure mode loads, and these two groups of pure 
mode load are applied in the FEM simulation within Abaqus respectively to validate the 
mixed mode partition. This loads de-composed method is applied in this section. When 
being applied with bending moments and shear forces, there is difference between them. 
Two kinds of de-composed methods are applied and introduced in Section 8.4.1 and 
8.4.2 respectively.  
Validation consists of pure bending moment and pure beam tip shear force loads. In 
each part, there are two group of test completed. There is only one load applied on the 
upper beam in the first group while there are two loads applied on each beam tip with 
opposite direction and same amount in the second group. Results from FEM simulations 
and analytical calculations are compared in this section. 
As introduced in mode partition theory, when there are bending moments applied in 
mixed mode, bending moments can be de-composed into to two pairs of pure modes 
bending moments. By applying these two pair of pure mode bending moments on the 
DCB sample respectively, two pure modes can be achieved. And modes ERRs from 
these two pure modes are effectively equal to the modes ERR in the mixed mode under 
mixed mode loading conditions. 
In the development of mode partition theory, when there is beam tip shear force applied, 
beam tip shear force is effectively divided into to two parts. The first part is an effective 
bending moment still applied on the beam tip while the second part is a shear force 
applied on the crack tip with same amount. Then ERR will be divided into three parts. 
The first part is the ERR produced by effective bending moment. The second part is the 
ERR produced by crack tip shear force. And the last part is the ERR produced by the 
interaction between bending moment and crack tip shear force. So in pure shear force 
validations, loading de-compose methods are applied on effective bending moments and 
crack tip shear forces to calculate the four pair of pure modes loads. With pure modes 
ERRs of effective bending moment and crack tip shear force are achieved from FEM 
simulations, the modes ERRs produced by the interaction between bending moment and 
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crack tip shear force can be calculated. With ERRs from all three parts are known, mode 
I and II ERRs from FEM simulations are added together from these three parts and 
known, and can be compared with analytical calculations. 
8.4.1 Validation with Pure Bending Moment 
The first part of test is completed with pure bending moment. Validation consists of 
single bending moment load applied on the upper beam and two bending moment 
applied on each beam with opposite directions and same amount. Here in this part of 
tests, loading de-compose method is applied on mixed mode bending moments. In each 
test, mixed mode bending moments are de-composed into two pairs of pure mode 
bending moments and applied on the DCB sample to achieve two pure modes. Modes 
ERRs from two pure modes are compared with analytical calculations. De-composing 
method is developed and introduced in Section 5.3 and it is modified for clearness and 
easy understanding purposes as following procedure. With any mixed mode bending 
moments are given by, 
𝑀 =  
𝑀1
𝑀2
  (8.5) 
Then, by using loading de-compose method, relation between two pairs of pure mode 
bending moments and mixed mode bending moments are given by, 
𝑀𝐼1 + 𝑀𝐼𝐼1 = 𝑀1
𝑀𝐼2 + 𝑀𝐼𝐼2 = 𝑀2
𝑀𝐼1 × 𝛽𝑀 = 𝑀𝐼2
𝑀𝐼𝐼1 × 𝜃𝑀 = 𝑀𝐼𝐼2
 (8.6) 
From Equation 8.6, two pairs of pure modes bending moment can be calculated as, 
 
𝑀𝐼1
𝑀𝐼2
 =
1
𝛽𝑀 − 𝜃𝑀
 
1 −𝜃𝑀
𝛽𝑀 −𝛽𝑀𝜃𝑀
  
𝑀1
𝑀2
  (8.7) 
 
𝑀𝐼𝐼1
𝑀𝐼𝐼2
 =
1
𝜃𝑀−𝛽𝑀
 
1 −𝛽𝑀
𝜃𝑀 −𝛽𝑀𝜃𝑀
  
𝑀1
𝑀2
  (8.8) 
Then two pairs of pure mode bending moment are applied on DCB sample respectively 
in FEM simulations. Pure modes ERRs from two simulations are added together as, 
𝐺 = 𝐺𝑀𝑁 =  
𝐺𝐼
𝐺𝐼𝐼
 =  
𝐺𝐼−𝑀𝐼
𝐺𝐼𝐼−𝑀𝐼
 +  
𝐺𝐼−𝑀𝐼𝐼
𝐺𝐼𝐼−𝑀𝐼𝐼
  (8.9) 
Then FEM simulations results can be compared with analytical calculations. Before full 
results of validation are presented, a single test is presented here first for easy 
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understanding of how procedure is finished. Taking total thickness 𝑕 = 2 mm, thickness 
ratio 𝛾 = 3, 𝑘𝑒𝑟 = 1 and one single bending moment case as an instance here. From 
analytical calculations, the maximum mixed mode bending moments are known, 
𝑀 =  
𝑀1
𝑀2
 =  
0.46004
0
  
So two pairs of pure mode bending moments are known from Equations 8.7 and 8.8 as, 
 
𝑀𝐼1
𝑀𝐼2
 =  
0.404258
−0.89898
  
 
𝑀𝐼1
𝑀𝐼2
 =  
0.055785
0.89898
  
Then apply these two pairs of pure mode bending moment on DCB sample. Mode I and 
mode II ERRs from each simulation are known, 
 
𝐺𝐼−𝑀𝐼
𝐺𝐼𝐼−𝑀𝐼
 =  
909.7741
0
  
 
𝐺𝐼−𝑀𝐼𝐼
𝐺𝐼𝐼−𝑀𝐼𝐼
 =  
0
90.26694
  
So the effective mode I and II ERRs from FEM simulations are known, 
𝐺 =  
𝐺𝐼
𝐺𝐼𝐼
 =  
𝐺𝐼−𝑀𝐼
𝐺𝐼𝐼−𝑀𝐼
 +  
𝐺𝐼−𝑀𝐼𝐼
𝐺𝐼𝐼−𝑀𝐼𝐼
 =  
909.7741
90.26694
  
And the modes ERRs from analytical calculation are known as, 
𝐺 =  
𝐺𝐼
𝐺𝐼𝐼
 =  
909.7568
90.24317
  
With mode I and II ERRs from FEM simulations and analytical calculations are both 
known, comparisons can be made. In all following comparisons, only the final effective 
ERRs from FEM simulations are presented and compared with analytical calculations. 
8.4.1.1 Single Bending Moment Test with Bi-Linear TSL 
The first group of test is completed with total thickness being set to 𝑕 = 2 mm. Total 
length of the DCB is chosen as 810 mm with a pre-crack of 10 mm. The width of DCB 
is known as 10 mm and the thicknesses of two beams are varied with thickness ratio 𝛾 
being changed from 1 to 6. Material‟s Young‟s modulus is chosen as 1 × 1011  N/m2 
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with a Poisson ratio of 0.3. The penalty stiffness 𝐾 of interface is varied from 1 × 1010  
N/m
3
 to 1 × 1012  N/m3 in different cases to change 𝑘𝑒𝑟 from 0.1 to 10. There is one 
bending moment applied on upper beam tip of DCB. Results from FEM simulations and 
analytical calculations are presented and compared in Tables 8-7 to 8-12. 
Table 8-7: Single Bending Moment Loading Validation with 𝛾 = 1 
𝛾 = 1 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.138013 0.138013 0.138013 0.138013 0.138013 
M2 (Nm) 0 0 0 0 0 
Abaqus 
GI (N/m) 570.4815 570.8641 571.4851 571.4852 570.8552 
GII (N/m) 426.4851 427.6524 428.6891 428.6634 429.4482 
G(N/m) 996.9666 998.5165 1000.174 1000.149 1000.303 
Analytical 
GI (N/m) 571.4277 571.4277 571.4277 571.4277 571.4277 
GII (N/m) 428.5723 428.5723 428.5723 428.5723 428.5723 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-8: Single Bending Moment Loading Validation with 𝛾 = 2 
𝛾 = 2 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.071611 0.071611 0.071611 0.071611 0.071611 
M2 (Nm) 0 0 0 0 0 
Abaqus 
GI (N/m) 879.1185 853.4852 843.6652 819.4493 805.1069 
GII (N/m) 117.5934 146.0593 156.4824 180.7552 195.0071 
G(N/m) 996.7119 999.5445 1000.148 1000.205 1000.114 
Analytical 
GI (N/m) 880.4305 853.7485 843.6232 819.2996 805.4126 
GII (N/m) 119.5695 146.2515 156.3768 180.7004 194.5874 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-9: Single Bending Moment Loading Validation with 𝛾 = 3 
𝛾 = 3 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.046004 0.046004 0.046004 0.046004 0.046004 
M2 (Nm) 0 0 0 0 0 
Abaqus 
GI (N/m) 957.4885 924.9998 909.7741 870.4459 850.1596 
GII (N/m) 40.36984 74.06694 90.26694 129.7005 149.7752 
G(N/m) 997.8583 999.0667 1000.041 1000.146 999.9348 
Analytical 
GI (N/m) 958.7267 925.5464 909.7568 870.3009 850.1171 
GII (N/m) 41.27331 74.45364 90.24317 129.6991 149.8829 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-10: Single Bending Moment Loading Validation with 𝛾 = 4 
𝛾 = 4 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.032791 0.032791 0.032791 0.032791 0.032791 
M2 (Nm) 0 0 0 0 0 
Abaqus 
GI (N/m) 980.4851 950.0004 932.3684 885.7785 862.4521 
GII (N/m) 17.98541 49.50048 67.44963 114.2697 137.5963 
G(N/m) 998.4705 999.5009 999.8180 1000.048 1000.048 
Analytical 
GI (N/m) 981.8363 950.0114 932.3628 885.7797 862.4371 
GII (N/m) 18.16373 49.98857 67.63720 114.2203 137.5629 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-11: Single Bending Moment Loading Validation with 𝛾 = 5 
𝛾 = 5 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.024903 0.024903 0.024903 0.024903 0.024903 
M2 (Nm) 0 0 0 0 0 
Abaqus 
GI (N/m) 989.4521 959.7741 942.3885 891.4521 866.0778 
GII (N/m) 9.048513 39.01552 57.63338 108.6335 134.5869 
G(N/m) 998.5006 998.7896 1000.022 1000.086 1000.665 
Analytical 
GI (N/m) 990.5302 960.8592 942.3741 891.4386 866.083 
GII (N/m) 9.469819 39.14077 57.62591 108.5614 133.917 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-12: Single Bending Moment Loading Validation with 𝛾 = 6 
𝛾 = 6 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.019745 0.019745 0.019745 0.019745 0.019745 
M2 (Nm) 0 0 0 0 0 
Abaqus 
GI (N/m) 993.7785 966.0482 947.5485 893.5551 866.9954 
GII (N/m) 5.369415 33.04415 52.61485 106.4855 133.3954 
G(N/m) 999.1479 999.0924 1000.163 1000.041 1000.391 
Analytical 
GI (N/m) 994.4473 966.5717 947.5754 893.5522 866.7557 
GII (N/m) 5.552703 33.42826 52.42457 106.4478 133.2443 
G(N/m) 1000 1000 1000 1000 1000 
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By using loading de-composing method in bending moments test, excellent agreement 
between analytical calculations and FEM simulations are achieved. In different 𝑘𝑒𝑟 and 
thickness ratio 𝛾 cases, modes ERRs difference between FEM simulation and analytical 
predictions are very small. 
8.4.1.2 Double Bending Moment Test with Bi-Linear TSL 
The second group of test is completed with total thickness being set to 𝑕 = 2 mm. Total 
length of the DCB is chosen as 810 mm with a pre-crack of 10 mm. The width of DCB 
is known as 10 mm and the thicknesses of two beams are varied with thickness ratio 𝛾 
being changed from 1 to 6. Material‟s Young‟s modulus is chosen as 1 × 1011  N/m2 
with a Poisson ratio of 0.3. The penalty stiffness 𝐾 of interface is varied from 1 × 1010  
N/m
3
 to 1 × 1012  N/m3 in different cases to change 𝑘𝑒𝑟 from 0.1 to 10. The loads are 
changed in this group of test. There are two bending moments applied on each beam of 
DCB with opposite direction and same amount. Results from FEM simulations and 
analytical calculations are presented and compared in Tables 8-13 to 8-18. 
Table 8-13: Double Bending Moment Loading Validation with 𝛾 = 1 
𝛾 = 1 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.09129 0.09129 0.09129 0.09129 0.09129 
M2 (Nm) -0.09129 -0.09129 -0.09129 -0.09129 -0.09129 
Abaqus 
GI (N/m) 999.4852 999.8941 1000.068 1000.586 1000.105 
GII (N/m) 0.000167 0.000264 0.000159 0.000485 0.000451 
G(N/m) 999.4854 999.8944 1000.068 1000.586 1000.105 
Analytical 
GI (N/m) 1000 1000 1000 1000 1000 
GII (N/m) 0 0 0 0 0 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-14: Double Bending Moment Loading Validation with γ = 2 
𝛾 = 2 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.06625 0.06625 0.06625 0.06625 0.06625 
M2 (Nm) -0.06625 -0.06625 -0.06625 -0.06625 -0.06625 
Abaqus 
GI (N/m) 994.8145 987.6485 984.3275 976.1524 968.4156 
GII (N/m) 4.965215 12.36641 15.64215 24.99634 30.88964 
G (N/m) 999.7797 1000.015 999.9697 1001.149 999.3052 
Analytical 
GI  (N/m) 994.8187 987.6439 984.3279 975.2353 969.4073 
GII  (N/m) 5.181347 12.35611 15.67206 24.7647 30.59273 
G (N/m) 1000 1000 1000 1000 1000 
Table 8-15: Double Bending Moment Loading Validation with γ = 3 
𝛾 = 3 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.04482 0.04482 0.04482 0.04482 0.04482 
M2 (Nm) -0.04482 -0.04482 -0.04482 -0.04482 -0.04482 
Abaqus 
GI (N/m) 995.4852 982.1485 974.01182 951.2067 936.7684 
GII (N/m) 3.445164 16.99874 26.14824 50.36841 63.55214 
G(N/m) 998.9304 999.1472 1000.160 1001.575 1000.321 
Analytical 
GI (N/m) 996.255 982.4101 974.0581 950.194 936.7681 
GII (N/m) 3.745026 17.58995 25.94194 49.80596 63.23185 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-16: Double Bending Moment Loading Validation with γ = 4 
𝛾 = 4 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.03241 0.03241 0.03241 0.03241 0.03241 
M2 (Nm) -0.03241 -0.03241 -0.03241 -0.03241 -0.03241 
Abaqus 
GI (N/m) 996.4485 979.8554 969.0448 934.8852 916.5482 
GII (N/m) 2.154824 19.05541 30.94050 65.33694 83.66941 
G(N/m) 998.6033 998.9108 999.9853 1000.222 1000.218 
Analytical 
GI (N/m) 997.6207 980.7756 969.0975 934.7188 916.2557 
GII (N/m) 2.379282 19.22439 30.90250 65.28121 83.74426 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-17: Double Bending Moment Loading Validation with γ = 5 
𝛾 = 5 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.02475 0.02475 0.02475 0.02475 0.02475 
M2 (Nm) -0.02475 -0.02475 -0.02475 -0.02475 -0.02475 
Abaqus 
GI (N/m) 997.1583 979.5541 966.2648 924.8596 902.7448 
GII (N/m) 1.369428 19.63642 33.48596 75.36415 98.55631 
G(N/m) 998.5277 999.1905 999.7508 1000.224 1001.301 
Analytical 
GI (N/m) 998.4171 980.1157 966.2539 924.6397 902.8447 
GII (N/m) 1.582905 19.88427 33.74614 75.36032 97.15529 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-18: Double Bending Moment Loading Validation with γ = 6 
𝛾 = 6 ker (1/m) 0.1 0.5 1 5 10 
Load 
M1 (Nm) 0.01967 0.01967 0.01967 0.01967 0.01967 
M2 (Nm) -0.01967 -0.01967 -0.01967 -0.01967 -0.01967 
Abaqus 
GI (N/m) 998.4851 979.4485 964.3358 918.4152 893.6694 
GII (N/m) 1.011524 20.00485 35.60152 82.45931 107.5586 
G(N/m) 999.4966 999.4534 999.9373 1000.875 1001.228 
Analytical 
GI (N/m) 998.8869 979.788 964.4074 917.6099 893.4922 
GII (N/m) 1.11312 20.21201 35.5926 82.39014 106.5078 
G(N/m) 1000 1000 1000 1000 1000 
Same with single bending moment validations, excellent agreement between analytical 
calculations and FEM simulations are achieved again by using loading de-composing 
method. Great prediction of modes ERRs is produced from mode partition theory in 
different 𝑘𝑒𝑟 and thickness ratio 𝛾 cases. 
8.4.2 Validation with Pure Shear Force 
The second part of test is completed with pure shear force. Validation consists of two 
kinds of loads. The first kind is single shear force applied on the upper beam while the 
second kind is two shear forces applied on each beam with opposite directions and same 
amount. Loading de-composing method is applied both on the effective mixed mode 
bending moments and crack tip shear forces to achieve four pairs of pure modes loads. 
With the pre-crack length and beam tip shear forces are known, the effective mixed 
mode bending moments are given by, 
𝑀𝑒𝑓𝑓 =  
𝑀1
𝑀2
 =  
𝑃1 × 𝑎
𝑃2 × 𝑎
  (8.10) 
Then loading de-composing method is applied on these pair of effective mixed bending 
moments and procedure is the same as introduced in Section 8.4.1, so it is not given 
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here. Then loading de-compose method is applied on the crack tip shear force as well. 
From mode partition theory, the crack tip shear forces are given by, 
𝑃𝐶𝑇 =  
𝑃𝐶𝑇1
𝑃𝐶𝑇2
 =  
𝑃1
𝑃2
  (7.11) 
When loading de-composing method is applied on crack tip shear forces there is some 
modification needed to be done. Two bending moment pure modes will be replaced by 
the two crack tip pure modes in ERRs calculations of shear loading part. Pure mode 𝛽𝑀 
is replaced by 𝛽𝑃(𝛾) and pure mode 𝜃𝑀  is replaced by 𝜃𝑃(𝛾). Then, two pairs of pure 
mode crack tip shear forces can are given by, 
𝑃𝐶𝑇𝐼1 + 𝑃𝐶𝑇𝐼𝐼1 = 𝑃𝐶𝑇1
𝑃𝐶𝑇𝐼2 + 𝑃𝐶𝑇𝐼𝐼2 = 𝑃𝐶𝑇2
𝑃𝐶𝑇𝐼1 × 𝛽𝑃(𝛾) = 𝑃𝐶𝑇𝐼2
𝑃𝐶𝑇𝐼𝐼1 × 𝜃𝑃(𝛾) = 𝑃𝐶𝑇𝐼𝐼2
 (8.12) 
From Equation 8.12, two pairs of pure modes crack tip shear forces are given by, 
 
𝑃𝐶𝑇𝐼1
𝑃𝐶𝑇𝐼2
 =
1
𝛽𝑃(𝛾) − 𝜃𝑃(𝛾)
 
1 −𝜃𝑃(𝛾)
𝛽𝑃(𝛾) −𝛽𝑃(𝛾)𝜃𝑃(𝛾)
  
𝑃𝐶𝑇1
𝑃𝐶𝑇2
  (8.13) 
 
𝑃𝐶𝑇𝐼𝐼1
𝑃𝐶𝑇𝐼𝐼2
 =
1
𝜃𝑃(𝛾) − 𝛽𝑃(𝛾)
 
1 −𝛽𝑃(𝛾)
𝜃𝑃(𝛾) −𝛽𝑃(𝛾)𝜃𝑃(𝛾)
  
𝑃𝐶𝑇1
𝑃𝐶𝑇2
  (8.14) 
Then two pairs of pure mode crack tip shear force are applied on DCB sample 
respectively in FEM simulations and the pure modes ERRs from crack tip shear forces 
are given by, 
𝐺𝑃
𝑃 =  
𝐺𝐼
𝐺𝐼𝐼
 =  
𝐺𝐼−𝑃𝐼
𝐺𝐼𝐼−𝑃𝐼
 +  
𝐺𝐼−𝑃𝐼𝐼
𝐺𝐼𝐼−𝑃𝐼𝐼
  (8.15) 
With the pure mode ERRs from effective mixed mode bending moment from Equation 
7.9 being known, ERRs produced by the interaction between bending moment and 
crack tip shear force are given by, 
𝐺𝑃𝑀
𝑃 =  
𝐺𝐼
𝐺𝐼𝐼
 =  
𝐺𝐼−𝑃𝑀𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼
 +  
𝐺𝐼−𝑃𝑀𝐼𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼𝐼
  (8.16) 
So modes ERRs of shear force part in mode partition theory is given by, 
𝐺𝑃 = 𝐺𝑃
𝑃+𝐺𝑃𝑀
𝑃  (8.17) 
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At last, with modes ERRs of bending moment part and shear force part are both known, 
the final modes ERRs are given by, 
𝐺 = 𝐺𝑀𝑁 + 𝐺𝑃 =  
𝐺𝐼−𝑀𝐼
𝐺𝐼𝐼−𝑀𝐼
 +  
𝐺𝐼−𝑀𝐼𝐼
𝐺𝐼𝐼−𝑀𝐼𝐼
 +  
𝐺𝐼−𝑃𝐼
𝐺𝐼𝐼−𝑃𝐼
 +  
𝐺𝐼−𝑃𝐼𝐼
𝐺𝐼𝐼−𝑃𝐼𝐼
 +  
𝐺𝐼−𝑃𝑀𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼
 +  
𝐺𝐼−𝑃𝑀𝐼𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼𝐼
  (8.17) 
Then FEM simulations results can be compared with analytical calculations. Before full 
part of validation is presented, a single test is presented here first for easy understanding 
of how procedure is completed. Taking total thickness 𝑕 = 2 mm, thickness ratio 𝛾 = 3, 
𝑘𝑒𝑟 = 1 and one single beam tip shear force case as an instance here.  From analytical 
calculations, the maximum shear forces are known, 
𝑃 =  
𝑃1
𝑃2
 =  
36.4558
0
  
So the effective mixed mode bending moments are known, 
𝑀𝑒𝑓𝑓 =  
0.364558
0
  
And the crack tip shear forces are known, 
𝑃𝐶𝑇 =  
36.4558
0
  
So two pairs of pure mode bending moments are known, 
 
𝑀𝐼1
𝑀𝐼2
 =  
32.0351
−71.239
  
 
𝑀𝐼𝐼1
𝑀𝐼𝐼2
 =  
4.4207
71.239
  
Then apply these two pairs of pure mode bending moment on DCB sample. Mode I and 
mode II ERRs from each test are known, 
 
𝐺𝐼−𝑀𝐼
𝐺𝐼𝐼−𝑀𝐼
 =  
571.294
0
  
 
𝐺𝐼−𝑀𝐼𝐼
𝐺𝐼𝐼−𝑀𝐼𝐼
 =  
0
56.669
  
And the two pairs of pure mode crack tip shear forces are known, 
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𝑃𝐶𝑇𝐼1
𝑃𝐶𝑇𝐼2
 =  
30.0616
−33.104
  
 
𝑃𝐶𝑇𝐼𝐼1
𝑃𝐶𝑇𝐼𝐼2
 =  
6.39414
33.104
  
And then apply these two pairs of pure mode shear force on DCB sample. Mode I and 
mode II ERRs from each test are known, 
 
𝐺𝐼−𝑃𝐼
𝐺𝐼𝐼−𝑃𝐼
 =  
29.903
0
  
 
𝐺𝐼−𝑃𝐼𝐼
𝐺𝐼𝐼−𝑃𝐼𝐼
 =  
0
17.587
  
So the ERRs produced by the interaction between bending moment and crack tip force 
in each pure mode test are known, 
 
𝐺𝐼−𝑃𝑀𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼
 =  
261.389
0
  
 
𝐺𝐼−𝑃𝑀𝐼𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼𝐼
 =  
0
63.139
  
So the final mode I and II ERRs from FEM simulations are known as, 
 
𝐺𝐼
𝐺𝐼𝐼
 =  
𝐺𝐼−𝑀𝐼
𝐺𝐼𝐼−𝑀𝐼
 +  
𝐺𝐼−𝑀𝐼𝐼
𝐺𝐼𝐼−𝑀𝐼𝐼
 +  
𝐺𝐼−𝑃𝐼
𝐺𝐼𝐼−𝑃𝐼
 +  
𝐺𝐼−𝑃𝐼𝐼
𝐺𝐼𝐼−𝑃𝐼𝐼
 +  
𝐺𝐼−𝑃𝑀𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼
 +  
𝐺𝐼−𝑃𝑀𝐼𝐼
𝐺𝐼𝐼−𝑃𝑀𝐼𝐼
 =  
862.604
137.396
  
And the modes ERRs from analytical calculation are known as, 
 
𝐺𝐼
𝐺𝐼𝐼
 =  
862.604
137.396
  
With mode I and II ERRs from FEM simulations and analytical calculations are both 
known, comparisons can be made. In all following comparisons, only the final modes 
ERRs from FEM simulations are presented and compared with analytical calculations. 
8.4.2.1 Single Shear Force Test with Bi-Linear TSL 
The first group of test is completed with total thickness being set to 𝑕 = 2 mm. Total 
length of the DCB is chosen as 810 mm with a pre-crack of 10 mm. The width of DCB 
is known as 10 mm and the thicknesses of two beams are varied with thickness ratio 𝛾 
being changed from 1 to 6. Material‟s Young‟s modulus is chosen as 1 × 1011  N/m2 
with a Poisson ratio of 0.3. The penalty stiffness 𝐾 of interface is varied from 1 × 1010  
N/m
3
 to 1 × 1012  N/m3 in different cases to change 𝑘𝑒𝑟 from 0.1 to 10. There is only 
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one shear force applied on the upper beam tip of DCB. FEM simulations and analytical 
results are presented and compared in Tables 8-19 to 8-24. 
Table 8-19: Single Shear Force Loading Validation with 𝛾 = 1 
𝛾 = 1 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 46.43467 72.15482 83.01407 103.9178 109.3034 
P2 (N) 0 0 0 0 0 
Abaqus 
GI (N/m) 174.8041 326.4415 387.2011 494.8852 536.8841 
GII (N/m) 825.4152 673.5142 612.8241 505.4412 462.9524 
G(N/m) 1000.219 999.9557 1000.025 1000.326 999.8365 
Analytical 
GI (N/m) 174.7502 326.7983 387.1914 494.8683 536.9712 
GII (N/m) 825.2498 673.2017 612.8086 505.1317 463.0288 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-20: Single Shear Force Loading Validation with 𝛾 = 2 
𝛾 = 2 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 38.2682 48.869 52.71298 59.5726 60.9162 
P2 (N) 0 0 0 0 0 
Abaqus 
GI (N/m) 538.81 697.896 735.6691 776.851 785.006 
GII (N/m) 461.85 301.994 263.9941 223.154 214.885 
G(N/m) 1000.66 999.89 999.6632 1000.005 999.891 
Analytical 
GI (N/m) 538.64 698.6552 735.5623 776.765 785.006 
GII (N/m) 461.36 301.3448 264.4377 223.235 214.994 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-21: Single Shear Force Loading Validation with γ = 3 
𝛾 = 3 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 29.97106 34.6259 36.4558 39.82397 40.3828 
P2 (N) 0 0 0 0 0 
Abaqus 
GI (N/m) 791.4152 856.7415 862.4158 853.661 845.361 
GII (N/m) 208.6645 143.3642 138.001 146.4451 154.224 
G(N/m) 1000.08 1000.106 1000.417 1000.106 999.585 
Analytical 
GI (N/m) 791.7021 856.6938 862.604 853.4591 845.2655 
GII (N/m) 
208.2979 143.3062 137.396 146.5409 154.7345 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-22: Single Shear Force Loading Validation with γ = 4 
𝛾 = 4 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 23.3165 25.8866 26.9759 28.9995 29.3485 
P2 (N) 0 0 0 0 0 
Abaqus 
GI (N/m) 901.1104 915.9855 908.9941 880.0142 864.1253 
GII (N/m) 98.1452 84.1124 90.8415 120.5241 135.6697 
G(N/m) 999.2556 1000.098 999.8356 1000.538 999.795 
Analytical 
GI (N/m) 901.6576 915.9681 909.4589 879.986 864.3209 
GII (N/m) 98.3424 84.0319 90.5411 120.014 135.6791 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-23: Single Shear Force Loading Validation with 𝛾 = 5 
𝛾 = 5 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 18.5913 20.2477 20.9866 22.3604 22.5886 
P2 (N) 
0 0 0 0 0 
Abaqus 
GI (N/m) 948.7112 942.6654 930.3512 890.7746 871.3542 
GII (N/m) 51.5336 57.4152 70.1153 109.0587 128.8854 
G(N/m) 1000.245 1000.081 1000.4665 999.8333 1000.24 
Analytical 
GI (N/m) 948.5577 942.0639 930.3433 890.8223 871.2749 
GII (N/m) 
51.4423 57.9361 69.6567 109.1777 128.7251 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-24: Single Shear Force Loading Validation with 𝛾 = 6 
𝛾 = 6 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 15.2235 16.3885 16.93616 17.9383 18.0974 
P2 (N) 
0 0 0 0 0 
Abaqus 
GI (N/m) 970.4552 955.5632 941.2263 895.6663 873.6842 
GII (N/m) 29.4563 44.8563 58.8755 104.4589 126.4485 
G(N/m) 999.9115 1000.42 1000.102 1000.125 1000.133 
Analytical 
GI (N/m) 970.4715 955.4146 941.1274 895.6307 873.5932 
GII (N/m) 29.5285 44.5854 58.8726 104.3693 126.4068 
G(N/m) 1000 1000 1000 1000 1000 
With loading de-compose method is applied on effective bending moment and crack tip 
shear forces respectively, excellent agreement between analytical calculations results 
and FEM simulations results are achieved. In different 𝑘𝑒𝑟 and thickness ratio 𝛾 cases, 
difference of mode I and II ERRs between FEM simulation and analytical predictions 
are very small. 
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8.4.2.2 Double Shear Force Test with Bi-Linear TSL 
All sample geometries and material properties are the same with single shear force test 
cases while only loads are changed in this set of test. There are two shear forces applied 
on each beam of DCB with opposite direction and same amount. FEM simulations and 
analytical results are presented and compared in Tables 8-25 to 8-30. 
Table 8-25: Double Shear Force Loading Validation with 𝛾 = 1 
𝛾 = 1 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 55.5391 63.1096 66.7051 73.861 74.581 
P2 (N) 
-55.5391 -63.1096 -66.7051 -73.861 -74.581 
Abaqus 
GI (N/m) 999.8725 1000.152 999.7563 1000.452 999.8974 
GII (N/m) 0.0249 0.0145 0.3458 0.01452 0.2634 
G(N/m) 999.8974 1000.167 1000.102 1000.467 1000.161 
Analytical 
GI (N/m) 1000 1000 1000 1000 1000 
GII (N/m) 0 0 0 0 0 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-26: Double Shear Force Loading Validation with 𝛾 = 2 
𝛾 = 2 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 42.8701 48.1056 50.5766 55.4037 55.9701 
P2 (N) -42.8701 -48.1056 -50.5766 -55.4037 -55.9701 
Abaqus 
GI (N/m) 996.8752 991.6102 988.4759 979.6641 975.1004 
GII (N/m) 3.1486 8.4004 11.5017 20.4698 25.4152 
G(N/m) 1000.024 1000.011 999.9776 1000.134 1000.516 
Analytical 
GI (N/m) 996.7034 991.5994 988.537 979.5866 975.0003 
GII (N/m) 3.2966 8.4006 11.463 20.4134 24.9997 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-27: Double Shear Force Loading Validation with 𝛾 = 3 
𝛾 = 3 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 
30.9325 34.2122 35.7698 38.7429 39.0853 
P2 (N) 
-30.9325 -34.2122 -35.7698 -38.7429 -39.0853 
Abaqus 
GI (N/m) 
997.4521 987.3456 980.2634 958.7712 946.8874 
GII (N/m) 2.8745 12.6894 19.8542 40.9546 53.1167 
G(N/m) 1000.327 1000.035 1000.118 999.7258 1000.004 
Analytical 
GI (N/m) 997.1335 987.3393 980.2605 958.0594 946.983 
GII (N/m) 2.8665 12.6607 19.7395 41.9406 53.017 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-28: Double Shear Force Loading Validation with 𝛾 = 4 
𝛾 = 4 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 23.4569 25.6634 26.6894 28.6045 28.8721 
P2 (N) -23.4569 -25.6634 -26.6894 -28.6045 -28.8721 
Abaqus 
GI (N/m) 997.8745 985.6004 975.4416 944.2046 928.3334 
GII (N/m) 2.1576 14.3046 24.5687 55.9741 71.8854 
G(N/m) 1000.032 999.905 1000.01 1000.179 1000.219 
Analytical 
GI (N/m) 997.9119 985.5773 975.7528 944.1025 928.2137 
GII (N/m) 2.0881 14.4227 24.2482 55.8975 71.7863 
G(N/m) 1000 1000 1000 1000 1000 
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Table 8-29: Double Shear Force Loading Validation with 𝛾 = 5 
𝛾 = 5 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 18.5596 20.126 20.8525 22.1922 22.3818 
P2 (N) -18.5596 -20.126 -20.8525 -22.1922 -22.3818 
Abaqus 
GI (N/m) 998.6642 984.4521 972.5548 934.6542 915.3361 
GII (N/m) 1.5486 15.6643 27.6694 65.2214 84.5963 
G(N/m) 1000.213 1000.116 1000.2242 999.8756 999.9324 
Analytical 
GI (N/m) 998.4555 984.624 972.8717 934.4269 915.2643 
GII (N/m) 1.5445 15.376 27.1283 65.5731 84.7357 
G(N/m) 1000 1000 1000 1000 1000 
Table 8-30: Double Shear Force Loading Validation with 𝛾 = 6 
𝛾 = 6 ker (1/m) 0.1 0.5 1 5 10 
Load 
P1 (N) 15.165 16.3194 16.8678 17.856 17.9919 
P2 (N) -15.165 -16.3194 -16.8678 -17.856 -17.9919 
Abaqus 
GI (N/m) 998.7481 984.1163 970.8896 927.6645 904.9971 
GII (N/m) 1.1265 15.8896 29.1145 72.8897 94.4452 
G(N/m) 999.8746 1000.006 1000.004 1000.554 999.4423 
Analytical 
GI (N/m) 998.818 984.0166 970.8269 927.3406 905.8377 
GII (N/m) 1.182 15.9834 29.1731 72.6594 94.1623 
G(N/m) 1000 1000 1000 1000 1000 
Same with single beam tip shear force validations, excellent agreement between 
analytical calculations and FEM simulations are achieved again by using loading de-
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composing method. Great prediction of modes ERRs is produced from mode partition 
theory in different 𝑘𝑒𝑟 and thickness ratio 𝛾 cases. 
8.4.3 Discussions 
A set of comprehensive test with bi-linear TSL has been accomplished here in this 
section. Both pure bending moment and beam tip shear force loads are validated in 
these testes. By comparing these FEM simulations results and analytical calculations 
results, some summaries can be concluded here. First, in both pure bending moment and 
beam tip shear force loading validations, excellent agreement between FEM simulation 
and analytical calculation has been observed. The difference between FEM simulation 
and analytical calculation are extremely small. Which means the mode partition theory 
can produce excellent predictions of modes ERRs under both pure bending moment and 
beam tip shear force loading conditions. Secondly, bending moment and shear force de-
compose methods are working great. By using loading de-compose methods, pure mode 
I and II can be achieved in FEM simulations which produced exact same results as 
analytical predictions from mode partition theory. 
8.5 Conclusion 
In this chapter, a set of comprehensive validation of mode partition theory under mixed 
mode loading conditions has been accomplished. Validations consist of both linear TSL 
and bi-linear TSL shapes. Two kinds of loading conditions are applied which are pure 
bending moment and pure beam tip shear force. Five different interface stiffnesses are 
chosen with six different thickness ratios to validate the mode partition theory under 
mixed mode loading conditions. Based on these validations, some conclusions can be 
withdrawn as following. 
Firstly, in general, excellent agreements between FEM simulations and analytical 
calculations are observed under both pure bending moment and beam tip shear force 
loading within both linear TSL and bi-linear TSL validations. There is one exception 
that, in pure bending moment tests with linear TSL, when thickness ratio 𝛾 is smaller 
than 1 with big 𝑘𝑒𝑟, agreements are not as good as others. Reason for this is not clear, 
but expected to be software errors and needed to be investigated in future works. While 
in bi-linear TSL validations, difference of modes ERRs between FEM simulation and 
analytical calculation is extremely small.  
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Secondly, in both linear TSL and bi-linear TSL validations, pure bending moments are 
applied first to validate the mode partition theory under mixed mode loading conditions. 
In pure bending moment validations, excellent agreement between FEM simulations 
and analytical calculations are observed. So bending moment and axial force part of 
mode partition theory, that is the calculations of 𝐺𝑀𝑁 , is validated under pure mixed 
mode bending moment loading conditions. 
Thirdly, after bending moment and axial force part calculation of mode partition theory 
has been validated, beam tip shear forces are applied to validate beam tip shear part of 
mode partition theory which is the calculations of 𝐺𝑃 . Again, excellent agreement 
between FEM simulations and analytical calculations are observed under beam tip 
mixed mode shear force loading conditions. So beam tip shear part of mode partition 
theory is also validated. 
Fourthly, as there are some unknown problems of FEM software when simulation is 
under mixed mode loads with bi-linear TSL, loading de-compose methods for bending 
moment and crack tip shear force have been developed. By using these two loading de-
compose methods, any bending moment and crack tip shear force can be de-composed 
into groups of pure mode loads respectively. Result from FEM simulations in this 
chapter has proven the accuracy of these two loading de-compose methods. By applying 
these pure mode loads, pure mode I and II can be achieved in the FEM simulations. 
In general, the mode partition theory can produce excellent predictions of modes ERRs 
under mixed mode loading conditions. Excellent agreement between FEM simulations 
and analytical calculations can be achieved. 
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Chapter 9 Conclusions and Further Works 
9.1 Conclusions 
To partition a mixed mode fracture is of crucial importance for the design of high-
integrity structures. In general, fracture toughness is load-dependent. To determine the 
fracture toughness, the amount of mode I action, and the pure mode I fracture toughness, 
therefore make an important contribution to understanding the problem of partitioning 
mixed mode fractures of DCB with both rigid and non-rigid interfaces. 
These two new mixed mode partition theories of curved DCB with rigid interface and 
straight DCB with non-rigid interface have been developed and validated by FEM 
simulations in this thesis. Based on these investigations and validations, some 
conclusions can be withdrawn. Conclusions are mainly divided into two parts which are 
mode partition theories with rigid interface and non-rigid interface respectively. 
9.1.1 Mode Partition Theories with Rigid Interface 
Developments of these new mode partition theories for rigid interface start from two 
sets of pure modes. Two sets of pure modes are clearly derived analytically based on 
Euler bean theory and validated by FEM simulations. The first set of pure modes  𝜃,𝛽  
is known as producing zero relative shearing displacement and zero crack tip normal 
force to achieve pure mode I and pure mode II respectively. While from the second set 
of pure modes  𝜃′ ,𝛽′  , zero crack tip shear force and zero relative opening displacement 
can be produced to achieve pure mode I and pure mode II respectively. In Timoshenko 
beam theory, these two sets of pure modes coincide at the first set  𝜃,𝛽  which produces 
only one group of pure mode I and II. 
Then two sets of pure modes are introduced into partition theory to develop two new  
mixed mode partition theories based on Euler beam and Timoshenko beam theories 
respectively for DCB with rigid interface under pure bending moment loadings. Fully 
detailed derivations are presented in Chapter 3. Full set of numerical simulations are 
completed to validate the accuracy of these new mixed mode partition theories. 
Numerical investigations show that the present analytical results based on Euler and 
Timoshenko beam theories are almost identical to their counterpart FEM predictions. 
Suo and Hutchinson's theory does not agree with either the present Euler or Timoshenko 
beam theory. However, it agrees very well with 2D FEM prediction. In general, the 
Chapter 9 Conclusions and Further Works 
280 
 
present averaged theory agrees well with the 2D plane stress FEM results in the non-
negative 𝐺𝐼 and 𝐺𝐼𝐼  regions.  
At last, two sets of pure modes and these two new partition theories are extended to 
curved DCB cases as well. Numerical validations show that these extended curved DCB 
mixed mode partition theories give excellent predictions of modes ERRs.  
9.1.2 Mode Partition Theory with Non-Rigid Interface 
Within the context of 2D elasticity theory, the partition theory for rigid interfaces is 
extended to consider interface constitutive laws with both a linear elastic part and either 
a linear or non-linear softening part. Fully detailed development is presented in Chapter 
5. ERRs are considered in two parts: (1) bending moment and axial force part; (2) shear 
force part. In the first part of calculation of mode partition theory, axial force is taken 
into considerations. Axial force pure modes were introduced into mode ERRs 
calculations and a new orthogonal method was developed to calculate all modes. In this 
new orthogonal method, when any one of bending moment or axial force pure modes 
being known, other three can be calculated from this orthogonal method directly. In the 
second part calculation of mode partition theory, four parameters are introduced in to 
calculate the ERRs from crack tip forces and these four parameters can be produced 
from numerical simulations.  
Then three more bending moment pure modes are developed using both the first and 
second sets of pure modes from rigid interface Euler beam mode partition theory. In the 
first two pure modes, double bi-section approximation is used both on 𝛽 mode and 𝜃 
mode respectively, and the new pure modes are known as 𝛽𝑀2 and 𝜃𝑀3. The last one is 
using an averaged 𝜃𝑀4  mode based on these two new pure modes from bi-section 
approximations. Some FEM simulations were carried out to validate this new mode 
partition theory. One bending moment pure mode variation trend is discovered and it 
depends on the interface stiffness (Young‟s modulus fixed). Within the non-rigid 
interface zone, when interface stiffness changes from soft to tough, partition varies 
according to interface stiffness and approaches to method 1, method 2, then method 4, 
method 3 and finally is approaching to Suo-Hutchinson‟s partition. So an assumption is 
made based on this observation, which is with any given interface stiffness, the mode 
partitions can be approximated from these five known partition modes. Fully detailed 
derivation of approximation methods is given in Chapter 5. Full set of FEM simulations 
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is accomplished to validate these approximation methods and excellent agreements are 
achieved. 
As mode partition theory is developed based on one assumption that interface stiffness 
in normal and shear direction are the same, investigation is done to find out how 
different interface stiffness affect modes partitions. In different mode tests, one same 
trend is observed. When the interface stiffness in shear direction is softer than that in 
normal direction, mode I and II ERRs are showing excellent agreements between FEM 
simulations and analytical calculations. When the interface stiffness in shear direction is 
tougher than that in normal direction, the agreements become less good. And with the 
interface stiffness in shear direction becomes tougher, agreements become worse. In 
general, softer interface stiffness in shear direction than that in normal direction will 
give excellent agreements and this is the practical case as the ratio between shear 
modulus and Young‟s modulus is usually around 0.25. 
Then a capable working range of mode partition theory is found out. For a general case, 
a working range for mode partition theory is defined as 𝑘𝑒𝑟 between 0.1 and 10 and 
when it is out of this range, wrong amounts of modes ERRs will be predicted from 
mixed mode partition theory, but pureness in each mode will still be excellent. In pure 
mode I test, when 𝑘𝑒𝑟 is in range between 0.01 and 100, mode partition theory can 
predict the modes ERRs correctly. When interface stiffness is softer or tougher than this 
range, wrong amount of mode I ERR is predicted but the pureness is still excellent (99.5% 
or more). In mode II test, a smaller capable working range is observed. When 𝑘𝑒𝑟 is in 
range between 0.1 and 10, mode partition theory can predict the modes ERRs correctly. 
Same observations are achieved again when 𝑘𝑒𝑟 is out of the capable working range. 
Wrong amount of mode II ERR is predicted but the pureness is still excellent (99.7% or 
more).  
For shear force part calculation of mode partition theory, a full set of investigations on 
how sample geometries and material properties affect four parameters is accomplished. 
Investigations show that crack length, Young‟s modulus and uncracked length do not 
affect four parameters at all and four parameters are depended on total thickness, 
thickness ratio and 𝑘𝑒𝑟. Based on investigations results from these three items, three 
groups of empirical formulas are developed. For any total thickness and thickness ratio 
with 𝑘𝑒𝑟 = 0.1, 1, 𝑜𝑟 10 , four parameter can be calculated without further FEM 
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simulations. For those cases 𝑘𝑒𝑟  is not 0.1, 1 or 10, an approximation method is 
developed and four parameters can be approximated. All investigations are based on 
thickness ratio bigger than one case, so four parameters for thickness ratio smaller than 
1 case are discussed. Four parameters relation formulas between thickness ratio bigger 
than 1 and smaller than 1 cases are derived analytically based on physical 
understandings. These relations are validated with FEM simulations as well and 
excellent agreements are achieved. 
At last, a full mode partition theory for non-rigid interface has been developed. For any 
sample geometries and material properties with any kind of loading conditions, modes 
ERRs can be calculated fully analytically for bending moment and axial force loading 
and analytically combined with empirical formulas for shear force loading. So a set of 
comprehensive validations is accomplished. Validation includes two parts. The first one 
is pureness test of pure modes while the second part is mixed mode partition tests. 
In pureness tests, loads are applied according to the pure modes from mode partition 
theory, and pure modes are correctly produced from FEM simulations. In pure bending 
moment and bending moment combined with axial force tests, excellent agreements 
between FEM simulation and analytical calculations are achieved. Purenesses of each 
mode are excellent as well. In pure shear force tests, mode ERRs are not expected to be 
100% as loads are still applied according to bending moment pure modes. This can be 
observed from FEM simulations, and excellent agreements are achieved again. In all 
pureness tests, three kinds of TSL shapes are applied, and the comparisons show that 
modes ERRs from all three kinds are the same to each other. This can prove that TSL 
shape does not affect the pureness in pure modes loading condition cases. 
After the purenesses of pure modes have been fully validated, how pure modes are 
achieved is investigated. Stresses and separations at the crack tip are recorded in pure 
mode I and II respectively. Comparison shows that pure modes are achieved because of 
much bigger directional stress and its corresponding separation compared to those in the 
other direction. In pure mode I test, shear stress and its corresponding separation are not 
absolutely zero but can be considered as zero compared to normal stress and its 
corresponding separation. As known modes ERRs are calculated by means of CCT, so 
mode I ERR is much bigger than mode II ERRs and it can be considered as pure mode I 
case. Same situation is observed in pure mode II test. Shear stress and its corresponding 
Chapter 9 Conclusions and Further Works 
283 
 
separation are much bigger than normal stress and its corresponding separation, so pure 
mode II can be achieved. 
Furthermore, shear forces are applied on crack tip to validate the pureness of cack tip 
force pure modes. In crack tip shear force tests, analytical calculation gives exact same 
results with FEM simulations before the onset point of TSL is reached. When the crack 
tip shear force is bigger than the onset point values, agreement between analytical 
calculations and FEM simulations becomes less good and much bigger loads leading to 
worse agreements. But normally, loads are applied on the beam tip rather than on crack 
tip and the maximum allowed beam tip load is always smaller than onset point crack tip 
shear force, so mode partition theory is always working in the correct range and great 
predictions can be achieved. 
The last part of this work is to validate the mode partition theory under mixed mode 
loading conditions. Validation consists of two kinds of loading conditions with two 
kinds of TSL shapes. Two kinds of loading conditions are pure bending moment and 
pure beam tip shear forces while two TSL shapes are linear and bi-linear TSLs. In linear 
TSL tests, loads are applied directly to validate the partition theory. As discussed in 
Section 4.5, there is some unknown problem with FEM software when simulation is 
under mixed mode loading conditions with bi-linear TSL applied, and wrong results are 
produced from simulations. So in bi-linear TSL tests, loading de-composing methods 
are developed, modified and applied on bending moment and beam tip shear force. 
Loads are de-composed into pairs of pure mode loads, and these pure modes loads are 
applied in FEM simulation to achieve pure modes ERRs. Then modes ERRs are 
compared with analytical calculations.  
In both linear and bi-linear TSL validations, pure bending moments are applied to 
validate the mode partition theory under mixed mode loading conditions. Excellent 
agreements between FEM simulations and analytical calculations are observed. So 
bending moment and axial force part calculation of mode partition theory, that is the 
calculations of 𝐺𝑀𝑁 , is validated under mixed mode bending moment loading 
conditions. After bending moment and axial force part calculation of mode partition 
theory has been validated, beam tip shear forces are applied to validate beam tip shear 
force part calculation of mode partition theory which is the calculations of 𝐺𝑃 . Again, 
excellent agreement between FEM simulations and analytical calculations are observed 
under beam tip mixed mode shear force loading conditions. So beam tip shear force part 
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calculation of mode partition theory is validated as well. Validations results have also 
proven the accuracy of loading de-compose methods. By applying these pure mode 
loads, pure mode I and II are achieved in the FEM simulations. In general, great 
agreements between FEM simulations and analytical calculations are observed in whole 
validation. There is one exception that, in pure bending moment tests with linear TSL, 
when thickness ratio 𝛾 is smaller than 1 with big 𝑘𝑒𝑟, agreements are not as good as 
others. 
A new mode partition theory for non-rigid interface has been developed and fully 
validated in this work. So with any sample geometries and material properties, modes 
ERRs can be calculated fully analytically (or combined with empirical formulas) and 
excellent predictions can be made from this mode partition theory. 
9.2 Further Works 
Brand new theories for mixed mode partition in DCB with rigid and non-rigid interfaces 
have been developed and validated using FEM. By using these mode partition theories, 
excellent predictions can be produced for engineering designs. However, some 
important further studies , among many of others, are required. 
9.2.1 Direct Numerical Mixed Mode Simulations 
The first thing needed to be investigated is the unknown problem with FEM simulation 
software when simulation is under mixed mode loading conditions with bi-linear TSL 
applied as discussed in Section 4.5. Wrong results are produced by FEM software due 
to non-constant mode mixity ratio. Based on both Camanho‟s work (73) and software 
manual (74), this mode mixity ratio should be constant in the whole simulation process. 
In pure cohesive element tests with bi-linear TSL and normal mixed mode loading DCB 
tests with liner TSL, constant mode mixity ratios are achieved. But when bi-linear TSL 
is applied with mixed mode loading conditions, mode mixity ratio will become smaller 
after the onset point of TSL. There must be some unknown reasons for this and it 
needed to be investigated in further works. 
9.2.2 Experimental Validations 
The second thing needed to be accomplished is experimental validations. New mode 
partition theory is developed and fully validated with FEM simulations. Excellent 
agreements between FEM simulations and analytical calculations are achieved. But this 
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mode partition theory is still needed to be validated by experiments in reality. The same 
with the FEM simulation validations, experimental validations should include two parts. 
The first part is the pureness tests to check whether pure modes can be achieved by 
applying loads according to pure modes. The second part is the mixed mode partition 
tests to check whether correct modes ERRs can be predicted from mode partition theory 
by applying mixed mode loading conditions in experiments. 
9.2.3 Extension of Mode Partition Theories 
Rigid interface mode partition theory for DCB and curved DCB has been developed and 
fully validated in this work.  Extension to curved laminated composite beams is 
required. Non-rigid interface mode partition theory is developed to layered isotropic 
DCB with non-rigid interface only. Composite material, due to its significantly different 
physical or chemical properties, is being used in more and more in engineering areas.  
Extensions of current theories are desirable to these composite materials such as carbon-
fibre reinforced composites with layered or laminated structure. As in reality, the 
structure of parts may not be straight beams and could be curved DCB. So this mode 
partition theory can also be extended to curved DCB with non-rigid interface. 
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